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The polarization properties of the radiation from relativistic electrons with oriented spins
in a magnetic field are investigated. Two cases of electron spin polarization are considered:
polarization along the direction of motion and polarization along the magnetic field intensity

vector.

AS is well known, the radiation of fast electrons
moving in a magnetic field is strongly polarized[ﬂ.
Seven eighths of the total intensity of radiation be-
longs to the o component of the linear polarization
(the electric vector of the radiation field lies in the
plane of the electron orbit and is directed along the
radius towards its center), and %; of the total in-
tensity pertains to the m component (the electric
vector of the radiation field is practically perpen-
dicular to the plane of the electron orbit). The ¢
and m components of the linear polarization differ
in angular distribution: the ¢ component is char-
acterized by the presence of two maxima, which
are symmetrical relative to the plane of the orbit

6 = /2, and the o component has a maximum in
the plane of the orbit. These deductions of the
classical theory were confirmed experimentally

by an investigation of the polarization properties

of synchrotron radiation[?].

In the present paper we wish to investigate the
properties of the radiation of fast electrons in a
magnetic field by the methods of quantum theory,
including in the analysis the polarization of elec-
tron spin.

1. WAVE FUNCTIONS OF AN ELECTRON MOVING
IN A CONSTANT AND HOMOGENEOUS MAG-
NETIC FIELD

To investigate the motion of a relativistic elec-
tron in a constant and homogeneous magnetic field

Ai=—L1yH, Ay=1LaH, A.=0 1)

we require that the wave function obey the Dirac

equation

hop/or=Fpp; S = c (aP) + pgmec?, P = p— eAlc, &
2

and that for operators commuting with the Hamil -

tonian it be an eigenfunction for the operators of

projection of momentum and total angular momen-

tum on the direction of the magnetic field, i.e., on
the z axis. In a cylindrical coordinate system

r, ¢, z, which is naturally connected with the char-
acter of motion of the electron, the wave function
is of the form

. eiksz (-1 @
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Py,g = eiecK 1.3 (P);
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g = e-iccKt e e

VLYV 2x
E = echK = ech V2 + 4yn + K3,

f2,4 (P), (3)

e= +1 (4)

Here p = yr?, v = ey H/2ch, e, = —e.
The radial functions are of the form

Cl[n—l. s (P) ]
iCal,, ¢ (p) |

Jre.3.0= Vz—’]’ Jcafn__l . ©) [} . (5)

|
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Here Ip g(p) are connected with the Laguerre
polynomials:

Io (p) = o ™92 017 (), (6)
V nl sl
with n=7+s=20,1,2... the principal quantum
numbers and, s = 0,1,2... the radial ones, and
1=0,%£1,+2... (—» <[ <n) are the azimuthal

ones. The spin coefficients C; obey the Dirac
equation (2) and are interrelated by the normali-
zation condition

S1ICi =1, (1)
i=1

but their form nevertheless remains indeterminate.
For a complete determination of the wave function
it is necessary to introduce a fourth operator,
which commutes with the Hamiltonian and charac-
terizes the polarization of the electron spin.

In the investigation of the longitudinal polariza-
tion of the electron spin, it is advantageous to use
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the polarization 4-vector
Ty="1y(Poy + 0,Py), (8)

where Py = (i/c ) (3 —eg ) (in our problem the
scalar potential ¢ is equal to zero), and o, =

{a, ip,} are Dirac matrices (see [%*]). The time-
dependent component of this vector

is an integral of the motion and describes the pro-
jection of the spin on the direction of motion. We
stipulate that the wave function be an eigenfunction
for this operator, i.e.,

(sP)y = RECY.

Then simultaneous solution of (2) and (10) for the
coefficients Cj yields the following expression
(see [5]):

(10)

C,=Tad, C,=aB, C;=¢fA4, C, = elpB,
A=V, (A + Tyk), B =V, (1 — Thylk),

o=V, + ek/K), B =V,(1— ek/K). (11)
In these formulas k = VKZ —Kk2 . T==+1 corre-
sponds to the spin polarization with and against the
motion.

To investigate the polarization of the electron
spin in the direction of the magnetic field, the po-
larization 4-vector (8) is of little use. Its space-
dependent component

T5 = myc®py03 + cpyPy (12)

is also an integral of the motion, but the presence
of the electron rest energy in front of the spin ma-
trix raises practical difficulties in the case of
large energies E > mocz, since the term contain-
ing the spin matrix becomes small. In this respect
it is more advantageous to introduce the polariza-
tion tensor (see l:6’7])

.= S‘lﬁFwﬂl’ Pz, Fun = % (Prapy + auPy),  (13)
where

Sty = (azs 031 0t12> _ < p3c1 PsSz 9353) (14)

O14 Olgg Ol3a ipgS1 ipgSz iP2Sa

is the tensor of the magnetic and electric moments.

The quantity
II,, = myc?o, + cp, [oPl, (15)*

is also an integral of motion. Subjecting the wave

*gP] = ¢ x P.
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function to the requirement that it be an eigenfunc-
tion of the operator (15):

Ly = chkly

and solving (2) and (16) simultaneously, we obtain
the coefficients (5) in the form

(16)

C, = aA,Cy = — tbB, Cy = bA, C, = LaB,
A=V, (1 + Th'k), B =V, [T — Tkylk),

a =1, (V1 ekJK + eL V1 — eky/K),
b=1,(V1+ ekyK — etV 1— eky/K), 17)
where k= VK2 —-k%, and ¢ =+1 characterizes the
state of the spin polarization relative to the direc-
tion of the magnetic field: ¢ =1 along the field and
¢ = —1 against the field.

2. SPONTANEOUS TRANSITIONS. INTENSITY OF
POLARIZED RADIATION

We shall henceforth follow the method of (13, in
which the radiation intensity in spontaneous transi-
tion of the electron from the state n, s, ks, ¢ to the
state n’ =n-v, s’, kj, ¢,

W =0\ b (K — K — ) S, (18)
1 23'5 ) 1y
is connected with the quantities Sj, which charac-
terize the polarization of the radiated photons. In

particular, we obtain the ¢ and m components of
the linear polarization, if we put

Sﬂ:lall2’
Sr=|a,* cos?0 +|az|%sin®0 — 2|a,! | 0,]sing cosO.

(20)

(19)

To investigate circular polarization of the radia-
tion, we must set the quantity S; equal to
Sy = LSy & S — il [([@ Gy — &5a,) cos0

2

— (aray — aza,) sin@ ), @1)
where [ =1 corresponds to the right-hand circu-
lar polarization (the photon spin is directed with
the motion), and I = —1 corresponds to left-hand
circular polarization (photon spin directed against
the motion).

The elements of the Dirac matrices ap take the
form

Oy = Smp"fe‘*“ocnlp d’z. (22)
They can be readily obtained with the aid of the
functions (3)—(5). To simplify the calculations we
set the momentum along the field ky in the initial
state equal to zero, and confine ourselves to states
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with positive energy € = €’ = 1; then

&1 = ilsy (’C) {(C]J.r'c4 + C§’02) [n. n'—1 (x)

—(CCT + CoC3) Ina, w (2)} 8

’
g0 —#€OS (]

ay = I (%) {(C1 Cy 4 C5Cy) L, oy (2)

+ (€3 +CCY) Lna,w (@)} 8

.
L, —#£C0S 0

ay = Loy (2) {(CTC3+ CyC) Iy, oy ()

(23)

, —7cos 0

—(C3C,+CiCy) T (2)} ak;
In this case the Laguerre functions are determined
by formula (6), and the argument is equal to

(24)

z = %* sin® 0/47.

From the energy conservation law it follows that
the frequency of the radiated photons is

x=K—K =V + tyn— VI - lyn’ + k2,

n=n—w, kgz—xcose. (25)

The number v of the harmonic is best replaced by
a new quantity »’ bearing in mind an eventual tran-
sition to a continuous spectrum in which summation
over n’ is replaced by integrals

v = (1—2—’n|32sin29> ; (26)
and then it follows from (25) that « = \/—')/7161/'

= y’8/R, where R is the radius of the orbit of the
electron. The form of the coefficients C, and Cp
depends on the choice of the state of polarization
of the electron spin.

As is well known (see, for example, [8J), the
Laguerre function and its derivative can be approx-
imated by the cylindrical K functions uniformly
over the entire region of the spectrum

Ik i )

27)

1 x
In,n' (x)_n V§ (1_70_

Inw (2) = T
(28)

with x, = (Vn — Vn’ )% We shall use these ap-
proximations to calculate the radiation intensity.

3. INVESTIGATION OF THE RADIATION INTEN-
SITY IN THE CASE OF LONGITUDINAL PO-
LARIZATION OF THE ELECTRON SPIN

The form of the coefficients C, and Cps in the
matrix elements is determined by formula (11). It

e =S Va2
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is convenient to carry out the entire calculation in
the form of a series expansion in the quantity 1 - g2,
since for the ultrarelativistic motion, which is of
particular interest, we have 1 -2 < 1. Eliminating
intermediate steps, we present now the expressions
for the spectral composition of the radiation, ob-
tained as a result of the integration of the intensity
over all the photon emission angles. Then the in-
tensity of the radiation can be reduced to the form
W 3V e §°

T 8n R‘ze% )

ydy )
@ egp T )

(29)

In this formula a transition is made to the continu-
ous spectrum: the summation over the number v
of the harmonic is replaced by an integral after
introducing the variable

2 __ v Y,
?/:Fm%, gp = 1 — P23, (30)
and ¢ is a characteristic parameter:
3 13 E \2
E’ Y mocR (moc2> (3 1)

The components Fj(y) are of the following form:

N a)Nlinearly -polarized radiation without spin flip

¢’ = £ (=) and with spin flip ¢’ = - ¢ (=):

Foo= (1 + &) [g Ky, (z) dz + K-, (x)] + Leze( Ky, (2) da
v i (32)

(the upper sign pertains to the o component and
the lower to the ™ component),
(o0}
Py =1 = 1oy K, @) dz; (33)
v
b) circular polarization

[ee]

Fr=[1+1+ By +2—1§2y2)]SKm (z) dz,  (34)

v
0

T= (D) 8\ Ky, () de.

y

(35)

All the formulas are equally applicable for ar-
bitrary values of the parameter &¢.

We now consider the integrated radiation inten-
sity in two limiting cases, respectively

E<< 1, or E<CEy, = my® (myeRIB)"
E>1, or E>Ey,

The integration for £ << 1 can be carried out by
expanding all the expressions in powers of £, and
then using the well known integral

(36)
(37)

and

(38)

§° 27K, (z) dz = 27T (%)F(Q;I-P)
0
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to obtain Wo = 1L pslb, gy 2 pyeleb, (46)
= 81 2% Ing glob,
wi=we{l BV We L @) We=Ws = g Vo (47
:I 1 glob
— LyElobly 4 A yp (48)
W= Vd{"_ﬂ/:% §+19§2 } 0 8L 2/ 1 5[ ] lob
:_’ n rglo
I : i g (LT DV (49)
R N 2 I T ¢

It follows from these formulas that the intensity
of radiation of linearly polarized ¢ and ™ compo-
nents without spin flip does not depend on the ini-
tial state of the electron polarization, and the spin
flip influences only the terms that are proportional
to the square of Planck’s constant h?, and the prob-
ability of the change of spin projection on the di-
rection of motion is likewise independent of the
initial spin orientation.

Therefore the change in the electron spin polar-
ization will occur with equal probability, and will
not depend on whether the initial spin direction is
with or against the motion. Thus, the spin effects
in the radiation of linearly polarized components
can come into play only in terms proportional to
h? (see also [°7).

Considering in the same approximation the cir-
cular polarization

WE=Lwet {1 _8¥8q_ 1 e

+2a-rie—...), (42)

Wi =Lwe {2+ p)e}, 43)
we see that a correlation exists between the elec-
tron and photon spins, and that the radiation inten-
sity has a correlation term already in the first
order in Planck’s constant h. In the classical ap-
proximation the circular polarization vanishes as
&¢— 0 (see Cl]).

In the other limiting case when £ > 1, the ra-
diation intensity differs greatly from the classical
value and, as is well known, in place of Wl we
obtain a different quantity (see -8J):

E‘/;\ ’ . (44)

To obtain the main terms of the expansion in
£~! we can use the asymptotic behavior of the func-
tion K, at small values of the argument (we recall
that at large arguments K, decreases exponen-

tially ):
K, (z) = 27T (w)/y*. (45)

Then integration yields

Thus, in the region of very large values of the
energy E > E;/; the general character of the spin
effects remains the same in the sense of the influ-
ence on the radiation, but the role of the spin in
the radiation of photons with circular polarization
increases sharply: the correlation term I¢ does
not have the character of the small correction, but
the character of the principal expression for the
intensity. The radiation of an electron with longi-
tudinal polarized spin turns out to be polarized,
and the sign of the circular polarization depends
on the initial spin orientation. The deduction that
the photons which have circular polarization can
be emitted by an electron only if the electron has
a longitudinally oriented spin is analogous to the
polarization correlations in the bremsstrahlung
of an electron in the Coulomb field of the nucleus
(see [10]),

We note also that longitudinal polarization of
the electron spin has a unique stability: the prob-
ability of quantum transitions with changes in spin
orientation remains small in both cases both when
E «< E;p and when E > E;; [see formulas (41)—
(43) and (47)—(49)].

4. INVESTIGATION OF THE INTENSITY OF RA-
DIATION IN THE CASE OF POLARIZATION
OF THE ELECTRON SPIN ALONG A MAG-
NETIC FIELD

In this case the coefficients Cp and Cp in the
formulas for the matrix elements of the Dirac mat-
rices are defined by (17). Repeating the method
described above, we obtain for the radiation inten-
sity the following expression:

ydy

(1--Ey)t (50)

F;i(y),

, 3V3 ec 1
"
where Fj(y) characterizes the spectral composi-
tion of the radiation only for the linear polariza-
tion components —there is no circular polarization,
since the corresponding components of the circular
polarization vanish upon integration with respect to
the angle 0. .

For the components of the linear polarization
without spin flip (44) and with spin flip (4++) we
obtain
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FlT — (1 + _;_ Ey)z [§OK% () dz + K., (y):l

v

+ 38y EOK% () dz — T2 + &) GyKy, (), (51)
V
FiV = Ly [§OK% (2) dz — Ky, (y)] , (52)
FIV= (14§ &) KK% (2)dz— Ky, ()], (63)
o [io Ko, (z) dz + K, () + 2 S Ky, (z) dz
+ 4Ky, (yyﬂ : y (54)

Let us consider the integral radiation in analogy
with the preceding case. Then for energies E
< Eyy (£ < 1) we obtain

V‘M__Wcl (25;/31%)&
+(3,_§ , 2451/3 > } 5)
wit =welLey (56)
wit—wet (L 3V3 e e b 0)
Wit — we! 23{1+ 05 V'3 C} 2. (58)

It follows from these formulas that in the case
where the electron spin is polarized along the field
Wy the radiation component depends on the initial
spin orientation, and this dependence is contained
in the terms proportional to the first power of
Planck’s constant h. Spin flip is manifest, as be-
fore, in the terms proportional to %2, but the spin-
flip probability now depends on the initial spin ori-
entation. The change in the polarization of electron
spin during radiation occurs in such a way that the
spin strives to orient itself against the field. Be-
cause of this, the spin of an electron beam which
is not polarized at the initial instant should acquire
with time a preferred orientation against the field
(see [11]), Estimates of the ‘“lifetime’’ of an elec-
tron with spin polarization along the field, which
can be readily obtained on the basis of (58), show
that for electrons with energy 1 BeV and a mag-
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netic field ~ 10* Oe it amounts to a quantity of
the order of 1 hour.

In conclusion let us find the integral value of
the radiation intensity in the other limiting case
&> 1. We get

Wil = weior, it — 2 jpeton, (59)

Wit — ngob Wil —{12‘?18+ ¢ T (Y3) }ngob‘ (60)

I (2/s) 2‘/3;;‘/3

Thus, at large values of the energy E > E, ),
transitions with reversal of the spin orientation
make a contribution to the main term of the in-
tensity. In this lies the essential difference from
longitudinal polarization, which is more stable with
respect to changes in the spin orientation. We note
also that in the case when E > E,/, the directivity
in the change of the spin orientation decreases and,
as can be seen from (60), when ¢ > 1 the radiation
intensity depends little on the initial spin polariza-
tion.
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