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We consider the damping of a nonlinear longitudinal monochromatic wave due to collisions 
between electrons and neutrals. The damping factor and the distribution functions for the 
resonance particles are computed. 

INTRODUCTION 

AN effective method of analyzing the dynamics of 
low-amplitude plasma waves is the quasilinear the
ory developed by Vedenov, Velikhov, and Sagdeev. 
[ 1•2] This theory describes damping or growth of 
oscillations with account of the feedback effect of 
the wave on the averaged velocity distribution of 
the particles, which is assumed to be uniform in 
space. Because of this assumption only rather wide 
wave packets can be analyzed. A plane longitudinal 
plasma wave does not satisfy the condition of spa
tial uniformity and thus cannot be analyzed by the 
quasilinear theory. 

For this reason it is desirable to carry out a 
specific analysis of the dynamics of a monochro
matic longitudinal wave. At low amplitudes, even 
if the dispersion is nonlinear, such a wave can 
propagate in a plasma almost without distortion 
due to nonlinearity. [1] It is well known that the 
damping of a wave of this kind is due primarily 
to its interaction with resonance particles, that is 
to say, electrons and ions whose projected velocity 
in the direction of the wave vector is approximately 
the same as the phase velocity of the wave. How
ever, in the absence of collisions the particle-wave 
interaction quickly establishes a distribution of 
resonance particles such that the energy exchange 
between particles and wave is terminated and the 
wave propagates in the plasma without absorption. 
[ 3] Collisions distort this distribution and lead to 
damping. The damping factor will therefore de
pend on frequency and on the collision mechanism. 

In contrast with the case of wave packets, for 
monochromatic waves it is necessary to consider 
two groups of resonance particles: the trapped 
particles, whose motion in the wave reference sys
tern remains finite, and the untrapped particles, 
whose motion is infinite. The distribution func
tions are usually different for the trapped and un-

trapped particles and the contribution of each group 
to wave damping must be treated separately. 

The effect of collisions on damping of a longi
tudinal nonlinear monochromatic wave was first 
treated by Platzman and Buchsbaum. C4J In this 
work the authors used the usual expression for 
the imaginary part of the frequency w, obtained 
from the linear theory, but substituted in it the 
derivative of the distribution function for the res
onance particles obtained by solving the nonlinear 
kinetic equation with a simulated collision inte
gral. It will be shown in the present work that 
this approach gives an incorrect result at low 
collision frequencies. 

Zakharov and KarpmanC5J investigated damping 
of a monochromatic wave in a highly ionized plasma 
using the Coulomb integral. However, the distri
bution of trapped particles was treated improperly 
in this work because the authors assumed that it 
was symmetric in velocity, an assumption that in 
general can only be justified in the absence of col
lisions. 

In the present work, using the same method as 
in [5] we consider damping of a longitudinal mono
chromatic wave in a weakly ionized plasma; be
cause of the simple form of the collision integral 
that is used the problem can be investigated quite 
completely. 

1. DISTRIBUTION OF RESONANCE PARTICLES 

We consider a longitudinal plasma wave with 
phase velocity much greater than the thermal ve
locity of the ions. In this case the number of res
onance ions is exponentially small and the wave 
damping is determined by the interaction with 
resonance electrons. [SJ 

The electron distribution function f(r, v) is 
given by the kinetic equation 
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of of e o<p of (of) (1) 
&e+vzaz+maz ovz = &t coli 

(the wave vector is in the direction of the z -axis ) . 
In a weakly ionized plasma elastic collisions 

between electrons and neutrals represent the dom
inant collisional effect. Since the neutral velocity 
is much smaller than the electron velocity the neu
trals can be regarded as fixed. The cross -section 
for scattering of an electron on an atom, q, will be 
assumed to be isotropic and independent of v. With 
these assumptions the collision integral becomes 

. (¥t) coll4nqnov [ 4~ ~I (v') dQ- I (v) ], (2) 

where n0 is the density of atoms, v is the electron 
velocity after collision, v' is the electron velocity 
bE:lfore collision and dQ is the element of solid 
angle. In the collision model we have adopted the 
absolute magnitude of the electron velocity is con
served after the collision and there is an equal 
probability for scattering into any angle. 

At low amplitudes (small values of r.p 0 ) the ef
feet of the wave on the motion of nonresonance par
ticles is inconsequential and the distribution of 
these particles is essentially Maxwellian. If Vph 
» Ver.p 0 /® the resonance particles occupy a 
small region in velocity space. This allows us to 
simplify the collision integral in the kinetic equa
tion for the resonance particles: we assume that 
before the collisions these particles are nonreso
nant and characterized by a Maxwellian distribu
tion. The equation is then written in the form 

8
8t1 + Vz 8

81 + _!____ 8
8<p 8

81 = 4nqn0v [f0 (v)- f (v)], (3) 
z m z vz 

fo (v) = n (m/2n8)'1• exp [- ml?/28]. (4) 

We integrate Eq. (3) over Vx and vy having re
placed v by Vph as an approximation in the colli
sion integral. Everywhere below we shall under
stand f to mean the integrated distribution func
tion. Thus 

ilj_ + V !!__ + _!!___ o<p !1_ _ fo (vz)- f 
ot z [)z m [)z ovz- "' 

/ 0 (vz) = n (m/2n8)'1'exp (- mv;/28). 

(5) 
In the form in which it appears in Eq. (5) the 

collision integral has been used many times as the 
simplest model for solving kinetic problems. How
ever, it should be emphasized that for resonance 
particles whose velocities are appreciably greater 
than the thermal velocities, this is not a simulated 
collision integral; it has rather been obtained from 
the exact collision integral as a result of certain 
justifiable simplifications. 

Introducing u = Vz -Vph we write Eq. (5) in the 

wave system and convert to the variable E = mu2 /2 
-er.p. Then 

at± 1 [ ( "~ 1--
iiZ ==t=T V2 (e + e<p)/m f± (e, z)- fo v<ll ± V ! (e + ecp)) J. 

(6) 
Assuming that the damping is small we neglect the 
partial derivative 8f/8t [ cf. Eq. (26)]. The upper 
and lower signs refer respectively to electrons for 
which u > 0 and u < 0. We introduce the dimen
sionless coordinate y = kz, where k is the wave 
number, and use the notation 

~ =~. 1 
---;:--===V (7) 
-rk V28jm · 

e<p e = <D, 

In this notation the kinetic equation becomes 

[)j± v 
ay = + V~ + <D ff± (~. y)- fo (a± V~ + <1>)].(8) 

Below we shall consider the case of "strong" 
waves: [5] 

(9) 

in which the distribution of particles in the reso
nance region is determined by their interaction 
with the wave. In this case the solution of Eq. (8) 
can be written as an expansion in powers of v: [5•8] 

!± = f± <o> (~) + vf± <1> (~ , y) + · · · · (10) 

Substituting Eq. (10) in Eq. (8), we have to a first 
approximation 

ar (1) 1 + (0) -~ ;--
a:y-=- v~ + <D [f (~)- fo (a+- v «%'+<D)], (11) 

at- (1) 1 
-- = rr(O) (~)- f (a- Vc%' +<D)]. ay v~ + <D o (12) 

In solving the equations we must treat trapped 
particles and untrapped particles separately. 

For the untrapped particles we have fij ( rr) 
= Fu ( - rr ) . Integrating with respect to y from - rr 
to rr and assuming that r±<0>( «%') is independent of 
y, in the zeroth approximation we have 

~ fo(ct± VIT<Ii) 
J V~+ <D dy 

(13) 
1~(0)(18) = --:--------

\ dy 

J, V~+<D 
For the trapped particles, at the turning points 

Y1,2: ft(Y1,2) = ft(Y1,2). Thus 

and furthermore rt (O) = f{ (0) = f£0> _1> 

Thus, integrating Eqs. (11) and (12) and adding 
we have 

1>In computing the distribution of trapped particles the re
lation t;<~, y) = t; (~, y) was used in [']. When collisions 
are taken into account this relation does not hold in general. 
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y, 

/o) 1 1 
t = j 2 -v~ + ll> 

y, 

X Uo (a+ Y<W +<D)- fo (a- v <if+ <D)].dy I r' v dy • 
J ~+ll> 
y, 

(14) 

where y 1,2 is determined from the condition <if 
+ <I>(y1 2) = 0. 

For' a sinusoidal wave E = E 0 sin y (correspond
ingly <I> = <1> 0 sin2 (y /2 ), where <1> 0 = etp 0 /®) sub
stituting Eq. (3) in Eqs. (13) and (14) we find that 

a) for the untrapped particles 

rt/2 

t±(O) =~I 1 
u K (k) J Jf 1 - k2 sin2 x 

0 

x exp {-(a ± V<W (1- k2 sin2 x))2} dx, (15) 

where k = ,J <1> 0 /<if ; K(k) is a complete elliptic in
tegral of the first kind, A = n( m/27f®) 112. 

For a low-amplitude wave ( a<P0 « 1) we find 

f~ (o) (<if) = A exp {- (a ± lfi'8)2} [ 1 ± Vl8 (a ± VS') 

(16) 

where E ( k) is a complete elliptic integral of the 
second kind. 

b) For the trapped particles 

arc sin (1/k) arc sin (1/k) 
dx 

= A[2 ~ dx J-1 1 
y 1 - k2 sin2 x j 

0 
V1- k2 sin2 x 

X {exp [-(ex+ V<W (1- k2 sin2 x))2] 

+ exp [-(a- V <if (1- k2 sin2 x))2 ]}. 

When a<I>0 « 1: 

arc sin (1/k) 

~ V <if- <D0 sin2 xdx 

(17) 

0 

x {1 + (2a2 - 1) ---------}. (18) 
arc sin (1/k) 

~ 
0 

dx 

V~- <Do sin2 x 

2. WAVE DAMPING 

In order to compute the damping we find W, the 
mean value of the time derivative of the energy 
density of the wave. On the basis of considerations 
similar to those given in [5] we have 

it 00 

w = we"'' \ dy \ -'!ifl d<D w + n. 
1t f8m J • YIE + (j) dy (19) 

-rt -<ll 

We write W = Wu + Wt, i.e., the total effect is the 
sum of the contributions of trapped and untrapped 
particles. We first consider the untrapped par
ticles 

--;- we 'f, ~': co~ dcp d<D W =--. d e - + -
u n .,rs;lt Y • v~ + (lJ dy U + f >· 

-:-: <Do 

Changing the order of integration, we integrate by 
parts taking account of the periodicity of the dis
tribution function: 

wu =- w,~·;, ~ d[g ? V<W + <D dd (f+ + r) dy. 
nr2m.l .l Y 

<I>o -1t 

Substituting df/dy from Eqs. (11) and (12) we have 

- [fo (a+ yg +<D) - fo (a- V<W +<D)]} dy. (20) 

By similar transformations we find the damping 
due to the trapped particles: 

3f n ll>o 

w = ~ \ d \ d'tl d<D <J+ + n 
t 1t f8m j Y .l Y'b' + <D dy 

-lt -<D 

3 <D, 

we" ~ = - -----== d[g 
nJf2m 

0 

(21) 

2 arc sin (1/k) 

X ~ [/o (ex- v[g +<D)- fo (a+ V<W + <D)] dy. 
-2 arc sin (1/k) 

We shall limit ourselves to the case of a low
amplitude wave that satisfies the condition a<I> 0 « 1. 
Substituting Eqs. (3) and (15) in Eqs. (20) and (21), 
expanding in powers of the small parameters <1> 0 

and a<I> 0, and carrying out the integration and 
other calculations (not presented here) we find 

Wu = 0.2 Awe'1•<D:/'m-'1•vae-ct', 

Wt = 1.86 AwEJ'1•<D;{'m-'l•vae-''. (22) 

Thus, expressing A in terms of n and ® and add
ing we have 

W = 0.83nwElv<D;{'cxe-ct'. (23) 

We now find the damping factor for the wave y 
= W /2W (W is obviously E~ /167f ): 

r = 3~3 ( ezo rl· (:~h) 4 exp [- ( 2v:;n ' (24) 

where vT = ,J ®/m . In contrast with a highly ion
ized plasma, where y "' <P 03/ 2 because of Coulomb 
collisions, [5] here y depends on the wave ampli
tude as <Po112. 

We compare this result with the damping factor 
in the linear theory 
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(25) 

Taking account of Eq. (9) we find 

l = 5,2 vph_ (~)'h ~ 1, (26) 
1 L w0-rvT eqJo 

that is to say, a nonlinear monochromatic wave 
damps much more slowly than a wave described 
by the linear Landau theory. 

In simplifying the kinetic equation we have neg
lected the partial derivative of the distribution 
function with respect to time Bf/Bt [ cf. Eq. (6)]. 

'5] . This procedure is valid if Ty « 1. ~ Expressmg 
Ty by means of Eq. (26) we get 

(27) 

In other words, the wave amplitude must be large 
enough so that the oscillation period of the electron 
in the potential well of the wave is much smaller 
than the damping time for the linear wave. 

In addition to the damping considered here, 
which arises as a consequence of the interaction 
of resonance particles with the wave, there is also 
the usual damping, given by Yo ~ ( 1/T ) ( VT /Vph); 
this damping is associated directly with the loss 
of ordered electron momentum in collisions with 
electronic atoms [ cf. for example [ 4]]. 

Taking account of the relation in (27) we obtain 
the following condition for the applicability of the 
formulas that have been obtained: 

VT jvph~ YLfkVecp0/m < 1. (28) 

In conclusion we wish to note that Platzman and 
Buchsbaum [4] have considered essentially the same 
problem but have obtained a different result because 
of a number of errors. In particular, there is some 
doubt as to the applicability of the dispersion equa
tion obtained in the linear approximation in an 
analysis of damping with few collisions inasmuch 
as the distribution function for the trapped par
ticles is not analytic, as is evident from Eq. (18) 
( cf. also [3]). 

The author wishes to thank L. E. Rikenglaz for 
valuable comments. 
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