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The possibility of observing cyclotron resonance in an inclined magnetic field because of the
presence of open periodic electron trajectories in momentum space is discussed. It is shown
that the impedance experiences resonance as a function of the inverse magnetic field strength
(cyclotron resonance) at chosen directions of the magnetic field inclined to the sample sur-
face and under conditions of the anomalous skin effect.

l. Under conditions of anomalous skin effect !,
the variation of the surface impedance of metals
with the frequency w of the incident electromag-
netic wave and with the reciprocal of the constant
magnetic field H™! has a resonant character pro-
vided (1) the electrons are returned to the skin
layer many times by the strong constant magnetic
field (r < 1) and (2) the number of such electrons
is not small. This phenomenon, called cyclotron
resonance, was theoretically predicted by Azbel’
and Kaner [ and is presently extensively used as
a method of investigating the energy spectrum of
electrons in a metal.

In metals with closed Fermi surfaces, cyclo-
tron resonance can be observed when the constant
magnetic field is parallel to the surface of the
sample and all the electrons drifting along H re-
turn many times to the skin layer, and the im-
pedance assumes minimum values at w = qQextr
(g—integer, Qextr—value (with respect to p,) of
the Larmor precession frequency of the electrons
in the magnetic field, z axis—direction of mag- .
netic field). This condition (w = qQexty) corre-
sponds to multiple acceleration by the electro-
magnetic field in the skin layer of electrons with
extremal Larmor frequency.

For a quadratic electron dispersion law Q (pz)
= const and all the electrons participate in the
resonance. In a magnetic field inclined to the
sample surface, the impedance of a metal with a
closed Fermi surface is practically independent
of the magnetic field (2,5, Although for arbitrary

DThe depth of penetration & of the electromagnetic field
in a metal should be much smaller than the characteristic
linear dimensions of the electron trajectory, namely § <,

I (r —radius of curvature of the trajectory in the magnetic
field, | — mean free path of the electron).

orientation of the constant magnetic field the
electrons which are on the central section of the
Fermi surface (py = 0) or near it do return many
times to the skin layer, they make no appreciable
contribution to the impedance because their num-
ber is very small (their number is not extremal
with respect to py )2). This circumstance was not
taken into consideration by Chambers, Heine,
Phillips, and Blount 4] in their attempt to explain
the experimentally observed c§lclotron resonance
in an inclined magnetic field [5J.

If the Fermi surface has open periodic plane
sections py = const, then even in an inclined
magnetic field there are always electrons that
drift along the sample surface, because the re-
sultant drift of electrons with open sections p,
= const makes an angle ¢ with the direction of
the magnetic field, determined from the equation

tg @ = ,/9, = cbleHh(p), (1)*

where v and Vy = cb/eHT (p;) are the mean
values of the drift velocities of the electron along
the magnetic field and in a plane perpendicular to
the magnetic field *%; b = p, {T(p,)} - px{0};
c—velocity of light; e—electron charge; T(p)

= 270~ !—period of motion of the electrons in the
magnetic field; h(p,) = v;T(py). If the layer of
open Fermi-surface sections has at least one open
section with v, = 0 (such a section is, for example,
the central section through the axis of a surface of
the ‘‘corrugated’’ cylinder type), then there are
electrons with all possible drift directions in the
yz plane. In the opposite case, as can be seen

2)An exception is the case when V", = 0 on the central
section.
*tg' = tan.
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from (1), there are no electrons drifting at an
angle ¢ close to m/2.

In view of the fact that
cb

cp:arctgm-z)—

is a continuous function of p,, there is practically
always such an open section p, = p} for which the
electrons drift along the line of intersection of

the surface of the sample with the plane yz. If the

following conditions are simultaneously satisfied
cbleHh (pY), (2a)

(2b)

tg @ =
» () =0,

where ¢, is the angle between the direction of the
magnetic field and the line of intersection of the
sample surface with the yz plane, many electrons
(an extremal number with respect to p;) are re-
peatedly returned to the skin layer and both con-
ditions (see above) for the observation of cyclo-
tron resonance are satisfied. (Conditions (2a) and
(2b) can be written in explicit form: v§(pz) =0
and Vg(Pz) = 0, where the ¢ axis is parallel to
the inward normal to the surface of the sample;
the prime denotes everywhere differentiation with
respect to py.)

This case is analogous in some respect to cy-
clotron resonance in a parallel field for a non-
quadratic electron dispersion law. The difference
is that in the latter case all the electrons drift
along the surface of the sample, and resonance
occurs only on electrons with extremal Larmor
frequency Qextr. In our case the orientation of
the magnetic field picks out the electrons that
drift along the sample surface, and although the
number of such electrons is extremal, there are
still no grounds for assuming that the period of
motion over the orbit is also extremal for them.
It is therefore necessary to carry out slight
averaging over the periods of motion of the elec-
trons that return many times to the skin layer.
This averaging decreases somewhat the amplitude
of the resonance oscillations and changes the de-
pendence of the impedance on the frequency and
the magnetic field. However, this difference is so
insignificant, that it can be detected only by high-
precision experiments. (In place of the tensor
A‘V the expression for the impedance will con-
taln in this case the tensor Aﬁm For the defini-
tion of AMV see [J and Sec. 2 below.)

2. Following Azbel’ and Kaner [, we write
down Maxwell’s equations for the high-frequency
field E,(¢) ina metal in a Fourier representa-
tion, continuing EIJ( ¢) and the electric current
j#( ¢) in even fashion to the region ¢ < 0:
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B 8, (k) + 2E, (0) = — 4nioc™, (k), (3)
where
8 (k) = 28 E,(2) cos kL dL.
1]

To determine the electric current j(g) it is
necessary to solve a kinetic equation, linearized
with respect to the external electromagnetic field,
for the electron distribution function (see |-ﬂ) As
a result, the connection between ju (k) and
&, (k) assumes the following form:

Ju (R)

Ko (B = 2220 {1 — exp[

= Ky, (k) &, (k); (4)

—k g
—l-2nz® vf‘]} Q—P;z

2mn on T

xS 2, (¥) drS dr,o, (1) expg (51%-4- i o) dv,
0 0 T
X cos[ S v;drg] (5)

1

Here ty—electron mean free path time, 7 = Qt
= 2mt/T (pgz ), and t—time of motion of the elec-
tron along the trajectory in the magnetic field.

Strictly speaking, the boundary conditions lead
to one more term in (4), but this would lead only
to an insignificant change in the numerical factor
in the expression for the impedance 0,

With the aid of (5) and (4) we can in principle
solve Eq. (3) and determine the distribution of the
field E(¢) in the metal. For the surface imped-
ance tensor, determined from the relation

— Mo g (0) = X Zu B\ (0),

we obtain the following expression:

Zp.v = Rp.v + iXp,v

8Lm 45: ©

I (6)

where T is a unit matrix and the expression for
Kuu(k) is given above.

Let us find the asymptotic value of K;p (k)
near resonance. The integrals with respect to
74 and T, are determined by the stationary-phase
method. The integral with respect to p; can be
calculated by expanding the denominator in powers
of the small parameters

z = (0 — ¢ (p9))/99(pY,

It is clear that a contribution is made to the
current density only by the electron with small

oty ko/Q.
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Vg ~ vr/kl (vgp—electron velocity on the Fermi
surface). If the trajectory traveling along the
surface is not extremal, that is, v'g(pg) = 0, then
the integral with respect to p, in (5) is finite as
x — 0 and 1/wt;— 0, as can be verified by cal-
culating it with the aid of the residue theorem.

If V’E(poz) =0, then K, (k) has a resonant
character. The asymptotic value of (5) has in this
case the form

Koty =22 O (s syt

hs qkaz
v, (M) v, (Mg)
X Re pllal v B
gﬁ |6v5/01:| T=ny Ov&/Orl e %P/z
N
ik \ T
Xexp [l@— S vgdrz—i——[}(sa—sﬁ)], (7)
3

where 7., nB—stationary phase points,

K =Vx2+ (wtp)-2,and s, = sign Ve (Na )/9T.
Substituting (7) in (6) we obtain for the reso-
nant part of the surface impedance the following
expression
Zyy = 16n0c™? (3ntw/c))” exmif A7),

A, = (3K"/27) K, (K).

(8)
9)

The tensor Z;,, can be transformed to a frame
in which the resonant character will have only
diagonal components J, Leaving out the inter-
mediate steps, we present the final expressions
for the resonant amplitudes of the active and re-
active parts of the impedance Raes (H) and
XEES (H):

RESRA(0) = g (12/5,)"™ (wty) ™,

. (10)
X% Xa(0) = g% (dawty)” Vo Sin'/5e 7
and the corresponding expressions for the
resonant frequencies
Qfes _ (o)/q)- [1 . (12/5qda)12/,-, (q/mto)zs/p],
(11)

Qles= (0/g) [1 — (dawlty) ™",
where

dy = 27 Ml Vala
E=SE . dp. o jot %avc/ar

mv,v,

p=p;

An analysis of the expression for the surface
impedance, particularly (10), shows that the
difference in order of magnitude from the corre-
sponding formulas given by Azbel’ and Kaner (1]
is not so appreciable. We note incidentally that
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for the sake of brevity we give only the expres-
sions for RL®S and XELFS for the case when
h”(pg) > 0.

The topological structure of the Fermi surface
and the orientation of the magnetic field relative
to the crystallographic axes determine in unique
fashion the direction of the open trajectories
py = const [6], and consequently also the angle ¢,
[see (2a)]. Therefore conditions (2a) and (2b) can
be written in somewhat different form

B (ps; 9,%) =0,

where J, y—angular spherical coordinates of the
vector H. Equations (12) have at best a one-
dimensional set of solutions, that is, a one-
dimensional set of orientations of the inclined
magnetic field, at which cyclotron resonance
takes place. (We note that Egs. (12) may have no
solutions at all, for example if h(pg; 9, ) is a
monotonic function of p, for all angles 4 and ).
From the period of the observed resonant
variations of the impedance we can determine the
period T(p%) of motion of the electrons drifting
along the surface of the sample, while the
orientation of the magnetic field itself enables us
to determine h(pg) and consequently V(pg). It
must be remembered, however, that in metals
with a very complicated dispersion law the Fermi
surface may have in principle closed sections
p, = const, on which the following conditions are
satisfied simultaneously

7, (ps0,9) =0, v, (ps; 8¢ =0.

In this case there is likewise cyclotron resonance,
and the frequency dependence and the dependence
on the magnetic field of the resonant part of the
impedance have the character described above.
The only difference lies in the dependence of the
impedance on the polarization of the incident
electromagnetic wave. If the resonance is due to
electrons that drift along the surface of the sam-
ple in an inclined magnetic field, then a sharp angu-
lar dependence of the impedance should be ob-
served with variation of the polarization of the
electromagnetic wave (there is a preferred direc-
tion—the electron drift direction).

Another situation is possible in principle,
wherein there exists for some orientations of the
inclined magnetic field an entire region (in py) of
electron orbits on which V;(pz) is very small. In
this case cyclotron resonance, albeit very weak, is
possible on electrons with extremal effective
mass (extremal period) in the given region of p,.
Cyclotron resonance in an inclined magnetic field,
of the same, intensity as in the parallel field, takes

D (p; 8,9) = 0; (12)
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