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The relaxation time for the magnetic moment of an antiferromagnet is calculated for the
case when the nonequilibrium magnetic moment is perpendicular or parallel to the magnetic
field in an ‘‘easy plane.’’ In contrast to a uniaxial antiferromagnet, the main contribution to
the relaxation at not very low temperatures is from processes involving three spin waves.
The antiferromagnetic resonance (AFMR) line width due to these processes may depend
strongly on the field if the antiferromagnet is weakly ferromagnetic. The results obtained
are also applicable to the case of AFMR in antiferromagnets with ‘‘spin-flopped’’ sublattices.

AS Urushadze (1] has shown, in an antiferromag-
net with anisotropy of the ‘‘easy axis’’ type (MnF,,
etc. ), relaxation of the magnetic moment caused
by spin-spin interactions proceeds principally via
processes involving four spin waves; three-magnon
processes are not possible because the conserva-
tion laws of energy and momentum are not fulfilled
for them. This is due to the spin wave spectrum
characteristic of these antiferromagnets.

In antiferromagnets with anisotropy of the
‘‘easy plane’’ type (MnCO;3, MnO, etc.) the situa-
tion is different. The spin wave spectrum of these
substances consists of two branches:

e = lelo+ OF (k)1 ey = ey + OF(ak)?]", (1)
where €gk is the energy of the spin wave with wave
vector k(s =1,2); @¢ is of the order of the Néel
temperature Tp; a is the lattice constant; €;y/h
and €,,/h are the'lower and upper frequencies of
antiferromagnetic resonance (AFMR), and in mod-
erate external fields €y is usually much less than
€99. For this kind of spectrum three-magnon proc-
esses are possible: the spin wave (k = 0, €;4) that
determines the transverse, non-equilibrium mo-
ment (see below) can disappear by uniting with

the wave (kq; €1k, ) and transforming into the
wave (kq; €2ka)- The magnitude of k, is deter-
mined by the condition €y + €,k = €5k, Wwhich
gives

P ' 1,
O.ak, = ey (e5) — 4ely) /2/2510,

(2)

2 s (g2 2y
Eak, = Ex/2€10, €1k, = (830 — 2810)/28y.

Estimating the corresponding wavelength Ay
= 2n/ky, for example for CoCO; in medium fields

(H, ~ 5 kOe), 2] we obtain Ay ~ 30a. The calcu-
lation of the relaxation time 7, which, because of
the relation ak, <« 1, can be done by the spin wave
theory, [3] is of great interest, since in the indi-
cated antiferromagnets Aw ~ 77! is more easily
checked experimentally than in the usual uniaxial
ones (Aw is the width of the AFMR line).

Following the method used by Urushadze, we
shall write the magnetic part of the Hamiltonian
of the antiferromagnet with ‘‘easy plane’’ aniso-
tropy for T <« Ty in the form

o = § v [TMM, -+ b, (M2 + M) + 25, .M
+28 (Mo My — MiyMyx) — My + M) Hy

(OM_ . \2 oM, . \2 oM. .oM,,
o 1i a 21 1i 2i
+ 5 axk> +7<7§) + o2 axk]~

3)

Here M; and M, are the magnetic moments of the
sublattices (|M;| = |M,| = My); H, is the external
magnetic field; v, ¢, oy are the exchange inter-
action constants (y > 0; o —ayy > 0); by and by
are the anisotropy constants (by —b, > 0, since in
the ground state, the sublattice moments lie in the
basal plane). For greater generality (application
to antiferromagnets with weak ferromagnetism),
the Dzyaloshinskii interaction (with the constant 3)
is included in the Hamiltonian in the form in which
it exists in carbonates of the transition metals. [4]
The anisotropy in the basal plane and the field of
the spin waves are not taken into account for the
sake of simplicity. The field H, is applied in the
basal plane xy (along the x axis); this is the most
interesting case.

The configuration of the moments in the ground
state is determined by the following formulas [57:
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My = My = My,
My = My, =~ My, (1 — 4%/2),
My, =M, =0,
where ¢ = (H, + Hp)/2Hg,
Hp = 26M,,
Heg =M, (H<<1).

To transform to operators of second quantiza-
tion we introduce supplementary orthogonal coor-
dinate systems [¢] Xg¥szg (s = 1,2), which are
oriented relative to the crystallographic system
xyz in the fashion indicated in the figure so that

¥

y/‘\

the axes z; and z, are the axes of quantization
for the first and second sublattices. In these sup-
plementary coordinate systems, the operators ag
and ag are defined in the usual way:

mt = My + iM,, = V2uM, (ai — wataia,/4M,),
m; = Mg, — iMy, =V 2uM, (a; — paga.a,l/iM,),

.
Mgy, = Mszs — M, = — pasa,.

Then we express Mg via the components of the
moments of the sublattices in the supplementary
systems:

My =My, — (1 — $?/2) My,

ng =~ 'lp]"[gzz ‘i— (1 — 1‘.72//2) szz’

My = (1 — V%2) My, + $M;,,,

Moy = — (1 — $*/2) My, + $ My,

MlZ - - A/[l.’x‘,?

My, = — My,

we expand the operators ag(r) and ag(r) in
Fourier series and transform the Hamiltonian (3)
into the form

o= Ho + HE A+ S, )
1 1
Ho = 2 {'ZAka;l«'alk +5 Ax Qoo + Byayas k + Cajgas +

k

1 1 . .
+ g Daiai« + 5 Daxazx} + Herm. conj., (5)
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%ﬁ)t = iuH, VW2M N4 2 (‘lflclalkza;k.1 - a;k,azkﬂfk“)
kk.Kq
x A (k; —k, +k;) + Herm. conj., (6)

where the following symbols have been introduced:
A = pM, (v + by + 289 + ak?);

By = pM, (Y -+ by -+ 28 — 1§? -+ apph?),

C = pM, (by + 79> — 28v),

D = pMb,.

The amplitude of the Hamiltonian 3(71(31)1: is de-
termed only by the external magnetic field, without
involving the quantities by, by, and B: the third-
order terms in ag, ag appear because of the pres-
ence of the tilt angle ¢ of the sublattices as well
as the Dzyaloshinskil interaction, and as a result
ch(%’t turns out to be proportional to the combina-
tion (yyp —B) ~ Hy. The Hamiltonian 3(31(%1)1: incor-
porates terms containing products of four oper-
ators agk, agk, i.e., it describes processes in-
volving four spin waves. Of these, those which
are caused by exchange interaction, as usual, do
not contribute to the relaxation of the magnetic
moment, since the Hamiltonian of the exchange
interaction commutes with the total magnetic mo-
ment of the body. Terms of the fourth order pro-
portional to the constants b; and b, give a contri-
bution to the relaxation similar to that calculated
by Urushadze, and they must be considered at low
Hy and T. The part of the Hamiltonian (3) that
pertains to the Dzyaloshinskil interaction does
not commute with the total magnetic moment;
however, as calculation shows, its contribution
to relaxation by means of four-magnon processes
turns out to be of the order of Hp /HE times the
contribution determined by the anisotropy energy.

To diagonalize the Hamiltonian (5) we transform
from the operators agk, agk to the operators cgk,
cgk (see Eqg. (8) in [1]), andg, using the equation of
motion ihidgk = [3Cy, agk] we obtain the dispersion
law:

e1p = AR — Bi + C* — D?* + 2 (Al — BuD)1", (7)
i.e., we obtain Eq. (1), with
e = pV H, (H, 4 Hp),
ey = WV Hig -+ Hyp (H, + Hyp),

HitE =20 Hp, Hy = 2 (bl - bz) Mm
0% = 2ypu2M} (o0 — oy5)/a?. 1)

A calculation of the amplitudes Ugy, Vgp (see
(1)) gives
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Uu = Uy, V21 = Vu = - Pkqu

Up=—Up, Vip=—Vp= QkU121
| U P = %(1 —P)Y, [Upl= %(1 — Q0
Py = (Bx + D)/(Ax + & + C),

Qk = (Bk — D)/(Ak —I—- Eox — C) (8)

The interaction Hamiltonian :}Cl(%’t can now be ex-
pressed in terms of cgk, Cgk:

HD = @5, 5 €1k, Cix, Cox, A (ky + ko — k3) - Herm. conj.

KKKy

;5= ipHo V2u/MV (1 — Py Py, Q) Uik, Ui, Uk, (9)

Since low-frequency oscillations of the magnetic
moment are easier to excite experimentally (AFMR
at frequency €4,/h), we shall at first be interested
in the mean value of the square of the component
of the magnetic moment that is perpendicular to
the magnetic field Hy:!

o+ w2y = [ § oy + M) v’
+ (S0 + Mo V] = 21 — ) peftMVnyy;
BT =p (1 — P)/(1 + Py).

Thus the relaxation of the transverse magnetic
moment is determined by the change in the number
nyy of spin waves in the lower branch with wave
vector k= 0.

In calculating the time 7] of this relaxation we
shall take account only of processes involving
three spin waves, since the four-magnon collisions
give a contribution that is an order of magnitude
smaller. Then, starting from Eq. (9) it is possible
to obtain the following kinetic equation for nyg:

"110 = Ly {n1» N}
8n 2
Z1o{ny, o} = - Z | Do, x, |2 (1219 + 1) (Pak, + 1) na,
Kok,

— Nyohuk, (Mg, + 1)10 (819 + €1k, — ax,) A (ky — ky).

Since the number n§ of non-equilibrium spin
waves is large (n§ > 1), the collision operator
Z49 can be approximately represented in the form
Lo {ny, np} = —nﬁ,x/Tlo, which after the corre-
sponding transformations gives

DThe fact that in the low-frequency oscillations just
these components of the magnetic moment take patt is easy
to see, for example, from Eq. (13) in the paper by Borovik-
Romanov.!®
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v
TI(:)l -~ W l (D()k:ﬁ Ky |2 4nki (nlkd - n2ku)

d - -1,
X [3‘,; (B19 -+ €1k — Szk)]k=ka,

ng = (e*¥T — 1)1,
Substituting in Eqgs. (1), (2), (8), (9), u/a®~ M,,
and uyM, ~ ®¢, we obtain finally

Ho \? (€90\® ,
-1, (B0 )" (€0 2 fe2 \Ye
o ( 8, ) (810) (820 4810)/

Tk, Moky

s (10)

For temperatures €k, < T < TN (this same con-
dition, together with (2) and (1’), determines also
the lower limit of the field region for which Eq. (11)
is valid) and when €;; << €,;, one can obtain the
simpler expression

_ WHo\2 (e \2 T
W~ (%) (57) zr
For comparison with experiment we estimate

from (1’) and (11) the line width of the low-fre-
quency AFMR in the indicated temperature interval
(Aw ~ TII ~ 1/271‘01):
% 2}/ Ho (Ho+ Hp)
W 2Ho+ Hy

2
T €39
X Ao ~ (*-e*c*>

(11)

AH ~

i, V s

— . 12
(2Ho+ HD)]/I:IO—{—HD (12)

From this it can be seen that in antiferromagnets
with anisotropy of the ‘‘easy plane’’ type and with
a significant Dzyaloshinskil interaction (e.g., in
CoCOy, where Hp ~ 25 kOe) the width of the lower
AFMR line can depend strongly on the frequency at
which the measurements are made. And, although
the temperature region in which Eq. (12) is valid
is not too large, the dependence of AH on H, is
maintained for these substances also at other tem-
peratures, which follows from Eq. (10). This con-
clusion, as well as the order of magnitude of AH
determined from Eq. (12) is evidently confirmed
by experiment (private communication from E. M.
Rudashevskii, and [77).

In the high-frequency AFMR branch (frequency
€50/h) the components My + Myx and Mz — M,,
take part; hence the width of the upper AFMR line
is obviously due to relaxation of the longitudinal
component of the non-equilibrium magnetic mo-
ment. The latter is determined principally (since
% < 1) by the occupation number of the spin waves
of the upper branch with wave vector k = 0:

= (ZMV)? + 2 (1 — 3¢?) ugff MoVny, —
— LPMY Y (eEfnyk + pefng);

k+0

peff =p (1 — Q)/(1 + Q).
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In calculating the time 7} of longitudinal relax-
ation it is necessary to consider that when e,
> 2€4y, i.e., in practice even for very large fields,
a splitting of the spin wave (k = 0; €,4) into two:
(kg; €1kﬁ) and (-Kkg; 51-k3) is possible; kg is
easily determined from

2\
O.aky = —;— (e2,— 4e3y) "

These processes were discussed by Bar’yakhtar
and Kovalev[®] in a consideration of the establish-
ment of equilibrium in a system of spin waves of
antiferromagnets with weak ferromagnetism and
are also described by the Hamiltonian (9). Calcu-
lation by the above scheme leads to

203 ~ Ty ~ (WH o/ 0c)? (g5, — 43%0)1/2 (13)

X (2nu, + 1)/2q,

It is obvious that at very weak H;, the calculation
of €5y requires the inclusion of processes involv-
ing a large number of spin waves.

Three-magnon processes can have a significant
value for relaxation in antiferromagnets with aniso-
tropy of the ‘‘easy axis’’ type if the sublattices are
‘““flopped’’ (i.e., for H; > HAE), since the spectrum
of spin waves in this case has the form ¢ = ®sak,
egk = [ €3y + @4 (ak)?1Y2, where €, /h
= u(H} —HA )%/ is the upper AFMR frequency
(the lower frequency €;y/h = 0 if anisotropy in
the basal plane is ignored). In oscillations at fre-
quency €,,/H, it can be easily shown that the par-
ticipating components are Mgy + Mpx, Mgy + Myy,
and Mz —M,z, the mean values of which turn out
to be proportional to the occupation numbers ny,.
Hence the width of the AFMR line at this frequency
is due to the relaxation time T7,), which is deter-
mined by the rate equation h§3* = £y {ng}.

Writing the Hamiltonian of a uniaxial antiferro-
magnet for H) > HAE in the form (y >0, by —b,
>0, bz >0, a— Q9 >0)

ot =\ av (MM, — b, M3+ M) — 25,M,. My,

a (OM,  \2 oM, . \?2
—on M) Hy+ 3 () 4 2 ()

oM. OM,.
11 21
+ 1z axk axk } H]

we obtain for 7,, Eq. (13), in which €;5, = 0 and
®cakg = € /2. This expression may also prove
useful in estimating the line width of AFMR of
antiferromagnets with cubic anisotropy 1] in those
cases when H; Il [111], since the anisotropy con-
stant then enters only through e,,. It is also in-
teresting to note that the line width due to the proc-
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ess considered here does not disappear as T — 0°K.

Thus, for antiferromagnets whose spin wave
spectrum permits three-magnon processes (i.e.,
those with ‘‘easy plane’’ anisotropy or ‘‘spin-
flopped’’ sublattices ), one obtains Eqs. (10) and
(13), which determine the relaxation time of the
magnetic moment and in addition the line width of
the corresponding resonances as a function of tem-
perature and magnetic field. These expressions
are valid in the framework of the spin-wave the-
ory (T « TN, akyg « 1, akﬁ « 1), and their con-
tribution to the relaxation at not too low fields and
temperatures (see above) is found to be distinct
in comparison with the contribution of processes
of higher order. The conditions for experimental
verification of the dependences (10) and (13) are
favorable, since the frequencies of the correspond-
ing resonances can lie in a convenient microwave
region; however, in each case it is necessary to
make sure that the ‘‘real’’ line width is being ob-
served.

We take this opportunity to express our deep
gratitude to A. S. Borovik-Romanov for helpful
discussions.
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