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A deduction and investigation of an approximate integral equation for the absorption part of 
the w0 - 3rr decay amplitude are presented. 

1. A theoretical investigation of three-particle 
decays of unstable particles is of great interest, 
since the amplitudes of such processes contain the 
simplest anomalous singularities that are pos
sessed by the amplitudes of inelastic processes. 
Several papers by Gribov et al. [ 1- 3] deal with the 
anomalous singularities of the simplest Feynman 
diagram for the inelastic processes and, as a par
ticular case, for the T decay. It is of interest to 
clarify the degree to which it is possible to use the 
method of integral equations, obtained from the 
analyticity and unitarity conditions in order to ex
tract information on the terms whose presence in 
the expression for the amplitude of the process is 
connected with the existence of anomalous singu
larities. In the present article we describe briefly 
an investigation of the integral equation for the ab
sorption part of the amplitude of the w0 - 3rr de
cay. An investigation of this process is of interest 
also because the spin of the w0 meson is equal to 
unity. We shall also use the fact that the isotopic 
spin of the w0 meson is equal to zero, and that the 
intrinsic parity is negative. The combination of 
these properties causes the transformation prop
erties of the amplitude of the w0 - 3rr decay to 
coincide identically with the properties for the 
amplitude of photoproduction of a pion by a pionC4J. 
Therefore we can write for the amplitude of the 
w0 - 3rr decay the following expression [ 4]: 

where qi are the 4-momenta of the pions, k is the 
4-momentum of the w0 meson and F ( st> s 2, s 3 ) is 
a function of the invariants s 1, s 2 , and s 3 . 

The essential difference from the case of photo
production is that the function F ( s 1, s 2, s 3 ) should 
have anomalous singularities. In order to obtain 
the integral equation we shall reason as follows. 
We first assume for the w0 meson a non-decay 
mass, and consider the fictitious process 

(the ~ denotes that a non -decay mass of the w0 is 
considered for the time being). In particular, the 
mass of w0 may prove to be equal to zero, and 
then we get photoproduction [5]. For the amplitude 
of the process (1) we have a Mandelstam represen
tation in the form of a single representation [s] for 
F: 

co 

= E 0 + ~ ~ [{p (a, s1) + qJ (a, s2) + qJ (a, s3)] a (a) da. 
41J.' (2) 

For the partial P-wave we have the expression 

<A-) -- kq E( 2). 
"' 1 - 4 Vk q ' o oqo 

00 +1 

(3) 

1 ~ - 3 ~ E (q2) = E 0 +- cp (a, s1) a (a) da + -4 sin2 6 d(cos 8) 
1t • 1t • 

41'-' -1 
co 

X \ [qJ (a, s2) + qJ (a, s3)] a (a) da, 
4~ll 

qJ (a, s;) = (s;- s?}!(a- s?)(a- s;), (4) 

k and q are the absolute values of the three
dimensional momenta of the w0 meson and of the 
two pions at the end of the reaction (1), respectively 
(in the c. m. s. of the two aforementioned pions ) . 

It is important that if the mass of w0 is stable, 
the double integral in the right half of (4) is real. 
Going over to the variables vi = qf I 1} and making 
simple changes of variable. we obtain 

00 

1 (" 
E (v) = E 0 +it.) qJ (v', v) a (v')dv' 

0 

v1 (v) _, 

+ -~ ~. [i- 4(v-r+v/2)2 J dv 
:rtR (v) .\ R 2 (v) 

v2 (v) 

00 

X ~ qJ (v', v) a (v') dv'; 

v 1 v 1 
v1 (v) = r- :T + 2 R (v), v2 (v) = r- 2 - 2 R (v), 

m2- 9[12 

r==~· 

(1) R (v) = { [v2 - (4r + 3) v + 4r (r + 1)] v ~-tV', 
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(5) 
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m -mass of the w0 meson and J.1. -mass of the 
pion. 

In order to change over to the decay value of 
the mass Mw0• it is necessary to add to y a posi
tive imaginary increment and carry out analytic 
continuation in the mass m. After performing 
this operation and letting the imaginary addition 
go to zero, we obtain 

00 

- 1 ~ B (v) = B +- cp (v', v) a (v') dv' 
:n:. 

0 

+ 36 (i- v) f' [1 - 4 (v-i+ v/2)2 J -
:n:R (v) .l R• (v) dv 

v, 

00 

X~ IP (v', V) a (v') dv' 
0 

+ 36(v-r>[c'[1_4(v-r-t-v;2)•J d-vrm(, -) ( ')d, 
:n:R (v) .l R• (v) ~ -r v , v a v v 

0 0 

~ - - 00 

\ [ 1 4(v-r-t-v!2)2 J -(" , - , '] + j - R• (v) dv ,\ IP (v , v) a (v ) dv , (6) 
0 0 

where B is a different constant 

IP (v', v) = v' (v' :__ v) , f.l (x) = {~ 

Substituting (6) in the unitarity condition 

a (v) = V v ~ 1 A.1 (v) B (v), (7) 

where .\1 ( v) is the partial 1r1r scattering P-ampli
tude, we obtain an equation for the absorption part 
a(v). 

2. The double integrals in (6) are already com
plex, since v1 and v2 are real and positive in the 
physical region of the variable v for decay values 
of the mass m. We note that, unlike T decay, the 
physical region of the w0 - 37r decay is quite large, 
and that in particular the upper limit of the decay 
region is ~~ ~ 4.36. Therefore an examination of 
the amplitude of the process in the form of an ex
pansion in the above-threshold momentaCl-3] does 
not make it possible in this case to evaluate the 
anomalously singular terms. 

Let us proceed in (7) to the variable x = v/(v+l). 
We note that the amplitude of the partial 1r1r scat
tering P-wave is proportional to v [ 7]: 

A.1 (v) = vA 1 (v). (8) 

We then obtain in place of (7) 

- x'h 'f,A'+ ( ) 
Ot (x) = 1 _ x A+ (x) B + x 1 x F (-) 

1 :n: (1- x) Ot 

-+ -+ 36 (~- x) A 1 (x) Kl(CI) + 36 (x- ~) At (x) K2(fi) . 

:n: (1 + i) (x- ~2 )"1• (x -1]•)'/, :n: (1 + i) (x- ~z)'i• (x - tf)'/,' 

1 

F (U') = ~ 1P (x', x) a (x') dx', 
0 

N, (x) 

K1 (a)= -~ dy{x (x- ~2) (x- "12)- [y (1- x) (1- ~) 
N(x) 

1 

- ~ + i (1 + ~)12n IP (x', 1 ~y)U' (x') dx', 
0 

N,(x) 

K2 (a) = ~ dy { x (x- ~2) (x _ "12) 
0 

1 

X ~ IP ( x', 1 ~ Y) a (x') dx' 
0 

N,(x) 

t ~ dy{x(x-~2)(x-T)2} 
9 

-~~-~~-~-~+i~+~n 
1 

X ~ IP ( x', 1 ~ Y) ;;: (x') {ix', 
0 

N 1 (x} = f3- xf2- f3x/2 + V x (x- ~·) (x -l]•) 

(1 x)(1 (3) ~ + x/2 + f3x/2- V x(x- ~2) (x-'1)2) ' 

N
2

(x) = (3-x/2-~x/2- V x(x-~2) (x-t]•) 

(1 - x) (1- (3)- ~ + x/2 + f3x/2 + V x (x- ~2 ) (x -l]•) ' 

~2 

~2 = ~~0,81, 
1 -t-l;o 

~ ~ 0,74, T)2 ~ 0,90, 

G' (x) = a (v}, A1 (x) = A 1 (v). (9) 

In the physical region of the decay 0 s x s t 2• 

Thus, in place of an expansion in the above
threshold momenta, we can carry out expansion 
in the variable ..jX, where X is the ratio of the 
square of the momentum to the square of the total 
energy. 

3. Let us consider the possibility of applying 
an iteration procedure to Eq. (9). In this case 
we take account of the fact that the resonant in
teraction of the two pions, which leads to the for
mation of the p meson, lies in the energy region 
outside the physical region of the w0 - 31f decay. 
Indeed, its upper limit is ~~ ~ 4.36, whereas the 
quantity v, corresponding to the resonance in the 
1r1r system has a value Vres ~ 6.18. We therefore 
assume that the pion-pion scattering length is suf
ficiently small. We represent A1, as usual, in the 
form of the ratio 
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where N1 ( v) has a left-hand cut and D1 ( v) a 
right-hand cut. Then for v ~ 0 [7] 

-. /-v- Re Dt (v) 
v V v + 1 ctg <\ (v) = Nt (v) ' (10) * 

with Im N1 ( v) = 0. We proceed in (10) to the vari
able x. We then obtain 

'! ~ 
~ ct 'l: (x) = R~ Dt(x) (lOa) 
1-x g 1 Nt(x) 

Assuming the integral terms in (9) to be small 
compared with the first term in the right half, we 
make two iterations. As a result we find that 

~ -{ 3 ( 2 ) • a<2> (x) = B a1xl• + a1 1 + -n- r1a1 xt. 

i 27 Y3a~s6 z" (1 _ n;9 z2 + 2s1z7 z•) } 

+ 16 (1 + 1) V 1- z2 ' (11) 

where a1 is the scattering lengthofthe 7f1f scatter
ing partial P-amplitude, and r 1 is the first term 
of the expansion 

(12) 

which is valid in the region 0 :::: x < 1, z = .../ x/ ?;2 , 

y ~ 2.84. We thus see that in the case of the w0 

- 37r decay the anomalously singular terms are 
obtained in the second iteration ~ ?;~ ~ 0.53, 
whereas in the case of T decay they are ~ 0.39. 

For the invariant amplitude we obtain the ex
pression 

F(2) (vl, v2, Va) = F(2) (xl, x2, Xa) 
3 

=E{1+ 2J [ia1xk'+ ia1 (1+!- r1a1)x%' 
k=! 

27 Y3 ais6 z% (1- 11/9 z~ + 2"!21 zt) 
- 8 (1 + 1) V 1 - z~ 

X arc coszk + c1xk + c2:r~ + c3x% ]} , 

*ctg =cot. 

(13) 

where c 1, c 2, and c3 are certain constants, which 
in this analysis cannot be determined exactly from 
the iteration procedure. If we use the relation v1 

+ v2 + v3 = 2y, then all the terms linear in Xk can 
be expressed in terms of their quadratic and cubic 
combinations. 

It is seen from (13) that the amplitude of the w0 

- 37f decay can be represented in the form of an 
expansion in powers of x and ?;2. 

It must be noted that in the case of T decay of 
K mesons the procedure employed here gives in 
the second and third iterations exactly the same 
results as were obtained by Gribov et al. [i-3]. 

The author considers it his pleasant duty to 
thank Professor K. A. Ter-Martirosyan for very 
useful discussions on the problems touched upon 
here. 
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