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It is shown that the drift instability in an inhomogeneous plasma (with zero temperature grad-
ient) that has been pointed out earlier [:2] jg not excited if the ratio of plasma pressure to
magnetic pressure exceeds a critical value S8 = (87p/ B2) > 0.13. The boundaries of the drift
instability region in the pressure-perturbation wavelength plane are determined.

1. INTRODUCTION

IT has been shown earlier %] that an inhomoge-
nous low-pressure plasma (8 = 8mp/B? « 1) is un-
stable against perturbations with phase velocity
w/k of the order of the particle Larmor drift ve-
locity vy ~ vpp/a(vr is the particle thermal ve-
locity, p is the particle Larmor radius and a is
the characteristic scale length of the inhomogene-
ity in density and temperature). This instability
has been called the drift instability.[ﬂ

In the present work we investigate the drift in-
stability in a high-pressure plasma B ~ 1. This
question is of interest because it is these values
of 8 that would be required to realize a con-
trolled thermonuclear fusion reaction.

It will be shown below that the drift instability
does not occur if B is not small compared with
unity, in any case, when B 2 1. The mechanism
responsible for stabilization of the drift instability
in a dense plasma can be understood as follows.
This instability is due to the interaction between
the wave and resonance electrons, i.e., electrons
whose velocity along the lines of force v, (the z
axis is in the direction of the magnetic field B) is
approximately the same as the longitudinal phase
velocity of the wave w/k;. It has been shown in (2]
that with a zero temperature gradient (VT = 0)
drift instabilities are excited at a frequency
w ~ kzeA/N 2 ® kxv (cA = ( BY4mnymi )Y? ig the
Alfvén velocity, ng is the equilibrium plasma
density). It is found that the relative number of
resonance electrons is small, going as ¢ A/VTe
~ (me/mijp )1/2 (vTe is the thermal velocity of the
electrons while mg and mj are the electron and
ion masses respectively), as does the growth rate
¥ = Im w when compared with the frequency.

On the other hand the plasma ions interact with
the wave, extracting energy from it and damping
the oscillations.

The wave damping arising from the resonant
interaction with the ions is due to two mecha-
nisms:

1) The longitudinal phase velocity of the wave
w/kz can be approximately the same as the ve-
locity along the lines of force of the ions; in this
case the wave damping is characterized by an ex-
ponential of the form (- wz/k2zv?ri) ~ exp(—1/B).

2) The phase velocity of the wave in the drift
direction w/kx can be approximately the same as
the magnetic drift velocity of the ions

uhy = — (vi/QmB[) d In B/oy, (0g, = eB/my).

Since 8ln B/8y = —Y% B8 In ny/dy, the wave
damping due to this interaction is characterized
by an exponential of the form exp (—w/ky Hi\/l)
~ exp (—2/B).

At low values of 8 both of these effects are
exponentially small so that the electron excitation
overrides them and the instability is excited.
However, if 8 is not too small (although smaller
than unity), the importance of these exponentially
small terms increases. Even when 8 < 1 the ion
damping can be greater than the electron excita-
tion since the electron terms in the dispersion
equation are multiplied by the small coefficient
(me/m;i)¥? indicated above.

It is evident from these qualitative considera-
tions that the drift instability will be stabilized at
values of B greater than some critical value B
< 1. It is shown in the present work that gy~ 0.13.

2. FUNDAMENTAL EQUATIONS

In describing small oscillations of an inhomog-
eneous plasma we shall find it convenient to intro-
duce the dielectric tensor éaﬁ, which character-
izes the induced currents j (£qp = 6ap + 4miw™! X
0qp, where jo = 0ogEg while the time depend-
ence of the wave is given by e'“’-’t). It is also con-

1077



1078 L. V. MIKHATLOVSKAYA,

venient to introduce the polarizability vector )A(a,
which relates the charge density p and the elec-
tric field associated with the wave E, p = ¥oEq.
It is clear that the vector X, is related to the
tensor 804; in a definite way by virtue of the con-
nection between the current and charge given by
the equation of continuity.

Introducing €, and X, we write Poisson’s

equation and Maxwell’s equations in the form
div E = 4n¥,FE,, (2.1)
(rot rot E), = 0% 2e,5Es. (2.2)*

The field E is expressed in terms of the scalar
and vector potentials ¢ and A:

E=—Vg +ioc’A (2.3)
where A satisfies the condition
divA = 0. (2.4)
It then follows from (2.1) and (2.2) that
Ap = 4% Vo — dnioc Ay, (2.5)
— (AA)y = 0% 28,545 + i0C 18,5V, (2.6)

If it is assumed that the magnetic force lines
are along the z axis and that the plasma inhomog-
eneity is along the y axis the spatial dependence
of the field on the ‘‘homogeneous’’ coordinates x
and z can be written in the form (ikyx + ik,z).

If the wave length is small compared with the
characteristic scale size of the plasma inhomog-
eneity a, Ay <« a, the dependence of the field on
the ‘‘inhomogeneous’’ coordinate y can be written
in the semi-classical ( WKB) form

exp [ifky(y)dy]. We then have from (2.5) and
(2.6)

ko = — 4nigke - 4nioc7yA,
szy = 0)20_28!,51413 —_ (DC_ISykaCP,
k:A, = (1)20_282’3145 —_ OJC—IEszBCP. (2.7)
Here, x, and £,5 are functions of k w, and y,
obtained by applymg the operators Xa and 8 to
expressions of the form {ikyy + 1f kydy + 1kzz 2
These functions have been given earlier.

In the WKB approximation with k, < k; the
condition in (2.4) becomes

Ak, 4 Ak, = 0. (2.8)

Expressing Ay in terms of Ax in Eq. (2.7) and
setting the determinant of this system equal to
zero we obtain the eikonal equation “~ which, for
low-frequency oscillations w < wpgj (wBj

= eB/mjc is the ion cyclotron frequency), can be

*rot = curl.
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written in the following symmetric form:

— k2, ioc oy, wclag,
( — iwclaa, k2 — 0% %, (02203, > =0. (2.9)
wclas, — (w22 dgs, k2 — w?c 2e3
Here we have introduced the notation
=1 4 4niyxk/k?, €y = &yy — Eykylks, g5 = 8,
a, = igypkp/cosP = 4n (Xy cosyPp — ¥, sinp),
Qo3 = 08y, /COSYP = — i COSY (Ezy — E24Ry/RY),
a3 = &R = 4miX,, P = arc tg (k/ky). (2.10)*
The quantities €;, €, etc. are of the form
hme? kT 9o Jofodv )
gozl’l' Tk“‘ (1+mmw3 ay)n"(l mgm—kuM—kv ’
ol 4rte? kT ao) J2f002 dv
& =1 +(m—B[) T AT (l + mowy dy ) " S 0 — kb, — ku,

4rie? kT o J202fodv
es=l—2 oT (1+mu:m W)n"gm—l:: kv’
ie B x“M 2"z

4me? ET oo v JoJofodv
am = D5+ )
mcomB dy

©—kuy —ko,
4me? kT g0
a3=—ze T ( moog 6y ”OS
i,

)

v, J%fodv
o—=k uM—k v,

’

4e? kT o v, _,_JoJofo
azs——z ( moog 6y)n° ©O—Fku, —Fkoy, ey — kU, - (2.11)
Here
m \'» m mu? g 9 dT 9 dno
fo=(smr) TP (~37) G =@ T d

dv = v, dv | du;;

Jo, J1 are Bessel functions, Jn = Jp (k vi/wBg),
upm = —( vl/ZwB)a In B/ay is the magnetlc drift
velocity, wp = eB/mc, w}i = 4mye¥/mj, k]
= vk + k the summation in Eq. (2.11) is taken
over the ions and electrons.

The relation in (2.9) is the basic equation for
describing low-frequency oscillations of an in-
homogeneous plasma with an arbitrary ratio of
gas pressure to magnetic pressure.

To obtain the required information concerning
the plasma oscillations and stability it is sufficient
to study Eq. (2.9) in the vicinity of an arbitrary
fixed point y = y* with an arbitrary real value of
the wave number ky = ky( y* ).[5’6] This is the
‘‘local’’ approach (in contrast with the ‘‘integral’’
method [ which is equivalent to it in many ways)
and will be used below.

3. BOUNDARIES OF THE DRIFT INSTABILITY
REGION IN A DENSE PLASMA

We now apply the results of the preceding sec-

*arc tg = tan™'.

’
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tion to the analysis of the drift instability of a
dense plasma with zero temperature gradient
(VT = 0). Below we shall find the boundaries of
the instability region in the pressure-perturbation
wavelength-plane.

It is assumed that the boundary of the drift
instability lies in the region 8 <« 1. Then, keeping
terms which are exponentially small [as exp
(=1/B)], taking k,vpi < w < k,vpe and
w > kxupr, and using Egs. (2.9) and (2.11), we ob-
tain

2 2
80(1_02_“1;283)+§k—4a§=0 (8.1)
or
i k0o (ko) — @2 | _ [e2
2—106_ (1+T>+ (kc)2 z
k, k
Vs (=) e () 9 o
VT @
o \M— I Z( koo
Q = J3(y/ 2ze) exp {—8~ oz (O bty o) }de
0
BT - T dlnB
L [ -
T;=T,=T, z_?‘ﬂ%‘;’ Wy = T moeg, oy
T dlnneg
T mog, 0y (3.3

vy is the electron Larmor drift velocity, and I, is
the Bessel function of imaginary argument I; =
Io( Z ).

The imaginary terms in this equation describe
the effect of the resonant interactions between the
wave and the electrons (given by the w/kzvTe
term) and the ions (given by the term with the in-
tegral Q).

At the stability boundary, i.e., where Im w = 0,
the real and imaginary parts of Eq. (3.2) yield

k k 2— 2 4 T2
2— T (14522 ) ¢ (’22")0 AT =0, (3.4)
1 kxvo l-)‘/z ka 5
— % +<"m—e <1+ )Q=O- (3.5)

It is evident from Eq. (3.4) that w = w(k) has
three branches. Of these, it is shown in (&) that
only one branch satisfies the condition 1 —kygvy/w
< 0; if one neglects ion damping (the terms in Eq.
(3.2) containing the integral) this mode is unstable.
However, the ion damping can compensate the
electron excitation and the instability can be
stabilized. It follows from Eq. (3.5) that the ion
damping is a minimum at the maximum value of
w/k,; hence the hardest perturbations to stabilize
are those for which k°z satisfies the relation

3 (w/ky)

=0.
Ok, |p,=r0
2

(3.6)
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As indicated by Eq. (3.4), the dependence of k°Z
on z and B is
(k)2 = 5 ABx® (1 — Toe™2) (kulk))?,

while the corresponding value of the frequency
w = w(koz) is

% = 0 In ny/dy, (3.7)

® = koM 3, (3.8)
where
7»27»(2)5(—1_1/118—22—) . (3.9)
In particular, as z — 0
A=1, (k)= LPx%2 (k/k,):,  © = ko, (3.10)
whereas when z > 1
b=, (1= L (kR © = ko4 ) 2mz. (3.11)

Ellmlnating the oscillation frequency from Eq.
(3.5), using Eqgs. (3.7) and (3.8), we obtain the
critical value of B as a function of the transverse
wave number:

A= Moe?

1—}— 7\,[06_2
R e et e
_(7) §JO(V2zs) exp{ € A8 (1 — o2 }d

(3.12)

It is evident from Eq. (3.11) that the longitudinal
damping exceeds the transverse damping (due to
magnetic drift) when z < z,= 87. When z >1

exp (— m,w?/2Tk}) = exp (— 1/8aB),

exp (— o/ku’,) = exp (— 1/2 ) 2nzB), (3.13)

whence follows the expression written above for
zg. Hence, up to these values of z we use the fol-
lowing simplified equation in place of Eq. (3.12):
z}v (Ioe™?)2
— T %

1— A ( m; )‘/2 JPp—— (3.14)
Lt ade s \mg) 10€7€ 1) =

When z >z;, omitting the longitudinal damping
and taking account only of the transverse damping,

we have approximately

1 = (mimy) /2% "exp [— 1/ 2nzl.  (3.15)

Here we have used the approximate expression

for J(z)(x) at large values of x: J%(x) = 1/7x.
The expression for the stability boundary

B =B (z) obtained from Eqgs. (3.14) and (3.15), is

( m[ 2 1
B=M(Z)/1n{(78> le~ Zij::;ze_z} for z<8m,

=V Zin{(5) 5} for 2>

The function B8 = B(z) is shown in the figure.



1080 L. V.
P
The region above
af| the curve 8 = B(k, p)
corresponds to
0. stability.
d /b" 7 0 ap

When z = (mj/me )23 the imaginary terms in
the eikonal equation are of the same order as the
real terms and the stability boundary can only be
determined qualitatively. In this case w ~ kx"ﬁ}v{;
on the other hand, w ~ kyvy/4 \/Z_TI'Z, whence we
find that when z ~ (mj/mg )?”® the function S (z)
decreases as z~V?. This functional relation
B =B (z) will hold as long as w ~ k,vTj i.e.,
(see BJy up to z ~ mj/2mme; beyond this value
the instability disappears for all values of S.

Thus, in the present work we have shown that
if the ratio of plasma pressure to magnetic pres-
sure 8 = 8mp/B? >0.13 is an isothermal plasma
(VT = 0) the plasma is stable against drift per-
turbations.
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