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The resonance charge exchange cross section is determined by the magnitude of the electron 
energy level splitting £u - Eg = f ( R) ( R is the distance between the nuclei), which is ex­
ponentially small at large values of R and hence can be determined only with an accuracy to 
a pre-exponential factor by perturbation-theory methods. The method employed in the 
present paper can be used to calculate the pre-exponential factor for ~ - Eg in the case of 
an electron in the field of two Coulomb centers of charge Z. It is shown that for an asymp­
totic form ~ - Eg = ARn exp (- ..J -2wR), which is valid for a system consisting of an 
arbitrary atom and its ion (w is the electron energy), the relation between the collision 
rate and resonance charge exchange cross section can be satisfactorily described by the 
Firsov formula. The relation between the collision rate and resonance charge exchange 
cross section for a charge Z and an hydrogen-like atom in the ground and excited states is 
established. 

J. Resonance charge exchange when an ion col­
lides with an atom of its own kind constitutes a 
transition of an electron from one ion to another 
in the same state. The probability of resonance 
charge exchange is given in the adiabatic approx­
imation by the expression [t] 

W = sin2 x, 

( 1) 

Here p-impact parameter of the collision, R­
distance between nuclei, Eu-electron energy 
level corresponding to an odd wave function, £g­
electron energy level corresponding to an even 
wave function. We use a system of atomic units 
in which 11 = mez = e 2 = 1. 

At small collision velocities v, the cross sec­
tion for resonance charge exchange is large, and 
the calculation of the cross section reduces to a 
determination of the asymptotic form of Eu - Eg 
as R- 00 • This quantity is exponentially small, 
so that by ordinary methods of perturbation 
theory can be determined only accurate to within 

asymptotic expansion of the quantity £u - E.g for 
an electron situated in the field of two Coulomb 
centers of charge Z. The asymptotic form of Eu 
- E.g is obtained for large R in the case of a 
system consisting of an arbitrary atom and an 
ion of its own kind. 

2. Let us calculate the energy Eu - Eg of the 
splitting of an ion of a hydrogen-like molecule at 
large distances between nuclei. The variables in 
the Schrodinger equation for an electron situated 
in the field of two Coulomb centers can be 
separated in elliptic coordinates [(,S] 

!: = rt + r2 
"' R , 

where r 1, 2-distance from the electron to the 
corresponding center. Putting 
1/! = X ( ~ ) y ( 71 ) eim <fJ, we obtain equations for the 
functions X ( ~ ) and Y ( 7J ) : 

.!!_ [<~2 _ 1) dX] 
d~ d~ 

+ [- ~2 :. 1 + 2RZ~ - p2 ~2 + A] X = 0, 

.!!_ [(1 _ 2) dY J 
d1J T) dTJ 

+ [- 1 = TJ2 + p2TJ2 - A] y = 0. 

(2) 

( 3) 

a pre-exponential factor. The situation is similar 
to that prevailing in the problem of over-the­
barrier reflection in the quasiclassical approxima­
tion [2J or in adiabatic perturbation theory [3], 

where the second term of perturbation theory is 
of the same order as the first. 

In the present paper we use a method which 
yields the correct pre-exponential factor in the 

Here p2 = -( 1/ 2 ) R2 ( £ - Z 2/R) = -R2w/2, A­
separation constant that depends on the energy of 
the system E as a parameter, and w-electron 
energy. The condition that the eigenvalues of (2) 
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and ( 3) co inc ide, A~ = ATJ, determines the energy 
of the system in the given state. The energy 
levels in the even (£g) and odd ( £u) states and 
the separation constants Au and Ag coincide, 
apart from exponentially small terms 1), when the 
distances between nuclei are large, so that we 
can assume with the same degree of accuracy 
that 

'ljlg,u = 2 ;"it eim"' X (6) [Y (TJ) ± Y (- YJ)] 

1 
= YI ['ljJ (1) ±'ljJ (2)], (4) 

i.e., the functions If! ( 1) and If! ( 2) are the same 
for the even and odd states. The function If! ( 1), 
corresponding to the electron beam situated near 
the first nucleus, decreases exponentially with 
increasing distance from the electron to the first 
nucleus, while the function If! ( 2) increases with 
increasing distance from the electron to the 
second nucleus. 

When ~ - 1 « 1 and 1 ± TJ « 1 Eqs. (2) and 
(3) go over into the equations of an electron situ­
ated near one Coulomb center, in parabolic co­
ordinates [5]. We shall assume that the electron 
is essentially concentrated near the Coulomb 
centers in the region ~ - 1 « 1, 1 ± TJ « 1. Then 
the state of the electron is described by the para­
bolic quantum numbers n 1, n2, and m, while the 
wave function is of the form 

'ljln,n,m (1, 2) = VZ r'/, (n1 ! n2!)'i• <D (<p! exp [- P (6 ± YJ)l 
n2 [(n1+m)! (n2+ m)!] ;, 

X [2p (6-1)]mj, [2p (1 =f YJ)]mf,L~+m 

X [2p (6- 1)lL::!+m [2p (1=t=YJ)]. 

Here n = n 1 + n2 + m + 1, p = RV -w/2 = yR/2, 
the plus sign corresponds to the electron beam 
situated near one nucleus ( TJ R< -1, r 1 « R ), the 
minus sign near the other nucleus, <P ( cp) 
= ( 27T )-t/2 e±imcp, m > 0. The requirement that 
the electron be essentially concentrated near the 
Coulomb centers leads to the condition 

(5) 

(6) 

It will be shown later that to determine £u 
- £g it is necessary to know the wave functions 
of the electron in the region between the nuclei 
~ - 1 « 1, 1 ± TJ ~ 1. We determine the quasi-

1>As can be seen from the work of Gershtel'n and 
Krivchenkov[5], as R _, oo the quantities A and E are determined 
by the parabolic quantum numbers n, n2 , and m of the electron 
in the Coulomb field, which are the same for the even and odd 
states. 

classical solution of (3). We seek 

We confine ourselves in the equation for S to the 
first terms of the expansion, S0 and S1 ( ATJ = p2 

- 2o:p, o: = 2n2 + m + 1 [5J, we find 

y - __ ._, eP~ c (1- 'l'l )"-/2 
1 ( TJ) - y 1 - 1')2 1 -1 1') ' 

c '1 ' )"-12 
Y2 (YJ) = Y1 (- TJ) = V I~ e-P'fl, 

1- 1')2 \1- 1') 
(7) 

The region of applicability of the quasiclassical 
solution S2 « 1 is of the form 

2p (1 ± YJ)~+ [(a- 1)2 - m 2 ] = n 2 (n 2 + m). (8) 

In this interval of values of TJ and ~ - 1 « 1, the 
wave function of the electron is 

'ljln,n,m (1, 2) = y c exp [- p (6 - 1) ± pY]] 
1-1')2 

x [2p (6 - 1) Jmf• 

, m (1 =F 1') )a./2 
X Ln,+m [2p (6- 1)] i±TJ cD {ljl), 

with If! ( 1) and If! ( 2) exponentially small in this 
region. When 2p ( 1 ± TJ) » n2 ( n2 + m) we have 

Lm [2 (1 =f )J ~ (-1)n,+m (n2 + m)! [2 (1 =f "')]"' 
n,+m P Y] n 2! P ., ' 

and if 

(9) 

( 10) 

then there is a region of values of TJ away from 
the nodes of the wave function 1 » 1 ± TJ » n2 

( n2 + m )/2p, in which the Coulomb solution goes 
over continuously into the quasiclassical solution. 
Comparing the solutions, we determine the 
normalization coefficient for the quasiclassical 
function: 

2 Y2 r';, (nt!J';, 
C=--- , 

Yn [(n1+m)!] 1• 

(- 1)n,+m (4pt•+mf,e-P 

[n2! (n2 + m)!]'1• 

3. To find £u - £g with the aid of the wave 
functions ( 8), we make use of a procedure pro­
posed by Gor'kov and Pitaevski'i [7]. We have 

(Eu- Eg) ~ 'ljlu'ljlgd't' = ~ ~ ('\j)u~'\j)g- '\j)g~'\j)) d't' 
v v 

= + ~ ['ljJ (1) V'ljJ (2) - 'ljJ (2) V'ljJ (1)1 ds, 

(11) 

where s-surface 1 - TJ = const » n 2 ( n 2 + m )/2p 
« 1 ± TJ, bounding the volume V. Inside V, the 
function If! ( 2) is exponentially small, and outside 
the function If! ( 1) is exponentially small, so that 
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~ 1JJu1jJgd't' = ~ ~ W (1) -1jJ! (2)1 d't' = ~' 
v v 

Bu- Bg = ~ [1jJ (1) V1jJ {2) -1jJ (2) V1jJ (1)1 d" 
s 

(The last formula was derived earlier by Firsov[t] 
in a more complicated manner.) 

Using on the surface s the quasiclassical 
functions Y ( Yl ) = exp ( 80 + 81 + ... ) , we obtain 
accurate to terms ~ 1/p2: 

_ (1 _ TJ2 ) [Y (TJ) oY (-IJ) _ y ( _ TJ) oY (IJ)J = _ (1 _ TJ2) 
01] 01] 

x,{[1 + s2 <- TJ) + s2 (TJ)l [S~ (TJ) + s~ (- TJ)l 

+ [S~ (TJ) + s~ <- TJ)]} = - 2p, 

and this quantity is independent of the choice of 
the surface s. Hence 

- -- 4ra R (4p)2n,+m -2P [ ( 1 )] 
Bu Bg- n n2 ! (n.-j- m) ! e 1 + 0 p" . ( 13) 

In calculating the correction ~1/p2 to £u - £g, 
account must be taken of the distortion of the 
wave function (5) of the electron near one of the 
nuclei, due to the action of the field of the other 
nucleus. 

The energy of the electron situated in the field 
of two Coulomb centers is [5] 

_ W = ~ + !-___ + 3n (n2-n1) 
2n 2 R R 2 ' 

so that 

( 14) 

From (13) and (14) we have for an electron in the 
ground state of the ion of the hydrogen molecule: 

4 ... ;--2 1 
Bu - Bg = 4y3 Re-Y R = e Re- R' y = v 1 + R = 1 + R . 

This coincides with the result of Hering [BJ, 

obtained by a method close to that employed here. 
The variation method yields [SJ (%) 'Y3R exp 
( -yR) 2l, while formula (12) using atomic wave 

2lUsually in the calculation of fu- fg by the variational 
method, no account is taken of the change in the electron 
energy Z/R due to introduction of the ion, so that the result 
is (4/3)Re-R. The error incurred thereby almost cancels the 
inaccuracy of the variational method. As shown by calcula­
tions, the use of the atomic wave functions as trial functions 
for the variational methods, with allowance for their distor­
tion as a result of the electric field of the ion and allowance 
for the change in the electron energy, leads to the correct 
result 4e -1 Re-R. 

functions yields y 3R exp (- yR). The calculation 
of £u - £g by the variational method is inconsist­
ent, since £u and £g are obtained with allowance 
for exponentially small terms, whereas the power 
'series terms are neglected. 

4. The method employed can be used to calcu­
late the study energy £u - f-g for a system con­
sisting of an arbitrary atom and its ion, with 
large distances between the nuclei. Away from 
the nuclei the electron is acted upon by the 
Coulomb field of the ions so that its state is de­
scribed by Eqs. (2) and ( 3). Consequently in the 
region between the nuclei 2p ( 1 ± Yl) 
» 1/ 4 [ (a - 1 )2 - m 2 ] the wave function of the 
electron is of the form (7) 3). If 1 + Yl « 1, corre­
sponding to the location of the electron near one 
of the ions, the wave function depends only on r 1 

and Z (atomic wave function), so that its depend­
ence on Yl is only through the combination 
R ( 1 + Yl ) • Therefore the connection between the 
normalization coefficient of the quasiclassical 
function C and R is given by the relation 
C ~ R(a-1)/2e-YR 12 . Expressing £u- £g in 
terms of the quasiclassical wave function of the 
electron by means of formula (12), we get 

Bu- Bg = BRae-YR [1 + 0 (1/R2)]. (15) 

A criterion for the applicability of (15), con­
nected with the possibility of expanding £u - £g 
in powers of 1/R, is 

yR~a. (16) 

For low excited states, satisfaction of this 
criterion automatically satisfies the condition of 
applicability of the quasiclassical approximation 
(8) in the region between the nuclei. 

The constants B and a cannot be obtained 
theoretically in the general case, since the exact 
function of the electron in the atom is not known, 
and consequently the separation constant A in 
(2) and (3) is unknown. 

5. The cross section for resonance charge 
exchange is 

co 

a=~ sin2 x·2Jtpdp. (17) 
0 

In evaluating this integral for some forms of 
[x~(p 2 +C)- 1 , (p2 +C)- 2, exp(-{3p 2 )J, Firsov 

3lFrom the comparison of the solution of the Schrodinger 
equation for electrons in a field that decreases at large dis­
tances from the nuclei, and from the solution of (2) and (3) 
away from the nuclei, we find that expansion of A in powers 
of p begins with p2 • From this we obtain in the general case 

A= p2 -2ap. 
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proposed to seek the cross section in the form 

a = :rtR~/2, x (R0 ) = 1/:rt. ( 18) 

Bates and Boyd [1o] checked the correctness of 
this method of determining the cross section for 
a dependence x ~ 1/ pn. It is shown in the ap­
pendix that if the cross section for resonance 
charge exchange is large ( R0 ~ Va » 1), then it 
is determined completely by the asymptotic form 
of x ( p). If the asymptotic form of £u - £g is 
described by (15), then the cross section, apart 
from terms proportional to a constant, is [see 
(A.2)] 

11 
x (Ro) = 40. (19) 

In calculating the cross section with accuracy 
to terms ~ R0, the result obtained coincides with 
that determined by the Firsov method ( 18), with 
slight modification of the constant. 

Allowance for the constant term -rr3/24y 2 in 
the cross section (19) is correct if two terms are 
used in the asymptotic expansion of £u - £g. The 
second term of the asymptotic expansion arises 
when account is taken of the Coulomb term in the 
electron energy (14). For the nondegenerate 
state of the electron we have w = -y ~/2 - Z/R 
+ 0 ( 1/R4 ), where -Y ~/2 is the energy of the 
electron in the atom and Z is the charge of the 
ion. Expanding y in powers of 1/R we obtain 

0 = nR~ ___::___ [ 2ZB' (Yo) + z• _ ~ _ ~] 
2 + 2 2 B (Yo) ' 2 Yo 12 ' Y0 . Yo 

where R0 is determined by the relation 

(eu - eg) R~' = 0.22vy~•eZ/Y". 

(20a) 

(20b) 

6. On the basis of (19)-(20) we establish, 
using (13) and (14), a connection between the 
cross section for the resonant charge exchange 
in the relative velocity of collision of the Coulomb 
charge Z with a hydrogen like atom situated in a 
state n 1, n2, and m: 

nR2 • [ n2 ] a= T+~;2 n(4n1 + 2n2 +3m+ 6) - 12 , (21a) 

· with R 0 determined from the equation 

(2ZR 'n)2n,+m+'f,e-ZR,/n n•v 
01 

'( + )I = 0.155-z en (21b) n2. n1. m. 

the criterion for the applicability of these rela­
tions being 

ZR0fn >max {n; n2 (n2 + m)}: (21c) 

A comparison of (21) with experiment [ttJ and 
with the results of the calculations of the cross 
section for the resonance charge exchange of the 

10 

0 I 2 J 
log (e[eV]) 

F -data of [11], D-data of[12], M-data of [13], C-results 
of the present work; 4l -corresponds to t u - t g calculated by 
formula (12) using atomic wave functions. 

proton on a hydrogen atom in the ground state [12 • 13] 

is shown in the figure. 
In conclusion, the author expresses his grati­

tude to A. M. Dykhne and 0. B. Firsov for valu­
able advice and interest in the work. 

APPENDIX 

Let us calculate the integral ( 17) 4 l. Since 
£u - £g > 0 for any R, we get that 

X= f (eu -eg) RdR 

.\ vfR2 -p2 
p 

is a monotonic function of p. We put Xmax 
= x ( 0) ~ 1/v » 1. The cross section for reso­
nance charge exchange is 

0 ~k 

a = :rt ~ sin2 x (p2)' dx = n ~ sin2 x (p2 ) dx 
~ax Xmax 

"" + ~ p2 sin 2xdx=I1+12• 

0 

Putting X max = rrn + .6., 0 < .6. < rr, and neglect­
ing the integral from rrn + .6. to rrn, which is of 
the order of v2, we get 

"" 
/ 1 = :rt ~ (p2)' sin2x dx 

"n 

n n-1 

= - :rt ~ sin2x dx ~ (p2)' (x + :rtm}. 
0 m=k 

Let us expand ( p2 )' ( x + y) in a Taylor series 
in the region rr ( m - 1/ 2 ) < y < rr ( m + Y2 ) and 
take the integral over this region. We get 

4lThe idea of these calculations is due to A. M. Dykhne. 
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11-1 n(n-1/,) 

~ (p2)' (x + nk) = _!_ (' dy (p2)' (x + y) 
n ~ 

m=k -:t(k-1/,) 

n(n-1j,) -* _(n_£_~)_" ~ 
"(k-'j,) 

so that when v « 1 
7t 

/ 1 = ~ sin2x dx p2 ( x+nk- ~ ) 
0 

- ~ p (nk) p" (nk) + ... (A.1) 

If 7Tk » 1, only the first term of (A.1) is sig­
nificant. It follows from (A.1) that if p ( 7Tk) » 1, 
the cross section is determined by the asymptotic 
form of £u- £g. 

Let us calculate the cross section for the 
resonant charge exchange in the case when the 
asymptotic form of £u- £g is given by (11), so 
that x(p)- Dpa+t/2e-T'P. We introduce Pt in 
such a way that x( pt) = 1 and Pt- ln ( 1/v) » 1. 
For p » 1 we have 

Y (p - P1) = - ln X+ (a+ 1/2) In (p/pl), 

and ( p - p d « P t 
In x (a +1/•) In• x 

P = PI- 7 - r•r• ' 

where y' = y - ( a + % )/ p t· This relation is 
satisfied when lln x I « 'YPt• and since 'YPt » 1 
we can, by choosing ln 7Tk « 'YPt• ensure the 
correctness of this relation in the main region of 
integration of It and I2• Using as the small ex­
pansion parameter 1/ypt « 1, we have accurate . 

to constant terms 

CJ = ~ P2 1x="/,,- 2:~. + O ( y~1 ' n~~2 ) • 

to. B. Firsov, JETP 21, 1001 (1951). 
2 V. L. Pokrovskil and I. M. Khalatnikov, 

JETP 40, 1713 (1961), Soviet Phys. JETP 13, 
1207 (1961). 

(A.2) 

3 A. M. Dykhne, JETP 41, 1324 (1961), Soviet 
Phys. JETP 14, 941 (1962). 

4 H. Bethe, Quantum Mechanics of Simpler 
Systems (Russian translation) ONTI, (1934). 

5 S. S. Gershte1n and V. D. Krivchenkov, JETP 
40, 1491 (1961), Soviet Phys. JETP 13, 1044 
(1961). 

6 H. Bethe and E. Salpeter, Quantum Mechanics 
of Atoms (Russian translation), Fizmatgiz, (1963). 

7 L. P. Gor'kov and L. P. Pitaevskil, DAN 
SSSR 151, 822 (1963), Soviet Phys. Doklady 8, 788 
(1964). 

8 C. Hering, Revs. Modern Phys. 34, 631 (1962). 
9 L. Pauling and E. B. Wilson, Introduction to 

Quantum Mechanics, McGraw Hill, 1935. 
ton. R. Bates and A. H. Boyd, Proc. Phys. Soc. 

80, 1301 (1962). 
11 Fite, Brackman, and Snow, Phys. Rev. 112, 

1161 (1958). 
t2 A. Dalgarno and H. N. Yadav, Proc. Phys. 

Soc. A66, 173 (1953). 
t3 Yu. E. Murakhver, JETP 42, 1241 (1962). 

Soviet Phys. JETP 15, 859 (1962). 

Translated by J. G. Adashko 
141 


