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The relation between the harmonicity conditions and equations of motion in Einstein’s theory
of gravitation is investigated. Following Infeld, material bodies are regarded as field singu-
larities characterized by Dirac é-functions. It is assumed that the metric tensor can be

represented as a power series in c !

. It is also assumed that derivatives with respect to x°

are of order c~! relative to derivatives with respect to t. It is proved that, under these as-
sumptions, the harmonicity conditions of zero, first, and second orders are necessary and
sufficient for the derivation of the post-Newtonian equations of motion from the gravitational

field equations.
1. INTRODUCTION

THE problem of deducing the equations of motion
from the gravitational field equations was solved
many years ago. It is well known that, with sup-
plementary conditions, the gravitational field
equations yield the Newtonian and post-Newtonian
equations of motion of material points.["11]

In the works of Fock, Petrova, and Papapetrou
[3,7,8,11]
According to Fock, a harmonic system of coordi-
nates is that privileged system whose properties
most closely approach the properties of inertial
systems of coordinates. In this connection, Fock
assumes that Newtonian and post-Newtonian
equations of motion can be obtained only in a har-
monic coordinate system.

In the works of Infeld [9:10:12:13) it is asserted
that the harmonic coordinate conditions are not
necessary for the derivation of the Newtonian and
post-Newtonian equations of motion. In particular,
he proves 1121 that these two sets of equations of
motion can be derived in a coordinate system
which is not harmonic. Therefore, according to
Infeld, the harmonic system of coordinates loses
its unique role in Einstein’s theory of gravitation.

In the present work it is proved that harmonic-
ity conditions of zeroth, first, and second order
are necessary and sufficient for the derivation of
the post-Newtonian equations of motion. In other
words, the equations of motion have the Newtonian
and post-Newtonian form when, and only when, the
harmonicity conditions in zeroth, first, and second
order approximation are satisfied. Hence, if the

, 2 harmonic system of coordinates is used.

Newtonian and post-Newtonian equations of motion
are obtained by some method, it follows that the
method used contains the corresponding conditions
of harmonicity in more or less hidden form. Our
results point to the unique role of the harmonic
system of coordinates in Einstein’s theory of
gravitation.

2. NOTATION AND GENERAL CONSIDERATIONS

As is well known, the gravitational field equa-
tions have the form

R*® — 1 Rg = — 8aT*, (1)

where, as usual, R®3, R, and T indicate, re-
spectively, the second rank curvature tensor, the
curvature invariant, and the mass tensor. The
metric tensor gw,(xo‘), which characterizes the
gravitational field, and the coordinates of world-
points are related by the usual form

ds® = g, dx*dx". (2)

Greek indices take on the values 0, 1, 2, 3, and

the summation convention is understood for re-
peated indices. The temporal coordinate x° = ct
is distinguished by the Hilbert conditions (cf.

e.g., [“j):
g0 got 8oo Zo1 Zo2
800 >0, g gu'<0’ g1 gu g >O,g=Det]gaB|<0.
820 Za21 g22

(3)
With the Bianchi identities, Eq. (1) gives

Vo T =0, (4)
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where V is the covariant derivative correspond-
ing to the metric tensor gyp.

The problem we are considering here is of the
astronomical type. This is to say that all masses
considered are concentrated within a finite region
of space separated by large distances from all
other masses. With Fock, we consider the com-
ponents of the mass tensor to be zero throughout
space except for individual regions whose size is
small compared to the distances between them.
We also take it that these regions represent
material bodies. Within each body the components
of the mass tensor depend on the metric tensor
and equations of state. One may imagine that the
mass tensor depends approximately on certain
over-all characteristics such as the total mass,
the position and velocity of the mass center, etc.

On the other hand, one may also regard the
bodies approximately as singularities of the field.
Then, according to Infeld, for spherically sym-
metric bodies there corresponds a mass tensor
in the form

V—=gr*® = 2’""6 (e — &%) Bt (5)
where £} (t) and ma (t) are the coordinates and
mass of the A-th singularity. The vertical stroke
denotes differentiation with respect to the coordi-
nate mdlcated by the 1mmed1ately followmg index;
Ealg= 1 EAjp=c ' V4 and o(xk - £X) is the
Dirac 6-function as modified by Infeld and
Plebanski.[516] Roman indices take on the values
1, 2, 3, and the summation convention is again
understood for repeated indices. The treatment of
bodies as singularities of the field appears less
obvious but we adopt this method because we want
our assumptions to be as close as possible to
those of Infeld’s method.

Writing out Eq. (4), we obtain

Mglﬂ - _;_Mp‘vgu.v]a =0, (6)
where we have introduced the notation
V=gM®® =T MB=g, M>. (7

Integration of (6) over small three-dimensional
regions containing the singularities gives

Qaa = dMia [dx® — - MY 8apua =0, (8)

where for any quantity & (xK, t) we have

@, (55 1) = Scp (xk, 1) & (x* — E4) dyx.

Introducing the notation

M =maN¥,  NT =Eiptho O
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and separating the spatial and temporal parts of
Eq. (8), we find after several transformations

g = —

-;—N nglwla +c” [NoAalt—l—N?Qa[n U::l -+ AE;(N?‘IO)-I

+(_;‘N}ng,qpv|t — Noot — Noin v3)] = (10)
where Nj; = 9N/0t. In the following we shall drop
the label A and the bar where this does not lead
to misunderstanding.

We assume that the metric tensor can be

represented in the form of a power series:

go=gi +cigd 4ol ... . (D
From (7), (9), and (11) we obtain two formulas
which we shall need further on:
Ne = gu + ¢ (gad + ganv”) + ¢ (g + géo”) + -
(12)

(Ng)- (g(o)) + ¢! (0))..2 (g(l) (O)Un)

+ 72 (g2 [gf) 1 gfgly — g% + 0" @2 (g)* glgt

i) + 00" (glo) elngiml + . . . (13)
We also assume that derivatives with respect

to t and xK are of the same order of smallness

as the quantity differentiated. It follows that de-

rivatives with respect to x° are of order ¢~! com-

pared to derivatives with respect to t.

3. THE HARMONICITY CONDITIONS

As already noted, x’ = ct in Infeld’s method
x" =t in Fock’s method. Consequently the com-
ponents of the metric tensors denoted by gy in
Fock’s notation and by guv in Infeld’s notation
are related according to

8o = Cgor  Loa Gab = Gas- (14)

In the works of Fock the harmonic system of
coordinates is defined by: (a) the equations of

= CZoas

deDonder and Lanczos HU
e (- WV=g¢g™®p=0 (15
(b) the conditions at infinity
@)oo =Top,  lim (g — M) = limE, (1)
n—co r—co
where
,a = alkxixkr "l;o = 02’
foa = 0, Nap = — dap, @* = const;

(c) by the radiation conditions
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lim [0 (r")/dr + ¢ 3 (ry)/0t], (17)

where x*—all the functions gy - UM
In Infeld’s notation Egs. (15) take the form

D= — (=™ (V—gg™+ ¢ (V—gg*)s] =0,

(18)
= — (—g ™ (V=g &N+ (V=g g“)l = 0.
(19)
For the conditions at infinity, (16), we have
(Gap)oo = Map,  lim (gpw — M) = lim(a/r), (20)
with Hoo —
Moo= 1, Noa =0, MNap = —Bap.

Substitution of (11) into (18) and (19) gives the
deDonder-Lanczos conditions in the form of
power series

IO =T 4 ™0 c2r® 4 L,

r* = P(O)a + c-lI‘(1)a + C-ZI‘(Z)a 4.
Setting the coefficients of these power series equal
to zero we obtain the harmonicity conditions of the
corresponding orders.

(21)

4. THE GENERAL SOLUTIONS OF THE GRAVI-
TATIONAL FIELD EQUATIONS

The physical system which we are studying is
characterized by the functions g, (x%) and
glz(t). For the determination of these functions
we have Eqgs. (1) and (10). These equations must
be solved simultaneously. The procedure for ob-
taining the solutions is based on the method of
successive approximations which consists of the
expansion of the metric tensor in the power series
(11).

It turns out that the structure of the field equa-
tions is such that we can determine the quantities
gflo,}, g,flig, gl(fg, g/%)’ and gog) for arbitrary veloci-
ties v A(t). The solution of the field equations (1)
in the corresponding approximation is given in
Appendix A.

For the zeroth approximation we have

(0) __ 0) __ o(1)o 0
go =1 ga=S[" gu=SLS— 8:mSLSH".
(22)

For the first approximation we have
g(l) 28(1)0 1) — S(2)0 + S(l)Os(l)O _ 6nmS|(?z)nS§ot)m,

gfll) (2)03(1)0+ S(I)OS(2)° nm (S(l)nS(O)m+ Sfotznsl(lb)m)-
(23)

ans for the second approximation the more com-
plicated form

H. WOJEWODA

(2) — 25'(2)0 + S(l)OS(l)O —l— @ — 6 ms(O)ns(O)m
gg) — S;:zgo + Sﬁzosflt)o + SFIgOSPt)O + (Psflgo
— 8pm (S(l)ns(o)m + S(O)nS(l)m)

S(3)08(1)0 + S(Z)OS(Z)O + S(1)08(3)0 +(PS§1308|(111)0

— dnm (S(z)nS(o)m + S(l)nS(l)m + S(O)"szb)m —(Psfoa)nS,((},)m),
(24)
where
- 2 < mA i
? D T (25)

In the third approximation the forms are still
more complicated but we do not need all the com-
ponents of the metric tensor. The functions of in-
terest to us take the form

g = 2(S{P + SIS + @S — 8., S(Y"S[Y™),

(3) S(4)o +S(3)OS(1)0 + S(z)oS(z)o 4 S(lgosﬁ)o_*_q?sfzgo
+(PS(1)OS(1)0 +q)6nms(0) (0)m +A S(O)ﬂ
_ anm (S{?nsfot)m + SflgnSflt)m + Sfogn's]ﬂt)m),

(26)
where
n
_4§ IEA—X | va. (27)
We must still determine g( 4 Complicated
calculations yield
g‘()?)) 28(4)0 + 28(3)08(1)0 + S(z)oS(z)o + 2q>S(2)°
+ @SS + gb,mS(YS(2"
+ 24,87 + ¥ — 8um @S{V'S[Y™ + SIS, (28)
where
—22|£k_ ZlmAlgA"“xllnvavA
—ZmAlgA—xklanAV— 32——0'};0’,’;
A 15;\ X" |
m,m
2 AB .
T2 T 1 — (29)

Thus we have the most general solutions of the
figld equations. In Eqs. (22)—(28) the functions
Sél)a must be such that the components of the
metric tensor satisfy the conditions at infinity.

They are otherwise arbitrary.
5. PROOF OF THE SUFFICIENCY OF THE
HARMONICITY CONDITIONS

From assumption (11) it follows that the quan-
tities (10) can be expressed in the power series
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go = e 4 c e £ 2P ... . (30)

If we assume that v} ~ 0, then the equations of
motion are obtained from the equations

e2® =0, (31)

where the arrow indicates that the €, are not
quantities of a definite order, but range up to a
definite order. (1%

The coefficients in Egs. (30) are obtained from
very involved calculations which give

P
— T3 800as
1) __ _(0) (1) (0, (0)
( géa —‘—goola + Z) (g ) '—gOnIa),
1 (0) (1)
= g(a) ) goagool t— 3 g00|a
(1) (1) (0) 0
+ 0™ (Zoa1n — Gonla + Game — 8 8Soin
(0) (0) 0 ) (0)
-+ vry™ (gf,%m go?zgon m— gnm|a) + w* (g( 4 Gon)
(32)
where wh = t- The remaining quantities are

more complicated. We shall express them in the
forms

(3) B(a) + vnB(s) + oo meﬁz)m
+ 0"0™'BE + 0"CE + w0 CEm,
D = BY 4 0B + v"0"Bidn + V0"V B,

+ "™ V" BE,,, + 0"CH) 0 0" Clm + 0" Cdr,
(33)
where the coefficients B and C are known func-
. i) i)
tions of 8ap and g, v For our purposes the
point of importance is what combinations of the
quantities v?' and w" appear in these formulas.
We assume that the harmonicity conditions are
satisfied to the second order inclusive, so that we
have
I‘ff) = 0, I‘(l) 0 I“‘(é) = 0 (34)
With Eq. (19), the first of Egs. (34) gives us the
zeroth approximation to the harmonicity conditions

(V=g g%, = 0. (35)
After some rearrangements we get
(o) ( g(o)ab (000 __ (O)Oa (O)Ob) + g (g(o)ab (0)on
g(O)ang(o)ob g(o)bng(o)oa)
(0) (2 g(o)ab ()nm __ g(o)ang(o)bm) =0 (36)

The covariant components of the metric tensor
in zeroth approximation are given by (22); for the
contravariant components we have

1411

g0 = 1 —rSERSY, g0 = s, g0 = — 17,
(37
where
b =SIaSI, e = 8. (38)
Substitution of (22) and (37) into (36) gives
PSP = 0. (39)
Referring to the Hilbert conditions (3), it fol-
lows that the form
diz = yapdxadx? (40)

is positive definite. Hence, Eqgs. (39) are elliptic
and their solutions, satisfying the conditions at
infinity, are

SIF =k, SI%* =0, (41)
where the constants clg are such that
S{VS(VE = 8. (42)

Therefore, if the harmonicity conditions are
satisfied in zeroth approximation the metric
tensor has the form

=140, ga=5a"+0",
G = — 8ap + SIS’ + 0 (7).
Let us examine the first approximation in more

detail. Substitution of (22) and (23) into (18) gives,
with required accuracy,

(43)

S = (44)

We have taken note here also of (41). Noting the
conditions at infinity:

lim gf9= 1im S{° = 0, limgl = lim 289 = 0, (45)
r—00 r—0co r—00o

which follow from (20), the solution of (44) has the
form

SfP =0, S{=0. (46)
Proceeding similarly for (19) we obtain
S =0, S¥*=0. (47

Equations (46) and (47) are consequences of the
harmonicity conditions of first order.
Simple calculations for the second order yield

s =0, S =0, SB =0, S -0 (8

Finally, we find the metric tensor satisfying the
harmonicity conditions to the second order in-
clusive:

goo =1+ + 278" 4+ (¥ + 251¥) + 0 (),
Zoa = C-2S(3)0 + c-3 (A + S(A)O) + 0 (C 4),

8ab = — Oap + 20 + O (c73). (49)
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Substitution of (12) and (13) into (10) gives, to
the second approximation,

nS(o)kS(o)k %(Pm

vnvmsfogksﬁzfn_!_QvnS kS(O)k+S(0)ks(0)k (50)

without using the harmonicity conditions. Now, if
we assume the harmonicity conditions of zeroth
order (41) to be satisfied, then (50) takes the form
— $®1a = 0. (51)
These are the Newtonian equations of motion.

We emphasize that the above considerations
show that the Newtonian equations of motion follow
from the harmonicity conditions of zeroth order;
it is not necessary to invoke the stricter condi-
tions

g(()g) - l’ g(()?l) Oy gt(lt;l) - 6ab- (52)

If we now assume the harmonicity conditions to
the second order inclusive, that is, (41), (46), (47),
and (48), to be satisfied, or that the metric tensor
is of the form (49), then the equations up to the
fourth order give
W — g = c? [0 ¢— 30"l
+ Un (Aaln - An|a + génaq)lt + QU"CPI,,) + Aalt - %\p;a]-

(53)
In Appendix B it is shown that these are the
post-Newtonian equations of motion.

6. PROOF OF THE NECESSITY OF THE
HARMONICITY CONDITIONS

We shall now prove the converse assertion: to
obtain the post-Newtonian equations of motion
from (10) it is necessary to satisfy the harmonicity
conditions to the second order inclusive, that is,
Eqgs. (41), (46), (47), and (48).

In order to simplify the proof we shall use
successively results already obtained. Equation
(31) in zeroth order gives

=0.

g0 — _ %N(o)oo (0) _ (0) (54)

8oola goola

These equations are satisfied identically. For the
first order we find

= (818 — 3 @S + 0" (St — Shalo) = 0.

These are likewise identically satisfied.
Substitution of (32) into (31) gives, for the
second approximation,

(55)

—iq)la = va(o)kS(o)k+ 2vnS(0)ks(0)k+ S(O)kS(O)k
2
(56)

H. WOJEWODA

By hypothesis these should be the Newtonian equa-
tions of motion. Comparison of (56) with (51)
leads to

S{SIA" = dan, Siim=

0, Sif= (57)

To simplify further calculations, let us note
that in the post-Newtonian equations of motion
(53) there are no terms involving the products

vrumyn,  UMUTUP, W™, @tumyr, (58)

Consequently, the coefficients multiplying the in-
dicated products must be equal to zero.
For the equation

g2® =0 (59)
these terms have the form
0" 84Sy W0 8amS A" (60)

Setting the coefficients of wiv! and vivlyT
equal to zero and taking account of the conditions
at infinity, we obtain

S =0, Y= (61)

Taking account of (57) and (61), we get from (59)

1 -
we — 'iq)]a =c! [w" (S(l)ﬂ S(I,Za)

(62)
+ v""S{hm + 20"S{N¢ + ST
Comparison of these equations with the post-
Newtonian equations of motion (53), gives
S =0, SfF*=o. (63)

In the equation &, @ = 0 the terms involving
the products (58) have the form

nvmvréarsf%zg, "0"™8q S(2)o- (64)

We have taken (61) into account. However, as we
have noted, terms like (64) must vanish. Noting
the conditions at infinity, we find

S(2)0 — 0 S(2)D 0. (65)

In consequence of (57), (61), (63), and (65), the

—(4)

equations €, = 0 can be written in the form

— E‘Pla =¢? [wig + V™0™ (282, Pim — %6nmq)la)
+ un (ibanq)lt + Aa]rz —Anla) 'I‘ Aa]t - iipl a]
+¢72 [@n (S2° + S2%) + vromS{En 4 20nS(Z° + SE.

(66)
Comparison of (66) with the post-Newtonian equa-
tions (53) gives
St =0, sF*=o.

Equations (57), (61), (63), and (67) constitute
the harmonicity conditions to second order in-

(67)



POST-NEWTONIAN EQUATIONS OF MOTION

clusive. Hence, these conditions are necessary
for the derivation of the post-Newtonian equations
of motion.

7. CONCLUSIONS

As we have shown, the derivation of the post-
Newtonian equations of motion requires the har-
monicity conditions to the second order inclusive.
It follows from our calculations that if we assume
the existence of equations of motion of higher
orders then we must also assume the existence of
higher order harmonicity conditions.

In the work of Infeld"'" it is stated that the
post-Newtonian equations of motion can also be
obtained without satisfying the harmonicity condi-
tions. Thus, Infeld obtains these equations in
another non-harmonic coordinate system termed
‘‘isotropic.’’ In this connection we make the
following observations:

The harmonicity conditions as expressed in the
second of Infeld’s l'%) Eqgs. (9.2) are, indeed, not
satisfied by the solutions (49). But these condi-
tions of harmonicity are of the third order and,
as indicated by our proof, are not required. The
first of Infeld’s Egs. (9.2) is also not satisfied by
the solutions (49). But these equations again do
not coincide with the harmonicity conditions of
second order which, according to (19), take the
form

(g@av Y “gigmab), — 0.

In particular, from these conditions it follows that
a) = 0 (in Infeld’s notation 7). Accordingly, the
‘‘isotropic’’ system is harmonic in the appropriate
approximation.

In our work we did not concern ourselves with
the problem of accuracy of transformations as we
did for the determination of the harmonic system
of coordinates. This problem is investigated in
Fock’s work 17 where it is also proved that the
coordinate conditions used by Einstein and Infeld
(541 coincide with the harmonic conditions.

(68)

APPENDIX A

We need to find the most general functions
gg’é, g(oil)i’ gg), gé%), ggg), satisfying the field
equations (1) and the conditions at infinity (20).
The field equations are covariant. Hence, if
gap (x™) are solutions of the field equations then
the functions

axt ox¥

8ap = 5 7a o 7B 8w (69)

also satisfy the field equations.
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On the other hand, as is well known 11, by ap-
propriate transformation of coordinates it is al-
ways possible to satisfy the conditions

V—gg") =0.

Hence, if we obtain the most general solution of
the field equations (1) subject to the conditions
(70) then with (69) we also obtain the most general
solution without these conditions.

In the work of Jankiewicz''®) it is shown that,
in zeroth approximation, the solution satisfying
the field equations (1), the equations (70), and the
conditions at infinity (20), has the form

(70)

g0 =1, gu=0, g =—s, (71)
For the first approximation Eqgs. (1) and (70) give
s =0 (72)
from which, with the conditions at infinity, we
find
g =o. (73)

For the second approximation Egs. (1) and (70)
give

glaa = 81 Nmad (x* — ER), g@Pua=0,
A

ghimias = 818nm 2 m a8 (x* — E). (74)
A
The sought for solutions take the form
@ _ o _
goo = __221&" k ’ gﬁ)zn): gflzr)n: nnPe
(75)

For the third approximation we shall use only
the equations necessary for the determination of

the functions g(3) and g(s) The equations have the
form
g% =0, gilaa = — 16n§]mA6 (x* — &2 va.  (76)
The corresponding solutions are
g =0, g¥=A, =40 A v (1D
A

8% —#*
We must still find g((,?,) which is determined by

the corresponding

(4)

(200 — 39°),00 = Puo0 + PPiaa

+ 12n Zm,qé (x* — ER) ooy — 4ncp2mA6 (x* — E%).
4 (78)

The solution is given by the rather complex ex-
pression:
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g =p=2 2 _

A |E,,q—-’C [2

- EmA lgf‘l —x* linm U'}lv'/’l' — ZmA | §fq — xkllnwi
A A

3Zlik UA A+222

2B lEh—

mamp
Eplleh —x*|
(79)

Finally, we have the most general solution
satisfying (1), (70), and the conditions at infinity,

oo =1 4+ c2p 4+ ¢ + 0 (™),
Gon =¢34, + 0 (™),
Gnm = — Opm + C_zamncp + 0 (c3). (80)

As we have already noted, the general solution
of just Eq. (1) follows from Eq. (80) using Eq. (69).
Introducing the change of notation x — x’, x’ — S,
gag = 8qp We obtain the solutions (22), (23), (24),
(26), and (28).

To conclude, we note that if

p* —QZIQk EmAlgA_x N nm VAU
m,m
—3 vhv A_B 2
;'lak 4 A+§§ |E5 —Eh (2% —x*|
(81)
then
Pin = Pin (82)
APPENDIX B

We shall now show that the equations (53) coin-
cide with the post-Newtonian equations of motion,
as derived by Einstein and Infeld and also Petrova
and Papapatrou. For simplicity we examine the
case of two partlcles If we introduce the notation
£1 = ¢, £3=n", and |£® — | =r, then equa-
tions (53) take on the form

- %((Pla)l =2 {E (@), — i* g (Pra)s

+ g [(Aain)y — (Ana)y + %6% (@1 9:+ 2t° (@in):]

+ (Aalt)1 - :— (Wla)ﬂ” (83)

where the dot denotes differentiation with respect
to time.
Eqgs. (25) and (27) give

@1 = —2my Y, (Ad)y = 4my riy° (84)

Instead of y we shall use yp*. For two particles
this function has the form (cf. Appendix A)

H. WOJEWODA

V* = 2mir® — 3mn™"r - mymgr® — ma"N " rim. (85)
Subsitution of (84) and (85) into (83) gives
£ — my (rY)a

=2 my {(r )1 88"+ 3 0" — 4E™0" — 4myr

— 5myr] 4 (r)n 48" (0" — &°) + 38" "— 4q°7"]

+ 4 Fanmm™n™. (86)

These are the well known post-Newtonian equa-
tions of motion.

The author would express his deep gratitude to
Academician V. A. Fock, for his thoughtful con-
sideration of the results obtained, and also to Dr.
Cz. Jankiewicz for his interest in this work.
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