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Interactions between photons and a medium in connection with bremsstrahlung from extremely
relativistic electrons are investigated. It is shown that for sufficiently high-energy electrons
Compton scattering plays an important part in the soft portion of the spectrum. In this case
the main contribution to the radiation comes from electrons of the medium which emit photons

as a result of collisions with the fast particles.

1. INTRODUCTION

THE process of bremsstrahlung from high-energy
electrons in a medium differs greatly from emis-
sion induced by isolated atoms. Landau and Pom-
eranchuk found [J that multiple electron scattering
in a medium reduces the probabilities of brems-
strahlung and pair production. For dense large-Z
media the integral probability of these processes
begins to be affected in this way at electron ener-
gies exceeding 102—10% eV,

Ter-Mikaélyan showed[?] that the changed pho-
ton dispersion law resulting from polarization of
the medium alters considerably the soft part of the
bremsstrahlung spectrum. Migdal 3] has developed
a quantum theory of bremsstrahlung and pair pro-
duction in a medium at high energies, taking both
of the aforementioned effects into account.

Polarization of the medium is not, however, the
only factor that changes photon energies. The po-
larization effect considered in [%3] results from
photon interactions with electrons of the medium
and is described by first-order terms in the cou-
pling constant e?(li = ¢ = 1). Terms of the next
order, which are proportional to e, add an imag-
inary quantity to the photon energy, as a result of
Compton scattering by electrons of the medium.

It is shown in the present work that when
Compton scattering is taken into account an ad-
ditional term appears in the probability of brems-
strahlung. This term dominates all other terms
at photon energies k 2 107 eV and electron ener-
gies &, < 10° k. It is shown in Sec. 5 that this
term describes photon emission by electrons of
the medium. Thus the bremsstrahlung spectrum
in the indicated region is given by Egs. (49)—(51),
which have been derived here for the first time,
rather than by Ter-Mikaélyan’s equation (42),

which holds true when Compton scattering is
neglected.

Interactions between photons and nuclei begin
to play an appreciable part in the harder portion
of the spectrum. Direct pair production by ex-
tremely relativistic electrons then accompanies
the bremsstrahlung, and under certain conditions
the two processes cannot be discriminated. Ter-
novskiil%] has considered the way in which brems-
strahlung is affected by photon absorption result-
ing in pair production. In the present work the
contribution of photon scattering on nuclei is also
evaluated.

Multiple scattering becomes a prominent fac-
tor only when k > 107 L;1(&,/m)?, where L, is
the radiation length.

In the present work the problem of radiation
processes induced by high-energy electrons in a
medium is solved using the diagram technique of
Konstantinov and Perel’.[%] The solution of such
problems by means of the diagram technique pos-
sesses a number of advantages over Migdal’s
method, (3] which does not employ diagrams. The
diagram method enables more rigorous averaging
over atomic positions. Consequently, the general
expression derived here for bremsstrahlung prob-
ability describes the transition region from mul-
tiple to single scattering more accurately then
Migdal’s expression. Furthermore, a relation is
found between the probabilities of individual ele-
mentary processes and the kinetic equations de-
scribing the development of a shower in a medium;
it thus becomes possible to derive these equations
rigorously and consistently. Finally, the diagram
technique facilitates the investigation of the role
of photon energy renormalization in radiation
processes. The foregoing shows that application
of the diagram method to the calculation of the
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probabilities of radiation processes in a medium

is of decided methodological interest and permits
the construction of a more rigorous theory of these
phenomena.

2. DIAGRAM TECHNIQUE FOR CALCULATING
THE PROBABILITIES OF RADIATION PROC-
ESSES IN A MEDIUM

An electron having at t = 0 the momentum p,
and polarization o, is present in a medium that
consists of randomly located screened Coulomb
centers. The density matrix of the system for
t > 0 is given by

s + .
F (t) = eﬁlHt apo% FO apo“u elHl’

(1)

where F, is the density matrix of the state in which
electrons, positrons, and photons are absent, a, a*
are the electron creation and annihilation operators,
H = Hy + H; is the complete Hamiltonian, H, is the
Hamilton of free electron, positron, and photon
fields,

H={U®y®y@id—{imama @

is the interaction operator, j(x) = ep*(x) ay(x) is
the Dirac current, A(x) is the quantized electro-
magnetic potential, * and ¢ are quantized oper-
ators of the electron-positron field, and

U@ =2V{x—x) —(2Vix—x), 6
is the potential of the interaction between an elec-
tron and the medium. We sum over all atoms of
the medium, and the carets denote averaging over
their positions (x,). The Hamiltonian H; includes
for simplicity the electron interaction with only
transverse photons. From (1) we determine the

one-electron density matrix in the momentum
representation:

Foor (1) = <(0] aps,S*() (apsays)i S () G, |0)),
t

S(t) = Texp{ — i SeiHnl' Hle—iH,,i’ dt'} ,

0

(4)

where aigo'ap'()'{:) is the product of operators in the
interaction representation, and | 0) is the vacuum
state vector. One-positron and one-photon density
matrices are obtained from (4) by replacing the
electron operators in (ai)gap/g,'c) with positron
and photon operators, respectively.

Performing a series expansion of S and S*
with respect to the interaction as well as the La-
place integral transform

P () = S P52 () st a,

0

(5)
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we represent the density matrix as an infinite set
of modified diagrams.fs:| Figure 1 shows certain
irreducible diagrams. Wavy lines represent pho-
tons, dashed lines represent interactions with
atoms, and solid lines represent electrons.
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The rules for associating analytic expressions
by means of diagrams are easily established by
considering the series expansion of S(t) (see also
(6]), For example, the vertex 1 in Fig. 1b corre-
sponds to the factor —iVq(up.kg, up,o,); vertex 2
corresponds to ie(27r/k)1/2x(upa, aeyup.+ka’ ),
where u is a bispinor describing the electron state
and ey is the photon normalization unit vector.
Vertical intersections correspond to factors of the
form (s +iwap)~!, where waAp = &A — &B is the
energy difference between left-to-right lines and
right-to-left lines.

Separating the irreducible diagrams and sum-
ming formally the reducible diagrams, we obtain
a system of equations describing the development
of a shower in the medium. Definite sets of irre-
ducible diagrams will denote the probabilities of
elementary processes: bremsstrahlung, pair pro-
duction, and elastic scattering.
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3. PROBABILITY OF BREMSSTRAHLUNG IN A
MEDIUM

The diagrams in Fig. 1, a—h, correspond in the
Born approximation to the differential probability
of bremsstrahlung summed over final electron
states. To these we must add the complex conju-
gate diagrams obtained by reflecting the diagrams
of Fig. 1 in the horizontal axis. The sum of all
these diagrams together with the correct expres-
sion for the probability of bremsstrahlung con-
tains superfluous terms not describing radiation.
These terms are proportional to 6 functions of
the form 6(&p— &p+q) having arguments that do
not include photon energies. An example is pro-
vided by the quantity

4 2 2
—omn %%Mv_“_,[)— 8 (&p— By (6)
taken from diagrams of the type of Fig. lc.

The appearance of superfluous terms such as
(6) is not associated with the specific form of per-
turbation theory employed in the present work, but
can also occur in other cases. For example, simi-
lar terms appear when the probability of brems-
strahlung is calculated in the Born approximation
using the formal scattering theory of Gell-Mann
and Goldberger 73 or conventional perturbation
theory. In order to obtain from the diagrams of
Fig. 1 a correct expression for the radiation prob-
ability it is necessary to distinguish and omit all
those pole terms where the position of the pole is
independent of the photon energy k. For example,
in the case of Fig. lc the energy denominators can
be transformed for s — 0 as follows:

[s + ¢ (&psx — &p — k)]_i [s -+ i (&p,— &p — k)™
X [s 4 i (&p, — Epe-q)) ' = (Epix — Ep — K)7*
X {[s + i (&p, — Ep — k)T — [s + 1 (&p, — Epa) 17}y (7)

as a result of which the pole factors on the right-
hand side of (7) were separated, since &p.k— &p
—k = 0. The contribution of the second term in
the curly brackets of (7) may be dropped. A simi-
lar procedure should be followed for all other dia-
grams containing intersections not crossing photon
lines.

With increasing electron energy a growing con-
tribution comes from the diagrams of Fig. 1, i and
k, containing intersections crossing only two elec-
tron lines and a photon line. Taking the atomic
potential to be

Vq = 4nZe?/(g® + »2), % = 1/a,, (8)
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we obtain for the ratio I of contributions from the
diagrams of Fig. 1, i and b, the following estimate
in the extreme relativistic case:

1= (Z/137)* na2 Ap, (po — k)/mk, 9)

where a; = 137/mZi'/2 is the atomic radius and A
is the Compton wavelength.

For 1 < 1 corresponding to quite large values
of py or small k, it is necessary to sum an infinite
set of diagrams of the type of Fig. 1, i and k, that
is, to take into account the multiple scattering of
an electron in connection with the emission of a
photon. Diagrams I and m with superposed or
intersecting interaction lines contain, compared
with the main diagrams, the small factor (Z/137)2
nag < 1074, and can be neglected. The addition of
each new interaction line in a bundle (Fig. 1n) gives
an additional Born factor z/137.

The diagrams taking into account the effect of
multiple scattering on bremsstrahlung are shown
in Fig. 2. The shaded blocks represent the elec-
tron density matrix fk(po; p, w) (where w =k +is)
averaged over a large number of collisions (Fig. 3).
The corresponding equation follows directly from
Fig. 3, and was first derived by Migdall®] (see
also [6]),

Among the diagrams c—h of Fig. 2 we must dis-
tinguish the terms not describing bremsstrahlung,
as was indicated above. The probability of photon
emission then becomes

7
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Here fg(py; p, 7) is the density matrix in the time
representation; we sum over final electron states
and photon polarizations, average over initial elec-
tron polarizations, and integrate over photon emis-
sion angles.

Equation (10) differs in general from Migdal’s
initial expression, 3] which, after separation of
the factor describing multiple electron scattering
before photon emission, becomes

ekdk

W (po, k) dh = oo

Re & dteikt S ko Efk (Poy P, 1:) $ (p07 p)'
(12)

The difference becomes manifest in the case of
single scattering. In this limit (12) corresponds
to the consideration of diagrams a, b, f, and g
of Fig. 1 and their complex conjugates, the sum
of which does not yield the correct expression for
radiation probability when k is comparable in
magnitude to p,.

In the region of considerable multiple scattering
Egs. (10) and (12) coincide. To show this, we as-
sume in Migdal’s approximation

[3 + i (gl’u -
and take the angular part of fi:
Jx (po; P, ©) dp/(27)® = 8 (p — po + k/2) v (Mo; W, ¥) dp dy (14)

where the notation of [J is used. The angular func-
function v(n,; n, 7) satisfies

&pix — k)|t = 716 (po — py) (13)

n (po— k/2)2

d . 4 2 ’
a—:-[— z(a—%bnz)v= CayF S|V("l —0) v (M0; M, 7)

—v(ho;m, T)]1dY, (15)
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where

a=Fk[1—m?2p,(po—Fk)l,  b="k(po— k/2)*/po(po— k).

From (10) and (13)—(15) we obtain the brems-
strahlung spectrum

W(Po: k)

_ %Reg dremgx(m,n) v (o; M, T) dnd,.
(16)

The same result follows from (12).

4. RENORMALIZATION OF PHOTON ENERGY

Equation (16) is inexact because the interaction
between photons and the medium is neglected. In
order to take this interaction into account the pho-
ton lines must include different polarization parts,
i.e., the thin wavy lines must be replaced with thick
lines. This corresponds to replacing ik with iw
—v/2 in the exponential included within the inte-
grand of (16); here

& (k) = 0 — iy/2 17)

denotes the energy of a photon in the medium.

We shall now calculate the added photon energy
Aé’.(y“ due to the interaction with nuclei. The
zeroth-order retarded Green’s function of a photon,

d?.w (k’ t— t’) (18)

=2% 0@ —1) Z em e (0] (e () | 0),

corresponding to the wavy lines in the diagrams, is

@y (k, t) = d (k, 1) 8,0y @ (kyt) = 2k9(2) e,

pv =1, 2. (19)

The Green’s function d#,,(k,t) = d(k,t)élw for
photon-nucleus interactions satisfies the equation

dpv (k’ t) == dtw (k’ t)

. e
+ § av Sdrdfm (&, ) My (k, ¥ — 1) dyy (k, t— T,
° (20)

where II,,(k, 7) = II(k, 7)d,p is the polarization
operator which in the first nonvanishing approxi-
mation corresponds to the four loops (without ex-
ternal lines) in Fig. 4.

Using the integral transform (5) with s = —iw
+ v, v— +0 along with (19), we obtain from (20)
the result

d (k, s) = 20/ 1k (s + ik) — 2r 1L (k,3)]. 21)

The photon energy &, is is., where sy is the
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value of s for which the Green’s function (21) has
a pole. Assuming s = —ik + v in the correction
term, we have

8 =k + A8Y = k -+ 2nik 11 (k, — ik + v). (22)

It is easily shown that II(k, —ik+v) is propor-
tional to the amplitude f(k, 0) = a;(k, 0) +ia,(k, 0)
of photon scattering at zero angle in the atomic
field:

0 (k, — ik + v) =inf (k, 0). 23)

The photon scattering amplitude f(k, 0) has been
calculated several times (in 3, for example).
For k » 2m (but with k «< 137 Z"2m, so that
there is no screening effect) we have

ay (k, 0) = @k, ay(k, 0) = ;- gklnZr,  (24)

where ¢ = Z%r2/137 and r, is the classical elec-
tron radius.

For k » 1372 ¥ m (complete screening) we
have

ay (k, 0) = f@aym?, ay (k, 0) = s-gk In (190Z-). (25)

In this region a; << ay. Finally, for still higher

energies,
e? L 1 Lr
e
where Ly = 137/4nZ?r2 In (190 Z~Y3) is the radi-

ation length, and a, begins to diminish compared
with (25) because of multiple scattering (the
Landau—Pomeranchuk effect). Migdal’s results £3]
enable us to obtain a, easily for k > mL, /16w
X 137 A = kg:

ay (k, 0) = 2 & (so) @ In (190Z-%) (kk)=.  (26)
Here

E (s,) = min {1 + In sy/ln 5", 2},

= (k/K)", s = 2 [190; a; < a,.

The interaction of photons with electrons of the
2

medium induces, to the first order in e*, an energy
change by the real amount
Ao® = oy/2k,  @p = 4nnZe?/m. 27)

A complex term is added in the next order; its real
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part always appears in succeeding equations as an
addition to Aw'® and can be omitted because of its
smallness. The imaginary part is proportional to
the Compton scattering cross section; for not too
large k it can be comparable in magnitude to the
imaginary part of A%’&” and should therefore be
taken into account. For example, for lead the co-
efficients of absorption due to pair production and
the Compton effect are equal at k ~ 10m, and for
aluminum at k ~ 60m. Thus the total change of
photon energy due to interaction with electrons

of the medium is

A8? = )2k — itc/2, (28)
where yc is the total Compton scattering proba-
bility in unit time; for k > m we have

1
Yc = mnZry - (ln -+ 7), (29)
From (22) and (28) we have finally for the pho-
ton energy &y =w —iy/2 in a medium:

2nnay (k, 0)

@
o=Fk+5 — E

4
T =1c + 5 a2 (k, 0) = Yo+ Tp. (30)

The relative contribution of the term proportional
to a; is maximal for k ~ 137 Z"Y3m, but in this
region it is only about one-tenth of the term w%, /2k.

Equation (30) easily yields an expression for the
dielectric constant € of the medium with the Comp-
ton effect and photon-nucleus interaction taken into
account. Using the relation c%’y = k/\/? between the
photon energy in the medium and the dielectric con-
stant, we have

mz

8_1__1_)_+4I((11(k0)+

. (31)

5. BREMSSTRAHLUNG SPECTRUM

The bremsstrahlung spectrum with account of
the interaction between photons and the medium
will be calculated from (16) after substituting iw
—v/2 for ik in the exponential. It is convenient
to divide the total bremsstrahlung probability into
two parts:

W (p01 k) = WO (p07 k) + W' (pO’ k)' (32)

WY is represented by the two diagrams of Fig. 5,
which describe the emission of ‘‘dressed’’ photons
(i.e., interacting with the medium ) from a free
electron not scattered by atoms. It will be seen
subsequently that W is proportional to an imagi-
nary addition to the photon energy, i.e., the ejec-
tion of photons from a particle, described by the
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term W', is induced by their absorption. In the
optical portion of the spectrum, where absorption
is small and & (k) < k due to polarization of the
medium, the diagrams of Fig. 5 and the corre-
sponding term in the probability represent Vavilov-
Cerenkov emission.

W’ describes the emission of photons by a par-
ticle scattered on atoms. W’(py, k) must be cal-
culated from (16) with v(ny; 0, 7) replaced by v’
=v —v?, where v? is the part of the density ma-
trix that is independent of the scattering potential,
describes the motion of a free particle, and is in-
cluded in WO,

We shall use the expression for v obtained by
Gol’dman [1%J through a solution of (15) in the
Fokker-Planck approximation:

v (o3 M, ) €772 = za~Ish1zv exp {— (n? + mM3)zcth zT

+ 29z sh™lzv + ilv — v7/2}; (33)*
z = (1 — i) (k/16q)"-,

z = (1 — i) (kq)', ¢ = 4nnZ?*p;In(190Z4);
=0 —k+ mk/2p}, (34)

where w and y are defined by (30). In (33) the
condition k « p, is used, since the renormaliza-
tion of photon energy plays an appreciable part
only in the soft portion of the spectrum.

After integrating in (16) we obtain

W' (py, k) = m{ (%—7 Dy (s, )
+ Z'r(—(sggigz—@z(% Sz)}: (35)
@, (51, 85) = G_(i%ﬁ_sg)_z.cgoe—w sin 2s,t (cth t — 17) dt,
B
D, (81, o) = ﬂz_ﬁ—l—_:ﬁ_)iogce_zs‘t cos 2s,t (cth t— —i-) dt,
23

s = (& + 7/4)/4 (kg)", s, = (8 — 1/2)/4 (k9. (36)

*sh = sinh, cth = coth.
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The use of the Fokker-Planck approximation has
made the value of W’ somewhat too high. To obtain
the correct result we introduce, following Migdal,mj
the interpolation factor ¢&: £ =1 for [sj|>1, £¢=1
+In|sj|/Ins’ for 1 = |sj| =s’, and £ =2 for

|si| < s’, where sj is the largest of the quantities
Sy, Sg, and s’ = Z1/3/190. The correct value of W’
is obtained when in (35) we substitute

B = gp} = 2nanZ%E In (190Z-3). (37)
For s; < 1, |sy| < 1 we have
D, (51, 8) = 3 (s} + s3)/s1,
Dy (51, 82) = 6(si + s3) s,/(st — ). (38)

In this limit renormalization of the photon energy
has no effect and (35) goes over into the Migdal
equation corresponding to s = (m%/64B)Y? « 1,
k <« py:

W’ (po, k) = (2¢*/mup,) (BIk)':. 39)

For s; » 1, |sy| » 1, Eq. (36) yields &; = &,
=1, and (35) gives

W'(po k) = 4€*BL/3np; (L + 7%/4). (40)

The effect of absorption, i.e., the imaginary ad-
dition iy/2 to the photon energy, will affect W’ ap-
preciably in the spectral region

0plt S k< 107 (po/m). (41)

It is easily verified that in this region yg <« Yps
therefore Compton scattering does not affect W’.
The region (41) will exist only for electron ener-
gies &, > 100 mwp /v. However, we shall see
[Eq. (46)] that at these energies W’ «< wo, i.e.,
the term W? is predominant in the total proba-
bility.

At photon energies k < wf/y and high electron
energies &, » mk/wp, W’ is determined mainly
by the polarization of the medium. In this region
(40) gives the result first obtained by Ter-Mika-
élyan: (2]

4
W’ (Do k) = 4—?'2—" In (190Z-%). 42)
P,

0

It is convenient to calculate W°, i.e., the con-
tribution of the diagrams of Fig. 5, classically in
order to facilitate the physical interpretation of
the results. This is similar to the procedure of
Fermi[11] and Landau(!?] in the theory of the ion-
ization loss of fast particles.

The electromagnetic field of a particle moving
in a medium at a constant velocity v is obtained
from Maxwell’s equations. In cylindrical coordi-
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nates with the axis along the particle trajectory
the nonvanishing monochromatic field components
are

Eu: (x,8) = 25 (1 — o) Ko (s7) e G0,

— 5
E, (x,t) = 1% K, (sr) ele (lo-t),

Hyo (x, 1) = %Kl(sr)ei"’(z/”—“, (43)

where

s? = 0?/v? — 0% 2 (), (44)

Res™>0,

K, and K; are modified Bessel functions, and €(w)
is the dielectric constant of the medium.

The energy lost by a particle in unit time equals
the Poynting flux through a cylindrical surface of
length v = ¢ and radius b surrounding the particle
trajectory:

— %o _ omch S = [EH], dt= — 2nc%b Beg HooEo, do.
2 ; (45)*

Because of the uncertainty principle b must be of
the order of the Compton wavelength A; here |bs|
« 1. Substituting (43), (44), and (31) into (45), and
noting that the frequency and wave vector of the
field components of an extremely relativistic par-
ticle are related by w =~ k (h =c = 1), we obtain
the number of pseudophotons with momentum k
that are absorbed in the medium in unit time:

2
T in

2k (4 6)

WO (po, b) = — +(52), =

mé
In deriving this formula it was assumed that the
logarithm greatly exceeds unity; the argument of
the logarithm was determined to within a factor
of the order of unity.

The probability (46) has the simple structure
wo = n(k)(yp +vc), where

ma
NEEE T
is the number of photons equivalent to the self-field
of the particle and belonging to the momentum in-
terval dk. The latter statement is easily confirmed
by calculating the Poynting flux through a plane per-
pendicular to the particle trajectory.

We thus find that n(k)yp is the number of pho-
tons absorbed from the self-field of a particle be-
cause of pair production, or, equivalently, the num-
ber of pairs with combined particle energy k pro-
duced by the field of the fast particle. It should be
noted that W’ has the same meaning in the spectral
region where the effective length required for radi-
ation is at least of the order of the radiation length.
Photon emission in the usual sense does not occur
in this region.

*[EH] = E x H.

n (k) dk = 22

2mk (47)
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The number of photons absorbed through the
Compton effect is given by n(k)yc. Other lower-
energy photons are produced, i.e., bremsstrahlung
from electrons of the medium. The spectrum WCof
this radiation equals the integral f n(k’)yc (k’, k)dk’,
where

Yc (K', k) = ainZr§ k%[k?’l"kﬁ/—l-(% _%)2

~am (- 4]

(48)

is the probability of Compton scattering of a photon
having the initial and final energies k’ and k, re-
spectively. Assuming k >» m and removing the

logarithm from the integrand, when k’ = k we ob-
tain
2nZe*r2m 4
W Py k) = —g =10 g - (49)

In the spectral region where yc >» Yp» the loga-
rithmic factor is simplified. Taking into account
all terms in (48), we obtain, correct up to k = m/2,

c 4nZe*rim m m? m3
W= (Por k) = —3p (1 _47:'*'@)1” znzew + ©0)
For k < m/2 we have
c 8nZe?r? k k2 ms

The last equation is correct as long as the elec-
trons of the medium can be regarded as free, i.e.,
as long as the mean energy transferred to a re-
coil electron in the Compton effect exceeds the
binding energy of the electron in an atom. This
condition leads to the inequality k » v mé&) with
the binding energy &p ~ 21Z43 eV computed ac-
cording to the Thomas-Fermi model.

In the region where (50) and (51) are applicable
W’ is given by the Ter-Mikaélyan equation (42).
The ratio WC/W’ exceeds unity for &,

2 k/V 10m x 137nr02A . In a condensed medium
(n=3x 10'%/cm®) this denotes &, 2 10° k. For
small &, the region of (42) is bounded by the re-
quirement &, 2 mk/wp, which for the same value
of n gives &,k 8 x 104k/V'Z ; this region is thus
very narrow: 8 x 10'k/VZ < &, <10°k. For

k > m the inequality WC/W’ > 1 is satisfied when
&) 2 K2/ 10r x 137n1} .

Equations (49)—(51) describe bremsstrahlung
emitted by electrons of a medium as a result of
collisions with a passing particle. Photon emis-
sion by a fast particle colliding with the electrons
is highly inhibited by multiple scattering and by
polarization of the medium; the corresponding
contribution is indicated by substituting Z(Z +1)
for Z2 in W’.
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