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A relation is established between the reciprocal of the effective dielectric constant and 
microcharacteristics of a metal in the case of weak anomalous skin effect. The isotropic 
case (polycrystalline substances) and cubic single crystals with a four-fold symmetry axis 
perpendicular to the surface of the metal are considered. Such cases are encountered in 
metals with a low Debye temperature (In, Pb, Sn, etc.) and also in metals or alloys with a 
high residual resistance. The experimental data are analyzed for In and Pb. 

AN experimental investigation of the optical con
stants of many metals in the infrared region has 
shown that in many cases there is a weakly pro
nounced anomalous skin effect at room tempera
ture [t- 3]. The point is that for many metals in 
which the interaction between the electrons and 
phonons is large (these metals usually have a 
Debye temperature ® below room temperature), 
the mean free path of the electron l is to be sure 
smaller than the skin-layer depth o, but both 
quantities are of the same order of magnitude. It 
is necessary here to take into account the reflec
tion of the electrons from the surface of the 
metal 1l, but such account can be carried out ac
curate to terms of first order relative to the 
quantity (v/c)/£/(1- iv/u.:). Here v-velocity 
of the electrons on the Fermi surface, c-velocity 
of light, £ = ( n - iK )2-complex dielectric con
stant, v-effective electron collision frequency, 
and w-cyclic frequency of light. 

1. Let us consider normal incidence of light 
on a metal. The surface of the metal is perpen
dicular to the z axis. The metal occupies the 
half-space z > 0. The equilibrium distribution 
function f0 of the electrons in the metal is a 
Fermi function. We denote by f the increment of 

1 >In our earlier papers[1 • 2 ] we used relations connecting 
Re E-1 and Im E-1 with N and v for the normal skin effect. 
The correction for the anomaly of the skin effect was intro
duced only in the expression for Im E-1 by adding to v the 
frequency of the collisions between the electrons and the 
surface, for which an expression obtained in the case of a 
sharply pronounced anomalous skin effect was used. This 
account of the anomaly of the skin effect is only tentative. 
In the present paper we determine it more consistently with 
the degree of accuracy indicated above. 

the equilibrium function. We confine ourselves to 
the case when the direction of the field in the 
metal E coincides with the direction of the cur-
rent density j (isotropic case or case of cubic 
symmetry with four-fold symmetry axis perpen
dicular to the metal surface)2). Let E = Ex, so 
that j = h· 

The initial system of equations for f and E 
is [5J 

vzofj8z + (iro + v)f = -eEa / 0/opx, 

d2Ejdz2 + ro2Ejc2 = i4nrojfc, 

j = (2~:)3 ~ Vxfdp , 

( 1) 

(2) 

( 3) 

Here e-electron charge, p-electron momentum, 
v-electron velocity. The time dependence is 
given by eiu)t. The electron collision frequency 
v can generally speaking depend on w. No limita
tions are imposed on the ratio vI w. In the cases 
of interest to us this ratio is close to unity. 

The system (1)-(3) is solved by successive 
approximations. In the zeroth approximation we 
neglect in (1) the term Vzof/oz, after which we 
obtain the well-known case of normal skin effect[5]. 

The solution of the system (1)-(3) in the zeroth 
approximation yields 

E = E (0) exp [- iroV~zjc]. 
2 

8ne2 rh vx d -
(2nli)3w (w- iv) J v s -

4ne2 N 
w(w-iv)m' 

(4) 

( 5) 

Here E ( 0) is the field on the surface of the metal, 

2 >The case of arbitrary anisotropy was considered in [ •]. 
The authors were interested, however, only in the region 
v « w. 
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£ 0 = ( n 0 - iK 0 ) 2 -the complex dielectric constant 
in the case of normal skin effect, N-concentra
tion of the conduction electrons, m-mass of free 
electrons, ds-element of Fermi surface. For a 
cubic crystal 

2 2 2 

~ : x ds = ~ v: ds = ~ vvz ds = ; ~ v ds, 

therefore 
N __ z_ 
-;:;;:- (2n 1i)3 

v2 2 
~ -;- ds = 3(2n 1i)3 ~vds = 

2<v>S 
3 (2 n1i)3 

( 5') 

where ( v) -mean value of the velocity on the 
Fermi surface and S-area of the Fermi surface. 
The ratio ( 5') serves as a definition of N. 3) For 
a spherical Fermi surface 

(6) 

where men-effective mass of the electron. 
Substituting (4) in (1) we obtain the first-ap

proximation equation. For the boundary conditions 
we use conditions corresponding to diffuse re
flection of the electrons from the surface of the 
metal 

f = 0 for Vz > 0 when z = 0; 

f = 0 for Vz < 0 when z ___. oo. 

The calculations then proceed as follows. We 
determine f from (1) and (7). We obtain j by 
using (3). We then calculate the total current 

I= j_:j ( z) dz and the surface impedance 

Z = E ( 0 )/1. The latter is connected with the ef
fective complex dielectric constant £ = ( n - iK )2 

by the relation Z = 4rr /c..f£. As a result we get4l 

3 >sometimes one introduces in place of N a quantity N' 
defined by N'/meff = Njm. For simplicity we shall use N. 

4 >For metals of cubic symmetry with arbitrary crystal 
orientation relative to the metal surface, the current I coin
cides in first approximation with the direction of the field 
E on the surface of the metal. In first approximation, in the 
presence of a field Ex, both Ix and Iy will differ from zero. 
It is easy to ascertain that, with the accuracy indicated, 

111 iw n-ix !_' vxv1lz I~ v~ 
- =--. -- 'j' --- ds J - ds 
1~ c lW+vvz>O v . v · 

(7) 

Here Iy is the total current along they axis and Ix0 is the 
total current in the zeroth approximation along the x axis. 
It is obvious that for any orientation 1Iy/Ix0 l<lr/2l. The 
presence of the current Iy leads to the appearance of off
diagonal terms in the surface impedance Zxy and in the ef
fective dielectric constant Exy• These terms, however, are 
small and can be neglected in practice. In the isotropy case 
or in the case when the four-fold symmetry axis is perpen
dicular to the surface of the metal, we have Iy = Zxy = 
Exy = 0. 

- 2 n-ix rh' v~vzd I rh v~d 
r-c1-ivjw 'j' -v- s 'j'v s. 

Vz>O 

Here ¢~z >o denotes the integral over the part of 

the Fermi surface for which Vz > 0. 
For a spherical Fermi surface we have 

( 8) 

(9) 

_ 3 v V 1 + (n I x)2 i('l' -'!') r---X e'', 
8 c V 1 + (vI w)' 

(10) 

where tan q;1 = n/K and tan cp2 = w/v. 
Using (8), (10), and (5), and neglecting terms of 

order 1/l £ 0 I, we get 

( 11) 

( 12) 

2nx 
~1 = Re r + x• - n• Im r, ( 13) 

x2 - n2 

~2 = Re r- 2l!XIm r· (14) 

Here AM-wavelength of light in microns. 
Formulas ( 10)-(14) can serve for the deter

mination of the microcharacteristics of the metal 
N, v, and v5). A convenient procedure is as fol
lows. First we determine N and v in the zeroth 
approximation, putting {3 1 = {3 2 = 0. Then these 
values of N and v are used to calculate {3 1 and 
{3 2, choosing v such that the left half of (11) is 
independent of A.M. It is then possible to deter
mine N and v in the first approximation. 
Usually cp1 - cp2 < 0 and {3 1 < {3 2, so that the 
correction is much more important in the deter
mination of v than in the determination of N. 

2. We shall employ the foregoing methods to 

5 >The isotropic case is in practice the most significant 
not only because most measurements of optical constants 
in the infrared region are made with polycrystalline speci
mens, but also because the distribution of the electrons in 
the metals can be regarded in first approximation as isotro
pic. Investigations of cyclotron resonance, the deHaas-
van Alphen effect, etc. confirm the distribution of the Fermi 
surface over the bands, obtained by starting with the free
electron representation. All that is refined are the individual 
sections located near the boundaries of the Brillouin zones. 
These parts pertain to small groups of the electrons, which 
influence little the optical constants of the metals in the in
frared region. We assume that in order to describe the opti
cal properties of metals in the region A > 1 fl. it is possible 
to assume with good accuracy, that the distribution of the 
electrons is isotropic (it is assumed that the internal photo
effect does not lie in the indicated interval). 
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Table I. Optical constants and microscopic characteristics of 
indium at T = 293°K 

2.:1 3.19 13.7 2.83 
3.0 4,26 16.4 2.74 
4.0 6.57 20.8 2.75 
5.0 9.03 24.8 2. 75 
6.0 11.7 28.1 2.74 
7.0 14.1 :~0.9 2.78 
8,0 16.4 33.6 2.82 
9.0 18.7 35.8 2.84 

10.0 21.0 37.4 2.83 
11.0 23.2 39.2 2.81 
12.0 24.6 40.5 2.96 

reduce the experimental data on the optical con
stants of In and Pb, published in our earlier 
papers. [t, 2] The measurements were carried out 
with polycrystalline specimens. The optical con
stants of the indium were measured in [t]. The 
results are listed in Table I. 

In order for the left half of (11) to be independ
ent of A.fJ., we must put v ~ 3 x 108 em/sec. Since 
the scatter of the experimental data for different 
values of A.fJ. is rather large, v was determined 
accurate to ""30%. In the zeroth approximation 
for N we have taken the average value obtained 
from the formulas of the normal skin effect, N0 

= 6.2 x 1022 cm- 3. The value of v in the zeroth 
approximation was calculated for each wavelength. 

In determining the microcharacteristics of 
indium we have used the spectral interval 2.68-
10.0 ll· The optical constants of the shorter-wave
length points are influenced by the additional ab
sorption band with a maximum located approxi
mately in the region of 0.7 11· A more accurate 
determination of the position of the maximum of 
this band calls for measurements in the visible 
region, which were not carried out. Indium has 
three valence electrons per atom: two s-electrons 
and one p-electron. The p-electrons emerge to 
the Fermi surface, while the s electrons fill the 
first band completely. It is probable that the ab
sorption maximum indicated above is connected 
with the transition of the s-electrons to the Fermi 
surface (internal photoeffect). 

It follows from Table I that the average con
ducti~n-electron concentration is \ N) = 6.3 x 1022 

cm- 3, which almost coincides with the value ob
tained by the formulas of the normal skin effect. 
The surface losses amount to approximately 15% 
of the total losses. The effective frequency of the 
electron collisions v depends on w. This depend
ence can be substituted in the form v = v 0 + a/A. 2, 

with v0 = 2.2 x 10 14 sec- 1 and a= 7.0 x 10 14 11 2 

I 

I 
5.58 0.4 3.5 3,96 3.60 
5.09 0.5 3.7 4.11 3.39 
4.83 0.8 3.7 4.10 3.21 
4.62 1.1 3.7 4.12 3,08 
4.51 1.4 3.5 4.15 :~.10 
4.58 1.8 3.4 4.09 3.06 
4.51 2.1 3.2 4.06 2.99 
4.53 2.3 3.1 4.04 2.99 
4.64 2.6 2.8 4.06 3.09 
4,65 2.9 

I 

2.7 4.11 3,13 
4.74 3,1 2.5 3.90 3.01 

sec-t. If we assume that the quadratic term is 
determined by the frequency of the collisions be
tween electrons (see [t] ), then we obtain for the 
static value of this frequency v~e = 1.1 x 1013 

sec- 1. 

The static conductivity of the investigated 
indium mirrors was a= 0.64 x 10 17 cgs esu. The 
static electron collision frequency determined 
from this is vst = 2.5 x 10 14 sec- 1. This is some
what larger than the value of v0, probably be
cause of the inaccuracy in the determination of 
a (both v0 and vst include the frequency of colli
sions with the impurities, which can be deter
mined from the value of the residual resistance; 
see [1] ) . The microcharacteristics connected with 
the electron collision frequencies and also the 
values of v obtained by the method proposed 
above differ somewhat from those obtained in [1], 

owing to the more accurate account of the influ
ence of the anomaly of the skin effect in this 
work. For indium at room temperature v"" w at 
a wavelength of light r-.. 11 ~ 811. 

We process analogously the values of the op
tical constants of lead, obtained experimentally 
in [2'. The results are listed in Table II. 

The requirement that the left half of (11) be 
independent of r-..11 is satisfied when v = 1.0 x 108 

em/ sec. The scatter in the experimental values 
for the left half of (11) for different r-..11 is small, 
making it possible to determine v accurate to 
"" 10%. In the zeroth approximation we have 
chosen for N the average value obtained from the 
normal skin effect formulas, N0 = 4.0 x 10 22 cm- 3. 

The value of v was calculated in the zeroth ap
proximation for each wavelength of light. 

To determine the microscopic characteristics 
of lead, the spectral interval 2.5-12 11 was used. 
As in the case of indium, the optical constants of 
the shorter wavelength points were influenced by 
an additional absorption band the maximum of 
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Table II. Optical constants and microscopic characteristics of 
lead at T = 293°K 

Ap. n " 
:1.2 

p. 
x2-n2 .fQ2 

(n'+x')' 

2.68 4.43 18.2 1.82 
3.14 5.50 21.2 1.80 
4.00 7.60 26.1 1.83 
5.95 13.4 35.6 1.84 
8.0 19.2 42.2 1.96 

10.0 23.8 51.7 2.01 

which lies in the region near 0. 7 f.J.. The position 
of this maximum was not determined accurately, 
since it calls for additional measurements in the 
visible region. Lead has four valence electrons: 
two s electrons and two p electrons. Two elec
trons fill completely the first band (these are 
probably s electrons). The remaining two elec
trons are situated principally in the second and 
third bands [sJ. It can be assumed that the addi
tional band corresponds to the internal photoeffect, 
which transfers the electrons from the first band 
to the Fermi surface. The main part of the Fermi 
surface of lead is located in the second and third 
bands. The second band corresponds to holes and 
the third to electrons. The assignment of part of 
the Fermi surface to electrons and part to holes 
does not influence the value of £, since £ ~ e 2• 

However, if we assume such a breakdown of 
the Fermi surface into two parts, then we must 
assume that the optical measurements yield 

N I m = N" I m~ff + Nh I m:ff' 

where W/m~ff and Nh /m~ff are determined by 
integrals of the type J vi_ ds/v over the parts of 

the Fermi surface pertaining to the electrons and 
holes, respectively. 

It follows from Table II that the average value 
of N is ( N) = 4.1 x 1022 cm- 3, which almost 
coincides with the value obtained by the formulas 
of the normal skin effect. The surface losses 
amount to merely 3-4% of the total losses. In the 
long-wave region, the effective electron collision 
frequency v is practically independent of the 
frequency of light. It is impossible to separate 
the quadratic term connected with the collisions 
between electrons. A noticeable influence is ex
erted on the short-wave region by the internal 
photoeffect6 1. The static conductivity of the in-

6 lin our preceding investigation [2 ' 3 l we have not paid 
sufficient attention to the internal photoeffect, and this led 
an erroneous determination of the frequency of the collisions 
between electrons. 

A 2nx 10' 
P.(n'+><')'. 13,·10' 13,·10' N·10-" v-to-u 

3.51 1.7 13.1 6.24 3.21 
3.18 2.0 14.3 6.34 2.91 
2.91 2.9 15.3 6.28 2.62 
2.71 5.1 15.0 6.38 2.48 
2.81 7.5 12.9 6.18 2.55 
2.34 9.3 15.1 6.15 2.05 

vestigated mirrors is u = 0.41 x 10 17 cgs esu, 
which gives a static collision frequency vst 
= 2. 5 x 1014 sec- 1. Optical measurements give an 
average value of the collision frequency for the 
long-wave region ( v) = 3.1 x 10 14 sec- 1, that is, 
a noticeably larger quantity. The difference can
not be attributed to the error in the measurement 
of u, which in the case of lead has been measured 
with great accuracy. It can likewise not be attri
buted to quantum effects, since the De bye tem
perature for lead is ® = 86°K, which is much 
lower than room temperature, and in this case 
the quantum value for the collision frequency 
coincides with its classical value [a]. We assume 
that the reason lies in the different influence 
exerted by the short-wave part of the acoustical 
spectrum on the optical constants and on the 
static conductivity. 

It is easy to verify that l < on for both metals. 
Thus, for metals characterized by strong in

teraction between the electrons and phonons 
(these metals usually have a low Debye tempera
ture), the character of the skin effect at room 
temperature is weakly anomalous and we can 
take account of this anomaly by the method pro
posed above. 

The method indicated in the present work is 
applicable not only to metals with low Debye tem
perature, but also to metals or alloys in which the 
residual resistivity is large. In this case the 
mean free path, determined by the collision with 
the impurities or with the lattice defects can also 
be smaller than the depth of the skin layer. 

I am grateful to V. L. Ginzburg and V. P. Sil in 
for a discuss ion of the present work. 
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