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It is shown that resonance interaction of lightly damped electromagnetic and acoustic waves 
in metals results in their mutual transformation and in the appearance of coupled waves. In 
metals with unequal concentrations of electrons and "holes" the coupling between the 
acoustic and the helical electromagnetic waves is due to the inductive interaction of the elec
trons with the lattice. When transverse oscillations are propagated parallel to the magnetic 
field this coupling near resonance turns out to be so strong that both waves have equal damp
ing decrements and the same (circular) polarization, as a result of which the separation of 
the waves into an acoustic and an electromagnetic one loses meaning. The coupling between 
the waves, and also their velocity and damping have a sharp anisotropy as the angle between 
the propagation vector and the magnetic field is varied. An investigation is made of the 
resonance of acoustic oscillations and electromagnetic waves possessing a discrete spec
trum whose wavelength is small compared to the Larmor radius. The coupling between the 
waves in this case is determined by the deformation interaction of the electrons with sound. 
The velocity, damping and polarization of the coupled waves have been obtained for all the 
cases considered. The coefficients for the transformation of waves of different type into 
each other are calculated. The excitation of coupled oscillations by external fields is inves
tigated. 

IN a strong magnetic field there exist in metals 
low frequency electromagnetic excitations of dif
ferent types [1]. Some of them can have compara
tively low phase velocities. As has been shown in 
[1], when ultrasonic oscillations are propagated in 
a metal resonance excitation of an electromag
netic wave should take place. When the phase 
velocities of waves of different types coincide a 
sharp increase in the absorption coefficient of 
ultrasonic waves occurs. The interaction of con
duction electrons with acoustic vibrations near 

what they are far from resonance. The present 
paper is devoted to the investigation of this 
problem. 

resonance removes the ''degeneracy" and leads 
to the appearance of coupled electromagnetic and 
acoustic waves in a metal, and also in their mu
tual transformation into each other. The situa
tion here is in many respects analogous to that 
which exists in ferromagnetic materials when the 
phase velocities of spin and acoustic waves coin
cide. The coupled magnetoelastic waves in ferro
magnetic materials were studied in the paper by 
Akhiezer, Bar'yakhtar, and Peletminskil [2]. 

The spectrum, damping and polarization of 
coupled electromagnetic and acoustic waves turn 
out to be essentially different in comparison with 

1. The propagation of waves in a metal is de
scribed by Maxwell's equations and by the equa
tions for lattice oscillations which are coupled as 
a result of the interaction of the electrons with 
sound and with the electromagnetic field. These 
equations have the form 

(1.1)* 

( 1.2) 

Here E ( r, t) is the electric field, j ( r, t) is the 
current density, u ( r, t) is the displacement 
vector, p is the metal density, 5-. is the tensor of 
the elastic moduli, c is the velocity of light, f is 
the volume density of the force on the lattice due 
to the electrons (summation is implied over the 
repeated vector indices {3, y, o). 

In Maxwell's equations (1.1) we have eliminated 
the variable magnetic field, and we have neglected 

*rot= curl. 
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the displacement current, as a result of which it 
follows from (1.1) that 

div j = 0. ( 1.3) 

Equation ( 1.3) is identical with the condition of 
electrical quasineutrality of the metal p' = 0 ( p' 
is the uncompensated volume charge density). 

The vector j ( r, t) must be found from the 
kinetic equation for the distribution function for 
the conduction electrons in which their interac
tion with the electromagnetic and the acoustic 
fields must be taken into account. The general 
expression for j ( r, t) in the presence of a strong 
magnetic field H was obtained by V. Gurevich [3]. 

Asymptotic formulas for j in the limiting cases 
of interest to us in this article have been given 
previously [i]. 

The most complicated problem is that of ob
taining an expression for the force f in equation 
(1.2). In the papers of V. P. Silinl4] and of Vlasov 
and Filippovcs:r formulas for f have been given. 
However, Silin [4J did not take into account that 
part of the dissipative forces which are due to 
spatial dispersion (Landau damping), while Vlasov 
and Filippov [S] considered an unrealistic model 
for the free electrons. The correct expression 
for f was obtained by Kontorovich [6]. Since his 
calculations are quite awkward, it seems useful 
to us to give below a simple derivation of the 
general formula for f. 

In the presence of an acoustic wave the spec
trum of the conduction electrons is given in the 
noninertial reference system K' which moves 
together with the vibrating lattice with a velocity 
au/at: 

e' (P', r', t) = e0 (P'- eA' (r', t)jc) + l\,~u~,3 . (1.4) 

Here £0 ( p) is the expression for the dispersion 
of the electrons in the absence of variable fields, 
P' is the generalized momentum, A' ( r', t) is the 

. vector potential for the electromagnetic field in 
the K' system, e is the electron charge ( e < 0 ), 
Aap ( p) is the symmetric tensor for the deforma
tion potential which vanishes in averaging over the 
Fermi surface, Uaf3 ( r, t) is the deformation 
tensor in the acoustic wave. We have chosen the 
gauge for the potentials in the form cp' ( r', t) = 0 
( cp is the scalar potential). The prime indicates 
quantities in the K' system. We have neglected 
in (1.4) the term associated with the Stewart
Tolman effect. The expression (1.4) for £' takes 
into account completely the interaction of the elec
trons with the acoustic and the electromagnetic 
fields. 

The force f' which is exerted by the electrons 
on the lattice in the K' system is equal in the ap
proximation linear in u ( r, t) to the force f in 
the laboratory system K. All the calculations 
turn out to be considerably simpler in the K' 
system, since the Hamiltonian for the electrons 
( 1.4) is given in this particular system ( cf. the 
data of Kontorovich [6]). In accordance with 
Landau and Lifshitz [7] f is expressed in terms 
of the statistical average of the variational de
rivative of the electron energy U' with respect 
to the displacement u: 

f = - 88r;: =:::= - ~ ~ d't'p' d,3x' F (P', r', t) e' (P', r', t), ( 1. 5) 

where F ( P', r', t) is the electron distribution 
function, d TP' = 2h- 3d 3P', d 3P' is an element of 
volume in momentum space. 

In accordance with Liouville's theorem the 
total variation of F is equal to zero. Therefore 
the variation oU' is determined only by the quan
tity o£' = ( d£' /dt) Ot, where d/dt is the total de
rivative with respect to time, i.e., 

6U' = ~ d-rp' d,3x' F (P', r', t) (de' !dt) 6t. ( 1.6) 

Since the total derivative of £' with respect to 
time is equal to the partial derivative, it is possi
ble to write oU' in the form 

6U' = ~ d't'p' d,3x'F (Aa,8Ua~ - ec-1 A'v') M, ( 1. 7) 

where v' = a£'/aP' is the electron velocity, and 
the dot indicates partial derivative with respect 
to time. In the gauge adopted by us -c- 1A' 
= E' ( r', t). Here E' is the electric field in the 
K' system which for small u is related to the 
electric field E ( r, t) in the K system by the 
well known relation 

E' = E + c-1 (uH], (1.8)* 

H is a constant magnetic field. 
Substituting ( 1.8) into ( 1. 7) and replacing uot 

by ou we can easily obtain 

6U' = ~ d,3x' {fE'6t- c-1 [j'H)6u- 6ua 0: 0 ~d't'p·A",sF}, 
( 1.9) 

j' = e ~ d't'p•v'F (P', r', t). ( 1.10) 

The current density j' in the K' system evaluated 
in accordance with formula ( 1.10) evidently coin
cides in the linear approximation with the current 
density j in the K system. 

It follows from (1.5) and (1.9) that 

*[uH] = u x H. 
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Ia. = _!_ [jHla. + ;_. \' dtp•Aa.(3F. 
c vXfl j 

This is the general expression for the force 
exerted by the electrons on the lattice. 

(1.11) 

The force c - 1 j x H is the result of averaging 
the Lorentz force [B]. In contrast to the corre
sponding term neE' in Silin's paper [4] the Lorentz 
force in a strong magnetic field is determined by 
the total current and not only by its nondissipative 
part ( ''Hall'' current). The appearance of this 
force is due to the induction field G = c - 1 u x H 
which arises as a result of the fact that the con
ductor deformed by the acoustic wave crosses 
lines of force of the constant magnetic field H. 

The second term in ( 1.11) represents the 
''electronic elasticity" due to the direct deforma
tion interaction of the electrons with the acoustic 
vibrations. In ( 1.11), generally speaking, terms 
must be present due to the noninertial nature of 
the K' reference system (the Stewart-Tolman ef
fect). However, practically in all cases of interest 
these terms are small and do not play an impor
tant role. 

The electron distribution function F ( P', r', t) 
is the solution of the kinetic equation 

dF/dt -f- j {F} = 0, ( 1.12) 
A 

where I is the collision integral for electrons 
colliding with scattering centres. In the linear 
approximation we have 

F = /0 (e' - X) = fo (e') + xfttofas,. ( 1.13) 

where f 0( £') is the Fermi function of argument 
( £' - l;) /T, t is the Fermi energy. The none qui
librium part of the distribution function x satis
fies the equation [1, 3] 

(a/at v+ v + Qa !at + v) 'X (1.14) 

= e' :== e (E +G) v + Aa.f3.Ua.fh 

where 0 = I e I H/mc is the cyclotron frequency, 
m is the effective mass, v is the frequency of 
collisions between electrons and scattering cen
ters, T = Ot' is the dimensionless time for the 
motion of the electrons in their orbit in the mag
netic field (Q8/8T=ec- 1 H·[vxa/8p]). 

Since the distribution function F is not trans
formed in passing over from K' to K, we need 
not distinguish in ( 1.14) between the variables in 
K' and in K. For a plane monochromatic wave 
( ~ exp [ i ( k · r - wt) ] , w and k are the frequency 
and the propagation vector) the solution of ( 1.14) 
has the form 

r . ( ) {" - iw ( ) + ik t ( ") d "} X = Q-1 .\ dt' e' t' exp - 0- t' - t Q .\ v t t . 

-oo ~ (1.15) 

With the aid of (1.15) the expression for the 
Fourier component of the current density j (1.10) 
can be reduced to the form [1] 

ia. = aa.f3 (w, k, H) (Ell+ Gil)+ j~A>, 

where a a{3 ( w, k, H) is the conductivity tensor for 
the metal taking into account the time and the 
spatial dispersion and the dependence on the mag
netic field. The deformation current j(A) is given 
by the formula 

~ 

j<A> (w, k, H) = 2eh-3 ~ d3pvQ-1 8J~ ~ dt' A._ll('t') ua.ll 
-00 

X exp [" ~iw (t'- t} + i~ ~ v(t")dt"]. ( 1.16) 
~ 

The expression for a a{3 is obtained from ( 1.16) 

by replacing the quantity Aaf3Uaf3 by eE'v( T' ). 

Substitution of (1.13) and (1.15) into the expres
sion for the Fourier component of the deformation 
force ( 1.11) leads to the formula 

<A> \ afo A ouys a \a iifoA (117) 
Ia. =- .\ dt:p o\; Aa.{l yS ax/3 + ox(3 .\ tp o\; a.[l"/..· . 

The first term in (1.17) gives only a renormaliza
tion of the tensor of the elastic moduli (i.e., the 
velocity of sound) independent of w and H, and 
is of no interest. The deformation force of inter
est to us is given by the second term in (1.17). 

2. In a sufficiently strong magnetic field when 
the characteristic radius of the electron orbit 
R = VF/0 ( VF is the velocity on the Fermi sur
face) is small compared to the wavelength k- 1, 

the principal role in the interaction of the elec
trons with the acoustic wave is played by the in
duction mechanism. A simple comparison of the 
terms eG · v and Aaf3Uaf3 on the right-hand side 
of (1.14) shows that the former exceeds the 
latter by a factor ( kR )- 1 (with Aa(3 ~ s ). There
fore, in expression ( 1.11) for f one can retain 
only the Lorentz force c - 1 j x H, while the "de
formation" force can be neglected. 

When the waves are propagated along a sym
metry axis of the third (or higher) order the 
longitudinal and transverse acoustic oscillations 
are separated, while the velocities of both trans
verse waves coincide. For plane monochromatic 
waves equations (1.1)-(1.3) have the form 

a= x, y, z, (2.1) 

E~- i (4n:w/(kc}2) aa.f3E~ = G._, a= x, y, (2 .2) 

E' = E +G. (2.3) 

We have neglected the deformation current. Here 
sx = sy = s is the velocity of transverse acoustic 
waves, while Sz = sz is the velocity of longitudinal 
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sound for H = 0. The z axis is chosen along k, 
the x axis is orthogonal to k and H (the vector 
H lies in the yz plane making an angle <I> with 
the z axis). 

In the range of frequencies and magnetic fields 
under consideration a light damped helical elec
tromagnetic wave [1] exists in metals with unequal 
concentrations of electrons and "holes". When 
the frequency and the propagation vector of the 
ultrasonic wave coincide with the frequency and 
the propagation vector of the helical wave, a 
resonance takes place and coupled waves arise. 
For the investigation of their properties it is 
necessary to solve the dispersion equation arising 
from (2.1)-(2.3). With this in view it is conven
ient to eliminate the longitudinal field Ez by 
utilizing (2.3). This leads to a "renormalization" 
of the conductivity tensor, i.e., to the replacement 
of u a{3 by 

a,~= x, y. (2 .4) 

The two dimensional tensor a a{3 in the limiting 
case of interest to us 

kR < 1 < kl\ cos <D I (2.5) 

have been evaluated previously [1J. For one group 
of carriers with an isotropic spectrum u a{3 has 
the form 

directed along H and spatial dispersion plays no 
role. In this case the induction field is related 
only to the transverse acoustic wave. We intro
duce the circularly polarized quantities: 

(2.7) 

The solution of Maxwell's equations for the trans
verse components of the field E± can be repre
sented in the form 

E'± = ~w~ u±[1 ± 4nk~~~Jw(1 ~~)r (2.8) 

The dispersion equation for the transverse 
circular polarized waves U± has the form 

where we have introduced the notation 

ks1 
X=w' 

n 1 el H 
(1 = ----pCol ' 

4nn I e I sr 
1 +!:!.. = (wHc) 

For ordinary metals the quantity !J is of the order 
of magnitude of the ratio of the cyclotron frequency 
of the ions Qi to the frequency of the wave w. In 
the range of magnetic fields and frequencies of 
interest to us !J « 1. 

The solutions of (2 .9) for small values of !J, 

y and I .6. I are determined by the expressions 

x 2 = 1 + + (!:!.. + iy) ± [ ~ (!:!.. + iy)2 + 111'/,, (2.10) 

q2 = - + (!:!.. + iy) ± {[1 + + (!:!.. + iy)]2 - ~t}'l•, (2 .11) 

Formula (2 .10) gives the solutions of equation 

= ~~ / ((v _ iw;Q 1 cos <D 1 + 318 nkR sin2 <D; _ 1 ) (2 .9) for resonance waves with minus polarization, 
H cosiJJ 1 ; (v- iw)/Q 1 cos <D 1 ' while (2 .11) gives the solutions for nonresonance 

(2.6) 
where n is the electron concentration. 

It is evident from (2.6) that only the real part 
of Uxx depends on k, and it determines the damp
ing of oscillations as a result of the spatial in
homogeneity of the field in the metal (Landau 
damping). As is well known, Landau damping is 
due to electrons which move in phase with the 
wave ( w = kv). The phase velocity of the wave 
w/k is much smaller than the Fermi velocity. 
Therefore, Landau damping is determined by 
electrons near the central section of the Fermi 
surface (having a low drift velocity vH = s « vF) 
and affects only the magnitude of Uxx· The non
diagonal elements of a a{3 describe the Hall drift 
of electrons in a strong magnetic field with the 
constant velocity cE' /H cos <I> in the xy plane 
where the field is homogeneous. These elements 
determine the nondissipative part of the current 
j and yield the term neE' in the expression for 
the force f in [3•4]. 

We consider first the simplest case when k is 

waves with plus polarization. Resonance occurs 
at wQ = ( w0st/c )2, where w 0 = ( 4rrne2/m )112 is the 
plasma frequency. Moreover, the inequality w/Q 

« s/vF (which is identical with kR « 1) must 
be satisfied. From the last two conditions it fol
lows that for "good" metals with w% ~ 1031 (cps) 2 

( n ~ 1022 em - 3 ) resonance is possible at frequen
cies w/2rr ~ ( 2 - 3) x 108 cps in fields H ~ 30 
-50 kOe. The coupling between the electromag
netic and the acoustic waves is determined by the 
ratio !J/y2 ~ sin 3/v~wv. In sufficiently pure 
metals at low temperatures v ~ 109 cps, and the 
''strong coupling'' condition is well satisfied 

(2.12) 

The variation of the phase velocity and the 
damping of the waves near resonance are deter
mined by the formula 

x~.2 = 1 ± 11'/• + iy/2 (!:!.. 2 < (1), (2 .13) 

where the index 1 corresponds to the plus sign, 
while the index 2 corresponds to the minus sign. 
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Far from resonance ( t:,2 » fJ. ) 

X~ = 1 + ~ + iy, ~ > 0; 

x~ = 1 - 111 ~ + iwr 1 t1 2 , ~ < o. 
(2.14) 

(2 .15) 

The expression for K~ for t:, > 0 is given by 
formula (2 .15), while for t:, < 0 it coincides with 
(2.14). 

The dependence of Re w on the propagation 
vector k for the resonance waves 1 and 2 is given 
in Fig. 1. If the interaction between the electrons 
and the lattice in the metal is neglected, there 
exists a sound wave and a light damped electro
magnetic wave with a quadratic spectrum. Taking 
into account the interaction leads to the splitting 
of the waves. For positive values of t:, wave 1 

is electromagnetic, while for negative values of 
t:, it goes over into an acoustic wave. Conversely, 
wave 2 which is acoustic for t:, > 0 is converted 
into an electromagnetic one for t:, < 0. 

As t:,- 0 resonance occurs, and the decompo
sition of the waves into an acoustic wave and an 
electromagnetic wave ceases to have meaning. 
The coupling between the waves near resonance 
is so great that their damping decrements turn 
out to be the same, and small in comparison to 
the variation of the phase velocities of the waves 
( f./. 1/ 2 plays the role of the effective width of the 
resonance). It is evident that the mutual transfor
mation of the electromagnetic and the acoustic 
vibrations, and also the appearance of coupled 
waves, are due to the existence of a light damped 
spiral electromagnetic wave in the metal. 

The nonersonance electromagnetic wave (2 .11) 
has an imaginary propagation vector qe = i and is 
damped in one wavelength. Therefore, for the 
acoustic wave corresponding to it, qs the disper
sion of the velocity and the damping turn out to be 
small 1): 

(2.16) 

3. We now investigate the dispersion of the 
velocity and the damping of the oscillations for an 
arbitrary orientation of the propagation vector k 
with respect to H ( 4> "" 0) in the case of strong 
spatial dispersion ( k11Z » 1 ). By utilizing expres
sion (2.6) for Uaf3 we bring (2.1) to the form 

{k2s7- w2) u± = n I e I p-1 [(1 =f i~) E'± + i~E~], (3.1) 

1lThe damping of the nonresonance acoustic wave with 
plus polarization is in this case due not to the induction, but 
to the deformation interaction, and turns out to be greater 
than YfL by a factor kl. 

/( 

FIG. 1. Dependence of the frequency on the propagation 
vector for the acoustic and the helical electromagnetic waves 
1 and 2 in a magnetic field. 

(k2sf- w2) Uz =}in I e\ p-1 tg Ill [(1-2 i~) E~ 

- (1 + 2i~) E~J; 
~ = (3~/16) kR sin2 Ill. (3.2)* 

From Maxwell's equations (2.2) we obtain the 
relation between E± and the components of the 
displacement vector u: 

E~ =E± = {(1- i~A =t= A) G± 

+ i~AG,J=}[1- A2 - 2i~A]-1 , (3.3) 

G± = (wH!c) I cos Ill\ (=f u± + iuzl tg Ill 1), 

A = 4nwn I e I fk2 cHI cos Ill J. (3.4) 

On substitution of (3.3) and (3.4) into (3.1) and 
(3.2) we obtain 

'l k 2sT f.! cos !D J il;f11 cos !D I 
(;)2- 1 + ± 1 + A+il; u± = -1- A 2 -2ii;A u+ 

+ if.! sin !D (1 =fA =f 2il;) 
1 - A 2 - 2ii;A Uz. 

(3.5) 

[ k2sf _ 1 _ f1 sin !D f tg !D 1 A(l + 2i1;) J- = _ i[l sin !D 
w2 1- A2- 2ii;A Uz 2 (1- A 2 -2ii;A) 

X [(1 -A- 2i~) u+ + {1 +A + 2i~) u_]. (3.6) 

From these equations it can be seen that the 
induction interaction of the electrons with the 
lattice leads to a mixing of the different normal 
acoustic oscillations with one another. However, 
an analysis of (3.5) and (3.6) shows that in the 
case fJ. « 1 this mixing leads only to inessential 
small corrections to the wave spectrum. There
fore, in determining the damping and the velocity 
of propagation of characteristic oscillations in 
(3.5) and (3.6) we can neglect the right-hand sides. 

*tg =tan. 
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The dispersion equations for the transverse 
waves 

X 2 + f11COS tl>l (1 + ~ + i£ ±x2t 1 = 1, (3.7) 

1 + ~ = 4:n:n I e I s7!wcH I cos <D I 

differ from the analogous equations (2 .9) in the 
case <I> * 0 by the replacement of 11 by 11 I cos <I> I 
and of y by ~. 

The dispersion equation for the longitudinal 
wave Uz in the neighborhood of resonance at 
A - 1 can be represented in a form analogous 
to (3.7) and (2.9): 

X 2 + + f1 I cos <D i tg2 <D ( 1 + o + i£ - x2t 1 = 1, ( 3. 8) 

where 

1 + o = 4:n:n I e 1 sU wcH 1 cos <t> I· 

Since (3.7) and (3.8) are of the same form as 
(2.9) we can directly utilize the results of the 
preceding section. However, in this case the 
damping of the spiral electromagnetic wave is 
greater by a factor kl s in2 q, than for <I> = 0. 
Therefore, for <I> ~ 1 in the neighborhood of 
resonance the "weak coupling" condition is satis
fied 

( 3 .9) 

For transverse resonance waves 1 and 2 the solu
tions of ( 2. 7) have the form 

{ 
1 + 1:1 + i~, 1:1 > 0 

x; = 1 fll cos <D I • < o 
+l!:11~i~' u 

( 3 .10) 

{ 1 _ fl I cos <D I 
xi = t:.. + i~ , t:.. > o 

1-1 !:11 + i~, 1:1 <O. 
(3.11) 

The spectrum of transverse nonresonance 
waves qe and qs with plus polarization is charac
terized by formulas of type (2 .11). The relative 
damping of the acoustic wave Im qs is of order 
l.t~ . ( We do not quote the exact formula for Im qs, 
since the deformation interaction gives damping 
of the same order of magnitude.) 

The spectrum and the damping of longitudinal 
waves in the case when the vectors k and H are 
not parallel have a resonance character. Reso
nance occurs when the phase velocities of the 
electromagnetic and the longitudinal acoustic 
waves coincide. As in the case of the transverse 
wave, it is due to the induction field, which differs 
from zero for <I> ""' 0. The variation of the phase 
velocity and the damping of longitudinal waves for 
11 tan2 <I> « ~ 2 is given by formulas (3.10), (3.11), 
in which the quantity 11 must be replaced by 
V2 f1 tan2 <I>, and ~ by 6. 

Figure 2 shows dispersion curves for phase 

(J) 

FIG. 2. Dispersion of the velocity of the resonance waves 
1 and 2. 

velocities of resonance waves for arbitrary 
orientation of k with respect to H ( <I> ""' 0). The 
schematic form of the dependence of the real part 
of the frequency Re w on the propagation vector 
k is shown for the spiral electromagnetic and for 
both acoustic waves in Fig. 3. 

The variation of the quantity ~ = ( 3rr /16) kR 
sin2 <I> with the angle <I> determines the sharp 
angular anisotropy of absorption (and of the 
velocity dispersion) of the resonance waves for 
small values of <I>. For <I> < ( kZ ) - 1/ 2 the damping 
of the waves is of order y/2 (cf., (2.13)). In the 
angular interval ( kZ) -112 < <I> < 21/2 11 1! 4 ( kR) -1/2 

the damping of the waves at resonance sharply in
creases. For <1> 2 = 2~.t 112 (kR)- 1 the absorption of 
the transverse acoustic wave has a sharp maximum 
( lm K§ = 11 112 ) and then falls off sharply with a 
further increase of the angle <I> (cf. Fig. 4). The 
damping of the electromagnetic wave increases 
monotonically with <I>. For the longitudinal 
acoustic wave in the case <I> « ( kl) - 1/ 2 there is 
no resonance, and its damping is determined by 
the deformation interaction. 

The intermixing of the different normal vibra
tions plays no essential role in determing their 
spectrum and their damping, but leads to a new 

k 

FIG. 3. Dependence of the frequency on the propagation 
vector for the electromagnetic wave 1 and for both acoustic 
waves 2, 3. 
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FIG. 4. Dependence of the 
resonance value of the damping 
of the transverse acoustic wave on 
the angle <I> between k and H. 

effect, the coupling of waves of different type 
with one another. This coupling is due to the 
presence of small, but finite, quantities in the 
right-hand sides of (3.5) and (3.6). Therefore, 
when one of these waves is propagated in the 
metals it will give rise to all the others. 

The degree of excitation of forced vibrations is 
characterized by the coupling coefficients. We de
fine them in the following manner: 

(3.12) 

where the indices a and {3 indicate different 
polarizations of the waves. In (3.12) ua repre
sents the amplitude of forced vibrations, while u{3 

represents the amplitude of the forcing vibrations. 
In order to obtain TfJ it is necessary to express 
ua in the left-hand sides of (3.5) and (3.6) in 
terms of Uf3 in the right-hand sides. After ap
propriate differentiation we should substitute in 
Tff the spectrum and the damping of the wave u{3. 
Calculations lead to the following results: 

T~=- T~= i£/2, 
+ if.LsF sin !D T - __ _:_____ __ 
z - 2 (sf- sn' (3.13) 

These coupling coefficients are evidently non
resonant. The first two coefficients with the in
dices+ and - describe the intermixing of the two 
transverse waves rotating in opposite direction. 
The other pair of coefficients relates the longi
tudinal wave Uz with the nonresonance transverse 
wave u+. 

The resonance elements T/f are determined by 
the formulas 

T-z = if.Ls; sin !D ( 4:rtn 1 e 1 sj . . 3 wR . )-1 

-1 + ry + r-16-:rt-st sm2<J> 
2 ( s£ - s7) wcH I cos Ill I 

(3.14) 

T - _ i[.Lsf sin !D ( 4:rtn \ e I sf . . . 3 wR . 2 )-1 

z - - 1 + ry + 1- :n:- sm <D 
sf-si wcH I cos Ill 1 16 s1 • 

(3.15) 

It follows from (3.13)-(3.15) that the coupling be
tween the different waves disappears as <I>- 0. 

The theory of coupled electromagnetic and 
acoustic waves developed above is completely ap
plicable also in the case of lower frequencies, 
when kl « 12 l. 

4. Coupled acoustic and electromagnetic waves 
can be excited by means of external fields. The 
problem of the excitation of coupled waves by an 
external electromagnetic field is of considerable 
interest since in this case a weakly damped 
acoustic wave is propagated in the metal. On the 
other hand, resonance excitation of coupled vibra
tions by means of an acoustic wave permits us to 
create within a volume of metal a high frequency 
electromagnetic field of considerable intensity. 

Let an external wave of frequency w fall on a 
metallic half-space z > 0. As in the previous 
discussion, we restrict ourselves to considering 
the case when the normal to the surface coincides 
with an axis of symmetry of third or higher order, 
and the constant magnetic field H makes an angle 
<I> with the z axis. In this case (2.1)-(2.3) take 
the form 

d2E'" (z)jdz 2 = - i4nwc-2j'" (z), 

w2u'" + s~d2u'"jdz 2 = - (pct1 [jH]'", 

iz (z) = 0. 

a= x, y, (4.1) 

a= x, y, z, (4.2) 

( 4.3) 

Equations (4.1) and (4.2) must be supplemented 
by boundary conditions at the surface z = 0. For 
the electromagnetic field these are the usual con
ditions of continuity of the tangential components 
of the electric and the magnetic fields. The 
boundary conditions for the displacement vector 
u may be different, depending on whether the dis
placement or the pressure is given at the surface. 
In the former case the displacements themselves 
are continuous at the surface, and in the latter 
case their normal derivatives are continuous. 

It was noted earlier that the intermixing of 
waves of different type is a relatively small ef
fect. Therefore, we shall find the relation between 
the amplitudes of the resonance acoustic and 
electromagnetic waves. (Their coupling to other 
waves is characterized by the coefficients T/f 
calculated earlier.) As an example we shall con
sider resonance in the case of transverse waves 
with minus polarization. We shall seek the distri-

2lAfter the completion of this work the paper of Akramov[9 ] 

appeared, in which coupled waves are investigated in the ab
sence of spatial dispersion kl << 1. However, we must note 
that in [9], in the wave spectrum near resonance an error has 
been made in extracting the square root, as a result of which 
there is no transformation of the waves (the dispersion curves 
for the acoustic and the helical waves intersect). 
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bution of fields in the metal in the form of plane 
waves: 

E_ (z) = [gleik.z + Sleik•z, 

G_ (z) = ffiH I cos <I> I u_ (z) I c = i£2eikez + S 2eik•z • ( 4.4) 

Here we have 

ke =:= ffiXeiSt = (ffiiSt) [1 + ~(~ + i£)], 

k 8 = ffiXs I St = (ffi I St) [1-ht.l COS <I> I(~ + i£t1], 

6 = (3nffiR I 16s1) sin2 <1>. 

Equation (3.3) couples the various Fourier 
components among themselves. By utilizing the 
dispersion equation ( 3. 7) we can represent this 
coupling in the neighborhood of resonance in the 
form 

E_ = [(x2 - 1) lfll cos <I> 11 G_. ( 4.5) 

From here we obtain 

x;-1 ~ + i~ 
&1 = Ill cos <D 1 &2 = !!I cos <D I &2, 

'X2-1 

sl = Ill ~os <D 1 s2 = - <~ + i£tW2. < 4.6) 

In the case of excitation of resonance waves by 
an external electromagnetic field by using the 
boundary condition 

au_ (z) / = 0 
OZ Z=O 

( 4 .7) 

we can express the coefficients E 1, 2 and S1, 2 in 
terms of the electric field E_ ( 0) at the surface 
of the metal. As a result we obtain 

E ( ) ~ E (O) { ik•z + Ill cos <D 1 ik8z} _ z ~ _ e (~ + i~)' e , 

wH ( ) _ !l E (O) { ik.z ke ik8 z} -u z ---._ e --e 
c - ~ + 11; - k8 • 

(4.8) 

The electric field E _ ( 0 ) penetrating into the 
metal is related to the amplitude of the field E 0 

of the incident wave by means of the surface im
pedance Z which was evaluated previously [1]: 

cZ_ 8 t 
E_(O)= 2nE0 =2c-E0 • (4.9) 

In the case under consideration 11 » ~ 2 the 
damping of the electromagnetic wave Im ke is 
great compared to the damping of the acoustic 
wave Im ke. Therefore, the existence of an elec
tromagnetic field at great distances from the sur
face of the metal is due to the transformation of 
the electromagnetic wave into an acoustic wave 

In the case of resonance excitation of waves 
by ultrasound the electric field E_ ( 0) is equal 
to zero, while at the surface the displacement 
u_ ( 0) is given. The distribution of the field 

within the volume of the metal is given by the 
formulas 

E ( ) = (O) wH Ieos <D 1 [eik•z _ eik8 z], 
- z u_ c(~+i~) 

[ ik 8z Ill cos <D 1 ik z] 
u_ (z) = u_ (0) e + (~ + i~)2 e • • (4.10) 

Thus, the coupling of the electromagnetic and 
the transverse acoustic waves in the metal is of 
resonance character and is a maximum at b. = 0. 
Near resonance of the electromagnetic wave with 
the longitudinal acoustic wave expressions for the 
fields E_ ( z) and Uz ( z) are given by formulas 
analogous to (4.8) and (4.10). In the limiting case 
of "strong coupling" 11 » ( ~ + 'Y) 2 the dam ping 
decrements and the relative amplitudes of the 
resonance waves (2.13) are the same. 

5. Together with the helical wave, there exist 
in metals lightly damped electromagnetic excita
tions whose wavelength is small compared to the 
Larmor radius R [1]. In accordance with [1', for 
large values of kR there exist waves with a con
tinuous and a discrete spectrum when the following 
inequalities are satisfied: 

I kR cos <I> I< 1 <I kvF cos <I> I (v - iffi) I· ( 5.1) 

The propagation vector k for these excitations is 
almost orthogonal to H: cp = I n/2 - <I> I < ( kR )- 1 

« 1. The waves with the continuous spectrum are 
linearly polarized along the y axis and exist when 
w » v, cp « v ;n . 

The propagation vector and the frequency of 
excitations with a discrete spectrum are deter
mined by the formulas 

where N = 1, 2, 3, ... is an integer, va 
= H/( 4nnm) 1/ 2 is the Alfven velocity for the elec
trons. The transverse part of the electric field in 
these waves is circularly polarized (Ex= -iEy ). 
The domain in which they exist is restricted, in 
addition to (5 .1), by the conditions u.: ~ v, cp > v/rl. 

The dispersion of the phase velocity of the 
electromagnetic excitations determines the possi
bility of their resonance interaction with ultra
sound. Resonance occurs when the frequencies 
and the propagation vectors of the electromagnetic 
and the acoustic waves coincide. For large values 
of kR the principal role is played by the deforma
tion interaction of the electrons with sound. This 
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mechanism also determines the coupling between 
the waves. 

Since in a metal resonance excitation of elec
tromagnetic waves occurs, it is necessary to re
tain in the equations for the acoustic vibrations 
( 1.2) that part of the deformation force f(A) ( 1.17) 

which is associated with the electric fields: 

(A) a \' a to A ( 5 3) I" =ax; J d-rp as. "dp)xE, · 

where XE is the solution of the kinetic equation 
(1.14) with the right-hand side given by eE · v 
(we neglect the induction field). The electric 
fields are determined from Maxwell's equations 
with the external current j(ex) = j (A). 

The complete system of equations has the form 

(w2 - k2s~) Ua. + p-1/~A) = 0, a = x, y, z, 

E" - i4nw (kctiGa.13E 13 = i4nw (kct2J~A) (w, k, H), 
'"Y(A) ·(A) ( I ) ·(A) ex, ~ = X, y, l a. = ]a. - (JC<Z Gzz lz • (5.4) 

It has been shown earlier [1] that the renormal
ization of the conductivity tensor Uaf3 and of the 
deformation current j (A) (1.16) which arises in 
the elimination of Ez is not significant. Utilizing 
( 1.15), expression ( 5. 3) for f( A) can be repre
sented in the form 

/~A)=~ (E aj(A) (w •. k,- H)). ( 5. 5) 
ax(3 OUC<{3 

As an example we shall consider the resonance 
interaction of sound with the waves (5.2). For a 
fixed frequency w the resonance condition 
w = WN, w/s = O'N/R can be satisfied only for 
definite values of the angle q; = 4?N and of the 
magnetic field H "' HN where 

HN =~:~:ex~, (5.6) 

while s is the velocity of the longitudinal or the 
transverse sound. 

In accordance with u:r, the electric field in the 
neighborhood of the resonance is determined only 
by one component of the deformation current 
j~) (the remaining components are small). The 
asymptotic behavior of j~A) in the case (5.1) is, 
under the assumption of an isotropic electron 
spectrum and Aa{3 ( p) = const, of the following 
form: 

~ A ,; ne2 
·(A) (H) = ·(A)(- H) = _..,_::;_~ ( h 7) 

lu /y 2iklkRf.(! evF ' cr = mv • C>. 

It can be easily shown that the character of the 
asymptotic behavior of (5. 7) will be retained for 
arbitrary dependence of £ and Aa{3 on p. The 
elements of the two-dimensional conductivity 

tensor Uaf3 near resonance are given by formu
las3l 

3:::; 
C5uu~C5xx = •; 

(2n kR) '(kl f.(! )2 

In the case of propagation of a transverse 
acoustic wave the circular polarization u_ = Ux 
- iuy is the resonance one. The dispersion equa
tion for this wave is analogous to (2.9): 

(5.8) 

(5.9) 

In the case of resonance of a longitudinal 
acoustic wave in formulas (5.8) and (5.9) the 
velocity of transverse sound St must be replaced 
by sz, while 1/ 2 I Axz - iAyz I must be replaced 
by Azz· 

In the case of weak coupling 11/d 
~ ( w 0s/vc )2a:r;/ « 1 the spectrum and the damping 
of resonance waves are determined by formulas 
(3.10) and (3.11) with 11 cos <I>, .6. and ~ replaced 
respectively by 11 1, .6.1 and ~ 1. In particular, for 
the acoustic wave we have 

x2-1 = ~ i+(wlfs)(q>-'-fJN). (5.10) 
s 1;,1 1 +(wlfs)(f.(J-q>N) 2 

In the case of strong coupling the analysis 
carried out above for the spiral wave (Sec. 2) is 
wholly applicable. An investigation of the reso
nance of ultrasound with electromagnetic waves 
having a continuous spectrum leads to analogous 
results. In this case, in the dispersion equation 
(5.8) we have 
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