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The energy spectrum, composition, and anisotropy factor of ultra-high-energy primary cos­
mic rays are calculated assuming a diffusion model of the propagation in the galaxy, and tak­
ing into account the fragmentation processes during the diffusion from the source to the ob­
servation point. It is shown that the change in the spectrum exponent observed at E "' 5 
x 1015 eV can be explained by assuming a definite variation of the diffusion coefficient with 
the energy and charge of the diffusing particle. It is natural to assume that this corresponds 
to a definite distribution of the magnetic clouds in the galaxy with respect to lH (where l is 
the cloud size and H is its field strength). The calculations show also that at E "' 1017 eV 
there should be an appreciable number of protons and a particles in the primary cosmic 
radiation, a circumstance which does not contradict the available experimental data. The 
anisotropy factor calculated on the basis of the model is also consistent with the data. 

D'ETAILED data on the extensive air showers 
available at present allow us to evaluate the energy 
spectrum and composition of cosmic rays at ultra­
high energies. According to the data, the energy 
spectrum of primary cosmic rays in the energy 
range E "' 105-1016 eV changes relatively fast 
from F ( > E) "' E-Y1 to F ( > E) "' E-'Y2 where 
'Y2 -y1 ::::J 0.5. Moreover, below 1015 eV and at en­
ergies from E > 1016 eV up to E "' 1018 eV the 
values of 'Yt and y2, respectively, remain prac­
tically constant. Although the data concerning the 
composition of primary cosmic rays at ultra-high 
energies are so far only qualitative, intensive work 
undertaken in this direction will, it is hoped, soon 
produce quantitative results. 

A possible explanation of the rapid change in 
the energy spectrum has already been discussed 
earlier. [1-3] According to [3], the change is due 
to a definite distribution of the magnetic clouds in 
the galaxy with respect to the parameter ZH, where 
l is the cloud size, and H is its magnetic field in­
tensity. The expected composition of cosmic rays 
in the range E > 1016 eV has also been calculated 
in [3] where, however, the change in the composi­
tion due to nuclear interactions and fragmentation 
during the diffusion from the source to the point of 
observation has been neglected. The effects can, 
in principle, be essential for both the primary en­
ergy spectrum and the composition of primary cos­
mic rays if the particles traverse a sufficiently 
thick layer of interstellar matter during the diffu-

sion process. [4] Since this is a very probable 
case, it is interesting to carry out a more complete 
calculation, taking the fragmentation into account. 
This, in turn, requires a more detailed model of 
the diffusion process of cosmic rays in the galaxy. 
We shall consider a model of free diffusion of cos­
mic rays, with the sources at the center of the 
spherical part of the galaxy. It is known that such 
a model is the most consistent one with all avail­
able data on the low-energy (several BeV /nucleon) 
cosmic rays. 

In the following we shall assume, as in [3J, that 
the observed change in the energy spectrum is 
wholly due to a change in the coefficient of diffu­
sion of cosmic rays in the interstellar matter. We 
neglect possible singularities in the energy spec­
trum of the sources and the contribution of extra­
galactic cosmic rays. 

The main assumptions underlying our calcula­
tion are: 

1. The sources of ultra-high-energy cosmic 
rays are concentrated near the center of the gal­
axy. Their composition is similar to that of low­
energy cosmic rays. The energy spectrum of cos­
mic rays in the sources is of the form Q( E) 
"' E-(y+ 1), where E is the energy per nucleon, and 
( y + 1 ) is the exponent of the differential energy 
spectrum, which is a constant over the whole en­
ergy range under consideration, and is the same 
for all nuclei. 

2. Cosmic rays diffuse freely and isotropically. 
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Their energy does not change during the diffusion 
process. The diffusion coefficient D of cosmic 
rays is independent of the distance r from the 
center of the galaxy. Up to a critical energy Ecr. 
determined by the magnetic rigidity of the particle, 
and which is therefore different for different nu­
clei, the coefficient of diffusion is independent of 
the particle energy E and is constant. Above Ecr 
we assume that D is a function of the energy, 
D=D(E): 

D=Do for E < Ecr, 

where 

and where z is the nuclear charge and Ecr ,p is 
the critical energy for protons. 

(1) 

(2) 

3. A considerable change in the composition of 
cosmic rays occurs during the diffusion in the gal­
axy as a result of the fragmentation and absorption 
of nuclei. In the energy range E > Ecr,p the com­
position changes both as a result of a different de­
gree of fragmentation (due to a change in the ef­
fective thickness of the matter traversed), and 
because the critical energy is a function of z [ see 
Eq. (2)] and, consequently, the diffusion coefficient 
D begins to exhibit a dependence on the energy E 
at different energies for different z. The latter 
fact causes also the storage factor of cosmic rays 
in the galaxy (i.e., a quantity proportional to the 
lifetime of cosmic rays in the galaxy before leav­
ing its boundary ) to vary strongly, with z for a 
given E. In the calculation, the nuclei of the pri­
mary cosmic radiation are divided into the follow­
ing groups: H(z::::10), M(9::::z::::6), L(5::::z 
2:: 3 ), a ( z = 2 ), and p ( z = 1) denoted, respec­
tively, by indices i = 1, 2, 3, 4, 5. The fragmenta­
tion coefficients Pik• i.e., the probabilities of 
transition of a nucleus from group i into group k 
for an absorption mean-free-path Ai, are assumed 
to be independent of the energy. 

Expressions for the concentration of nuclei of 
group i with energy E per nucleon in cosmic rays 
are given in [4J, assuming that D =Do and that it 
is independent of energy. It is easy to write simi­
lar formulae for the concentration Ni (E) when D 
= D(E). 

In the case of free diffusion, neglecting frag­
mentation, the concentration of nuclei of group i 
with energy E per nucleon decreases with the dis­
tance r from the source as 

(3) 

where 

f;(e) = 4nr~1 (e) exp{-f~}· (4) 

and where x = pcr2 /2Di (E) is the average thick­
ness of matter traversed by cosmic rays before 
arriving at a distance r from the sources. The 
factor [ 47rrDi (E)] -! takes account of the change 
in the concentration of nuclei of group i as a func­
tion of r and the diffusion coefficient D, the ex­
ponential term reflects the variation of the concen­
tration of nuclei of group i as a result of their ab­
sorption during the diffusion process, and qiE-(y+!) 
represents the source intensity of nuclei of group i 
per unit energy interval. . 

The expression for the concentration of nuclei of 
group i at a distance r from the source, taking 
fragmentation into account, is 

k 

N; (e)= e-(y+l) ~ fk (e) ~ aiktqt, (5) 
k=l 1=1 

where aikZ is a factor depending on the fragmenta­
tion probability Pji and the absorption mean-free­
path A.j. For the fifth group (protons) Eq. (5) does 
not apply directly, since so far there are no experi­
mental results for Pi5 (i < 5 ). 

The following assumptions were made to deter­
mine the proton concentration: 

1) In the collisions between the nuclei and the 
interstellar matter the energy of the multiply­
charged fragmentation products per nucleon E 
is identical to that of the original nucleus. The 
energy of the free nucleons produced in the proc­
ess can, on the average, be k times as small as 
E. 

2) Since the interaction mean free path of pro­
tons is relatively large and their energy spectrum 
is decreasing relatively rapidly, we can neglect 
the absorption of the secondary protons, and also 
the contribution of the protons which have inter­
acted along the path from the source or the place 
where they were produced by fragmentation, to 
the total number of protons. The number of protons 
is thus given by the following equation: 

4 4 

N P (e)= N~ (e) + ~ A;N';. (ke)- ~ A;N1 (ke), (6) 
i=l i=l 

where Nj_'(E) = qiE-(y+!)/47rrDi(E), i.e., differs 
from Ni (E) by the absence of the exponential fac­
tor. 

For other values of i we have used Eq. (5). The 
values of the various parameters used in the calcu­
lations are given in Tables I and II. The composi-
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Table I 

Nuclei I H M L p 

-
A 31 14 10 4 1 
q; (s)jq,(e) 1 2 0 10,8 164 
A., , g/cm2 6.1 7.8 10 34 72 

Table II 

Variant y a EeriE cr 

I 1,.5 0.5 2.7 
II 1.5 0.8 2.7 
III 1.7 0,5 2.7 

tion of cosmic rays at the sources ( <li) given in 
Table I was taken from C4J, where it had been ob­
tained using the most probable set of values of 
Pik and Aj, and x = pcr2 /2D0 = 9 g/cm2 for the 
variable energy range, i.e., for D = D0• The frag­
mentation coefficients ailu corresponding to the 
chosen set of Pik are: 

Gnt=1 
a211 =-2,:>85!} 
a221 =2. :>859 
a222=1· 
asn = 1. 04 72 
as2t=-<1.3618 
as22=-1 ,4091 

asss=2. 3146 
ass2=i. 4091 
asss=1 
am=-0.2661 
am =0. 0902 
am=O: 03737 
a431=-4.263tl 

a432=-2.5950 
a•ss=-1.8417 
a .. 1=4 ,4:>95 
a••2=2.5576 
a••3=1.8417 
a•••·~1 

The integral energy spectrum of primary cos­
mic rays calculated for different values of y and 
a is shown in the figure. Solid lines represent the 
total integral energy spectrum 6I=1Ni ( > 5) ( E 
being the energy per particle ) for different y and 
0:'. Dotted curves represent partial integral energy 
spectra Ni (> 5) (i = 1, 2, 5) for y = 1.5 and a 
= 0.8. The integral spectra have been obtained by 
a numerical integration of the differential energy 
spectra Ni(E) obtainedusingEqs. (5) and (6). 

The values of the exponent y' of the primary 
integral energy spectrum for different energy 
ranges 1> and different y and a are given in 
Table III. For comparison we have included ear­
lier results for y = 1.5 and 0:' = 0.8 from [3J, in 
which the change in the composition of cosmic 
rays due to nuclear interactions was neglected, 
and also the experimental data on y' obtained re­
cently for energies up to E "' 1019 eV, 2> taking for 
Ecr the value Ecr,p f'::j 5 x 1015 eV. 

Table III. Exponent y' of the integral primary energy 
spectrum for different energy ranges 

I Variant Experiment[117] 

Range 

I I I 
['] 

I I II Ill 5=1 5= 1.15 

1 
1.5 1.5 1.7 1 1.5 1.5±0,05 1.7±0.05 5Ecr-E cr 

E cr-10Ecr 1,80 1,92 1,96 1.87 2.0±0.1 2,2±0,1 

10£cr -10d£cr 1.85 2.0 2,0 12.20 2.2 
100£ cr -1000Ecr uo 1 2.2 2.1 2.3 

Note,!. The experimental values of y' were obtained frorq the experimental values of 
the EAS size spectrum exponent K according to the relation y = kK, where k = 1.2 
±0.1[3]. 2. The comparison with experiment was made at Ecr ~ Ecr,p = 5 X 1015eV. 

Considering the experimental errors, we find a 
good agreement between the calculation for y = 1.5 
and a = 0.8 and the experimental results up to E 
"' 1019 eV. It is clear, however, that the value a 
= 0.8 is the limiting value consistent with the ex­
perimental value [ 5] y' = 2.3 at E ..... 1019 eV. 
Hence, it follows in particular that the value of 
Ecr /Ecr cannot be much greater than the assumed 
one (Table II) since for a sufficiently fast change 
of the exponent y' it is necessary that a increase 
with increasing Ecr /Ecr· 

Thus, the observed change in the form of the 
primary energy spectrum can be explained assum­
ing a definite variation of the diffusion coefficient 
D with the energy. It is most natural to assume 

l)The calculation was carried out up to E = 1019 eV. For 
protons of such an energy, however, the diffusion model at­
tains the limits of its usefulness, since for a = 0.8 the mean 
free path l = l(Ecr) (E/Ecr)ais only several times smaller 
than the size of the galaxy, if we take E ~ 10'6 eV and 

cr,p 
l(Ecr) ~ 10 parsec. On the other hand, although according to 
[ 4 ] heavy nuclei can be accelerated in the sources up to 
E""' 1019 eV, this is doubtful for protons. Thus, atE""' 10'9 eV 
our calculations can serve as a rough approximation only. 

2>From the values of the fragmentation coefficient given 
above we can see that at E > lOEcr' account of fragmentation 
decreases y '. This can be attributed to the relatively large 
increase of the fraction of heavy nuclei (see Table III) when 
fragmentation is taken into account. The energy spectrum, 
which depends on the distribution with respect to A, becomes 
somewhat less steep at large E when fragmentation is included. 
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Integral energy spectra of primary cosmic rays at the top 
of the atmosphere, calculated under various assumptions: I­
y = 1.5, a= 0.5; II-y = 1.5, a= 0.8; Ill-y= 1.7, a= 0.5. 
Dashed curves correspond to partial integral energy spectra: 
a-for group p, b-for group M, c-for group H at y = 1.5 and 
a= 0.8. 

that the function D = D( E) follows from the dis- · 
tribution of the magnetic clouds in the galaxy with 
respect to the parameter lH. 

It should be noted that from a comparison of the 
results of the present article and those of [3] it 
follows that when account is taken of the change in 
the composition of cosmic rays due to fragmenta­
tion the kink in the spectrum near Ecr ,p becomes 
more pronounced, and the spectrum in the range 
E ~ Ecr,p -100 Ecr,p less steep. Nevertheless, 
the variation of the diffusion coefficient with the 
energy should not differ much from that assumed 
in the model neglecting fragmentation. [3] In the 
scattering cloud model the variation can be ex­
plained by a specific distribution of the magnetic 
clouds in the galaxy with respect to lH, as it was 
in [3]. 

From the partial energy spectra Ni (E) we can 
deduce the composition of primary cosmic rays at 
different E (see Table IV). A comparison of the 
results of our calculations with the data of [3] 

shows that the fragmentation affects considerably 
the composition of primary cosmic rays at E 
> Ecr- At E < Ecr cosmic rays near the earth 
are richer in protons and have relatively few 
heavy nuclei as compared with the source. At suf­
ficiently large energies ( Ecr < E < zEcr) the dif­
fusion mean free path for heavy nuclei and, there­
fore, the role of fragmentation and diffusion, do 
not change; their concentration, therefore, does 
not change either, while the proton concentration 
decreases due to the decrease in the storage fac­
tor for protons. Thus the fraction of heavy nuclei 

Table IV. Composition of primary cosmic rays (in%) on the top 
of the atmosphere in various energy ranges 

.... Total energy range Compo-

" sition u 
E < E cr I I 5 E cr I I 

at the 
" Ecr/2 2 E cr 20 E cr 200 E cr 2·10' Ecr z source 

. Variant 1: "( = 1,5, a= 0.5 

p 49.5 40.5 31 24.6 20.5 16.3 30 
C( 24 28,6 28.4 21.4 16.3 12.2 16,5 
L 2 2:1 3.6 2.7 1.4 1,3 0 

M 11.5 13.2 17 21 22.8 26.2 20.3 
H 13 15 20 28.5 39 44 33.2 

Variant II: "(=1,5, ct=0,8 
p 49.5 37.2 28.8 16.5 10,5 8.4 30 
C( 24 30:2 27 16 9.8 8 16.5 
L 2 2.8 3.6 2,5 0.9 0.4 0 

M 11.5 14 19 25 2:1.8 21 20,3 
H 13 15.8 21.6 40, 55 62.2 33.2 

Variant III: "( = L7, ct = 0,5 

p 38 31.5 26.4 18,5 14.1 11 21 
C( 24.5 27.4 24:6 18.4 13.8 10,8 14 
L 2.8 3,2 3.1 '2.8 1.7 0.9 0 

M 15 16.4 18.5 23.5 24.5 23,2 22 
H 19.7 21.5 27,4 37,1 45.9 54.1 43 
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Table V. Anisotropy coefficient o calculated for variant II 
(y = 1.5, a= 0.8) for different nuclei 0 

E, eV su 

1015 2.5 
1Ql7 2:5 
1Q18 11 

2 
3.8 

17 

1.2 
2,2 
4.8 

1.3 
6.2 

36 

1 
12 
48 

1 
10 

100 

S is given in arbitrary units. For comparison with the experiment, S = 10"3 was taken as 
the unit, which corresponds to Do = 2 X 1029cm2 /sec. 

somewhat increases. At still higher energies, E 
> zEcr,p• the role of fragmentation is less pro­
nounced because of the decrease in the diffusion 
mean free path x, as a result of which the com­
position is more similar to that in the sources, 
i.e., richer in heavy nuclei. Moreover the storage 
factor for heavy nuclei remains considerably 
larger than for protons and light nuclei. 3> As a 
result, at these energies cosmic rays near the 
earth should be richer in heavy nuclei than at the 
source. 

Experiments are being presently carried out to 
study the composition of primary cosmic rays in 
the range E "'1015 -1016 eV. [5, 6] According to the 
authors, [5•6] at E "' 1017 eV the fraction of pro­
tons and a particles is considerable, which is in 
complete agreement with our calculations 
(Table IV). 

For the sake of completeness, let us mention 
the results concerning the anisotropy coefficient 

(7) 

calculated using our model for nuclei of different 
groups and for different energies. The results are 
given in Table V, together with the experimental 
data for all primary rays in the range 1015-1018 eV. 
It can be seen that the experimental and theoretical 
values of o are consistent. 

Thus, available experimental data are fully con­
sistent with the hypothesis of a galactic origin of 
even the ultra-high-energy cosmic rays (E"' 1018 

-1019 eV) if we assume a definite variation of the 
diffusion coefficient D with energy E and charge z 
of the cosmic-ray particles. It can be seen from 
the figure that the assumption that protons consti-

3>In the range E > zE' the diffusion coefficient D 
cr,p 

(E/z)~ and for a given energy E is therefore za times 
smaller for nuclei with charge z than for protons. The storage 
factor is proportional to the lifetime in the galaxy and in the 
diffusion model is therefore proportional to [D(E)r'. 

tute about 30% of the cosmic-ray nuclei in the 
sources up to the extreme energy E"' 1019 does 
not affect greatly the high -energy end of the spec­
truro, since in that range protons contribute only 
little to all particles of a given E. In agreement 
with the observed form of the spectrum and degree 
of anisotropy, we could therefore assume that there 
are no protons at all at energies above 1018 e V. The 
final answer will come only from a measurement of 
the composition in the ultra-high energy range, E 
~ 1018 ev. . 
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ERRATA 

Volume 16 (Russ. v. 43) 
No. 1, p. 81 (Russ. p. 112), article by B. M. Smirnov. 

The article contains an error. In the calculation of the matrix element ( oH/ot )km contained in the 
formula of the adiabatic perturbation theory, an error was made in the sign of one of the terms, leading 
to a non-zero result, and the order of the expansion in the small parameter is lower than actual. A cor­
rected paper will be published in "Optika i spekroskopiya." 

Volume 17 (Russ. v. 44) 
No. 2, p. 518 (Russ. p. 766), article by E. P. Shabalin 

Right hand side of Eq. (3) should read 

frf2G2 sin (q>o- q>r) (Q2-!. 2) (M- Q)S (1 ' 5Q + Q2) 
28:n:4711M Im I M M2 

No. 5 p. 999 (Russ. p. 1485), article by D. K. Kopylova et al. 
Caption to Fig. 7 should read: 

Distribution of two-prong stars by "target mass": Continuous histogram- cases with Mi: > 0, 
dashed - with Mi: < 0. 

Volume 18 (Russ. v. 45) 
No.4, p. 1100 (Russ. p. 1598), article by S. I. Syrovat-ski1 et al. 

Values of the fragmentation coefficient: in place of a 321 = -4.3618 read a 321 = -3.3618. 




