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Relaxation and the paramagnetic resonance line shape are considered for media to which the
Bloch-Redfield theory (1,21 jg inapplicable, thatis, whenthe condition o7, << 1 is not satisfied
(o is the line width and 7, the molecular-motion correlation time). The general approach
consists in considering only nonsecular interaction terms as perturbations on the condition
that 0 < wy (w, is the resonance frequency ) that is, in strong fields. Expressions for the
longitudinal relaxation time and line shape are derived in the local field model. With a spin
3/2 coupled to the medium by electric quadrupole interaction taken as an example, it is shown
that contrary to the usual opinion, it is not always possible to neglect nonsecular interaction
terms even when 07, 2 1 and 0 < w). An expression for the line shape valid for all values
of o7¢ is deduced for a magnetically dilute liquid in which only spin 1/2 pairs interact. It is
shown that the Bloch-Redfield formula for the longitudinal relaxation time is valid in strong
fields for all o7¢ S wy/0. It is predicted that longitudinal relaxation in a liquid in a medium

field will not follow a simple exponential law.
1. INTRODUCTION

THE theory of paramagnetic resonance is most
fully developed for two limiting cases: for liquids
with intense molecular motion, and for solids. The
intermediate region—the region of transition from
the solid to the liquid state, is characterized by the
condition o7g ~ 1, where o is the width of the res-
onance line and 7, is the correlation time of the
molecular motion. In spite of the large number of
experimental investigations of the relaxation and
the line shape of paramagnetic resonance in the
transition region, this region has not been suffi-
ciently well studied theoretically.

The difficulty in describing paramagnetic reso-
nance in the region where o7¢ ~ 1 is due to the
fact that the kinetic theory of Bloch and Redfield
(1,2] (see also [3]), which is based on perturba-
tion theory, is valid only if o7o < 1.

From general considerations (see, for example
(3]), it follows that for o7¢ R 1 only the secular
part of the interaction Hamiltonian is of impor-
tance in the determination of the line shape. In
addition, the problem of determining the shape of
the resonance line is a particular case of the prob-
lem of random frequency modulation of the signal,
and we can write

t
exp {i
o ]

g () = S o () dt'} e—iotdf | (1.1)

00

where the superior bar denotes averaging over the
distribution for the random process w(t’).

The present paper is aimed at obtaining an ex-
pression for the line shape and the longitudinal -
relaxation time in the region o1; R 1 for some
simple spin systems, in which the local-field model
is applicable (3,51 that is, for systems whose Ham-
iltonian is of the form

E= _(’)0121

% =hIE + G (D),

G(n::;S(—-nmITFrm(n, (1.2)
where w, is the precession frequency in a constant
magnetic field, directed along the z axis; len is an
irreducible tensor operator, made up of the spin
components Ix, Iy, Iz (for a definition see, for ex-
ample, the book by Fano and Racah (6] and the paper
of Karyagin and Korst (1, Frln(t) are random
functions of the time, with the aid of which the local
fields produced by the environment at the spin loca-
tion point are described.

Let us consider isotropic media, for which the
correlation functions of the stochastic fields have
the form

(— D"FP () Fe™ (¢ + 1) = 8mmdr0 exp (— |T/w), (1.3)

where 6pmym’ and 6}y are the Kronecker symbols
and T¢ is the correlation time.
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As already mentioned, in the region under con-
sideration the ordinary perturbation theory is not
applicable, but at the same time the main contri-
bution to the interaction is made by Ggy(t), which
is the secular part (commuting with E) of the in-
teraction operator G(t). The perturbation will be
regarded to be only the nonsecular part Gy(t). The
transition to the interaction representation will be
realized by an operator S(t), satisfying the equa-
tion

dS (t)/dt = — i [E + G, ()] S (£) (1.4)

with initial condition S(t;) = 1. The operator A in
the interaction representation will be of the form

A (f) = STV (¢) AS (). (1.5)

For the spin-system density matrix we have in
second-order perturbation theory

t
p' () —p (o) = — i'\ [G: (t), p (o)) dt,
fo
ok
— \ dt, \ dt, [G; (t1), [G1{(ts), p (¢o)]].

to 4,

(1.6)

For p(t) we get from (1.5) and (1.6) the relation

t
PO —SOp SO =—50 ({16 ). p ) dty
to
t ty

+{dt,\dty 16; @), 16 @), » (11} 5 @),

e 1o
Multiplying both halves of (1.7) by an arbitrary spin
operator Q and taking the mean value, we obtain

(1.7)

t

Q= <Q" = — i {<IQ" (), G} W) dty
te
4

t
—{dt, at, <16; (), 1G] @), @ O,
1

. ts

(1.8)

where (A); = Sp[Ap(t)]. This equation will be
considered in the succeeding sections for several
specific cases.

2. MAGNETIC DIPOLE INTERACTION BETWEEN
THE SPIN AND A LOCAL FIELD

When the spin I is in a local magnetic field
H(t), the operator G(t) is of the form

G = 2 (—=)"I"F"™ (@),

m=—1

(2.1)

where
I° = Iz,

FP'=F1.=F (UL i)/ V2 FR)=—7H: () = —0,(t)

FiU () = £ v [He () £ iH, 01/ V2= x0* ().
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The solution of (1.4) is then written in the form

S (t) = exp lig (¢) .1,
where

!
(2.2)

@ () =0yt —to) + |0, () ar'.
t

Hence
G () = — [o* (t)®I_ + o= () eed]). (2.3)

On the basis of (1.8) and (2.3) we obtain the follow-
ing relation for the arbitrary spin component

t
e = (Taye, = i Im {07 (&) e dty <30
t

t ty
— Re{{dt, (o (1) o+ (&) oo (13} (2.4)
te to
This equation must now be averaged over the
distribution for w,(t), w®(t). Let us assume that
the time interval At =t —t; can be chosen, on the
one hand, sufficiently small to be able to employ
perturbation theory, and on the other hand suffi-
ciently large to satisfy the inequality

At > 7.

Under this condition the integrands in the right
halves of (2.4) do not correlate with (I.)t, and
(Iz)t, in the entire integration region, with the
exception of a negligibly small part of this region
(accurate to 7o/At). Consequently, these quan-
tities can be averaged independently.

It follows from (1.3) that

(2.5)

o, (t) o* () =0 (f) 0 () =0~ (o™ () =0, (2.6)
o, (t) 0, (t) =0~ ({) 0" () = o' () o~ ()
= o] exp (— |t — fy]/ o). (2.7)

Let us consider the case when w*(t) and wgz(t)
describe a Gaussian random process and wgy(t)
= w*(t) = 0. Then, using the known properties of
Gaussian random functions (see, for example, (8]
and relations (2.6) and (2.7), we can readily aver-
age (2.4), getting

Ky e— <,
t 1y

= — 20} | dt \dbsf (6 — 1) cos 0o (6 — 1) To>r, (2.8)

° to

f(v) = exp {—| 7|/ — oiv| 7|
+oite [l — exp (—| 7|/ )]} (2.9)

The change of variable 7 =t; —t, and integration
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with respect to t; yield
A‘t
(T — Ty, = — 26 { (At — ) [ () cos wgvd <3,
0 (2.10)

Since the function f(7) decreases not any more
slowly than exp(—|7|/7¢), we have at the assumed
accuracy, neglecting terms of order 7, /At, in
place of (2.10)

(e ]

Lyt — T2, = — At \ [ (%) cos 0ytdt (). (2.11)

S~

In other words, the motion (E)t is described ap-
proximately by the equation
ATyl dt = — (Tye—<I>o) Ty (2.12)
where
g
1/T, = 26%\ f (z) cos myTdr

0

(2.13)

and (I,), is the equilibrium value of (I,){, which
is included in (2.12) from physical considerations.
As is clear from the derivation, Eq. (2.12) is valid
if condition (2.5) and the condition At « T, are
satisfied; combining the two, we have

T:> ..

Let us estimate Ty for strong fields, that is,
fields in which the resonant frequency is much
larger than the line width. This condition is sat-
isfied in the majority of paramagnetic-resonance
installations. To calculate the integral in (2.13)
we can employ the known asymptotic expansion

(2.14)

S f (%) cos @gT dT = — 0g?/f'(0) + wg/j” 0)— . . ., (2.15)

which yields

UT, = a2 /02ty (1 (4322 — D)/03w + .. .). (2.16)

It must be noted that the integral in (2.13) is ex-
pressed in terms of the incomplete y-function, and
the expansion (2.16) can be obtained from asym-
ptotic expansions for the incomplete y-functions,
which are valid for oy7¢ £ wy/0y. When oy < w,
that is, in strong fields, condition (2.14) is satis-
fied, and (2.16) can be written in the form

1/ Ty = 2527/ (1 + 02%2), (2.17)

which coincides with the formula derived from the
Bloch-Redfield theory. Thus, in strong fields, for-
mula (2.17) for the time of longitudinal relaxation is
valid in the entire range of values 0y7¢ < wyoy. In
Sec. 4 we shall obtain the same conclusion from an
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analysis of a two-spin system with non-Gaussian
random process.

As is well known, it follows from qualitative
considerations that if 037 2 1 and w, > 0y, then
we can neglect the influence of the non-secular
terms of the interaction on the motion of the trans-
verse components of the magnetic moment. For
the case under consideration we have obtained an
estimate of the influence of the nonsecular terms
on the motion (I.){, when t > 7,. To this end it
would be necessary to substitute in (1.8) in place
of Q the operator I, and follow a reasoning anal-
ogous to that used above for I,. As a result we
obtain the equation

i = {Tidio €Xp [F iogt — (63T, + 1/Ts) t], (2.18)

where the term t/Tj is due to the nonsecular terms
and o?7¢t is due to the secular terms. If oy7¢ ~ 1,
then

1/ Ty~ o¢ ) wit,. (2.19)

Thus, for the system under consideration with
t >» 7q, the error due to neglecting the nonsecular
terms has the same order of magnitude as 1/w3r3.
We shall show below, however, that the general
premise that the nonsecular terms can be neg-
lected in the region o7, R 1 is not always true.

3. QUADRUPOLE INTERACTION

The local field model is used successfully for
an analysis of interaction of a spin I = 1 with the
gradients of electric fields of the crystal lattice
or with the gradients produced by defects in the
crystal lattice, at sufficiently low concentration
of the magnetic nuclei. In a liquid, inasmuch as
the interaction of the spin particle belonging to
different molecules averages out as a result of
the molecular motion, the line shape and the spin
relaxation are determined almost always by the
quadrupole interaction.

When the interaction of the spin with the local
field is in the form of an electric quadrupole in-
teraction, then the operator G(t) is of the form

G = 2 (—D"IIF" ), (3.1)

where

1= [32—121/Ve, IF'= M1+ LIYYVE,
I3* = I
are the components of an irreducible tensor oper-
ator of second rank, and F§n( t) describes the
fluctuations of the electric field gradients.
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As is well known[3%], the line shape is de-
termined by the relation

[e 2]

3 vt - i
g ) =gz | X O+ Xy Olevd,
Xty = — g Sp UP O, 1=1,2,... (3.2)

The superior bar, as before, denotes averaging
over the distribution for the random functions.
Assuming that w; > 0y and o037 R 1, we neg-
lect on the basis of the foregoing the nonsecular
terms in G(t). The initial equation will then be

darft 1 .
L =t[—mozz+ﬁ<31§—1<l+ D) F @), 17

(3.3)

The commutators in the right half of (3.3) can be
expanded in the irreducible tensor operators with
the aid of the formula

e, B =Ve{VTT+DC 2,0+ 15 nym) I

121 1)z — 2 n4-m
_VE %V—F—M——JC(12I—1nm)I+},
(3.4)

which was obtained in (71, If we multiply the sys-
tem (3.3) from the left or from the right by the
operators I" and I and carry out diagonal sum-
mation, then we obtain a system of 2I equations

directly for the quantities Xf

dX+ T
=TFio, XtFio (t){Q‘/TI?(T)tlT)rT)—X%“

@I 412 —0 o4 JTE—=T) 3

T @ ]/zz X } l~1,2,..(é,52)1.
Here

o () =—V?3:F3 (). (3.6)

From the definition of the quantities Xf( t) fol-
low the initial conditions

XFf© =0 fori1; Xy @ =1/+1. @7

For the spin I =1 the system (3.5) reduces to a
system of two equations for X; and X;. Substitu-
tion of the solution of this system with initial con-
ditions (3.7) in (3.2) yields

©
g (@) = 31; S cos [\ o (¢) dt'] cos o tert dt. (3.8)
0

We note that (3.8) differs somewhat from (1.1).

If w(t) describes a Gaussian process, then
we obtain from (3.8) after averaging a formula for
g(w), which coincides with the formula which Kubo
and Tomita obtained by expansion in semi-invari-
ants (formula (6.26) of [°J). However, as will be
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shown below, their formula is incorrect for non-
Gaussian processes.

For the spin I=7%,, the system (3.5) comprises
three equations for each of the functions X; and
Xi. The solution of these systems, with initial
conditions (3.7), yields

X (t) =2 eviod {cos[Q im ) dt'} 4+ g} i (3.9)

Substitution of (3.9) in (3.2) leads to

—in— ‘§° cos [2 i o (¢) dt’} cos woteret -1 % 4 (0 — w).
I (3.10)

g () =

Here the 6 function is due to the undamped terms
in (3.9). Obviously, an account of the non-secular
terms, which could be carried out starting from
the general equation (1.8), would lead to a vanish-
ing of the singularity in the expression for the line
shape. It is precisely the presence of undamped
terms in (3.9) which makes inapplicable the argu-
ments which we used at the end of Sec. 2 to base
the possibility of neglecting the nonsecular terms.
This example demonstrates the caution with which
such neglect must be approached.

4. TWO INTERACTING Y,-SPINS

We consider now a strongly viscous liquid, in
which only isolated pairs of spins, each equal to
1/2, interact. We must consider here only the ro-
tational motions of the molecules.

The Hamiltonian of the dipole-dipole interaction
of two 1/2—spins can be expressed in terms of the
components of their total spin and written in a
form which coincides formally with (3.1), where
% are operators made up of the components of
the summary spin and

k sy
- 21/ 31— 3o,

F§? = — % sin? geaio

+1 3k . )
Fy" = 45 sin 6 cos fete,

(4.1)

(k = hy?/b,y — gyromagnetic ratio, 6, — polar
coordinates of the vector b joining the spins).
Thus, the problem of the interacting pair of 1/2—
spins reduces the problem of a 1-spin in a quad-
rupole local spin, which was considered in the
preceding section.

As follows from (3.8), the problem of determin-
ing the line shape reduces to a calculation of the
function

153

E (ty, ty) = exp [;\ o (f) dt] ,

;z

(4.2)
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where w(t) is, in accordance with (3.6) and (4.1),
a function of the random orientation 6(t).

The most widely used model of rotational mole-
cule motion in a liquid is the rotational Brownian
motion of a sphere. In this model 6(t) describes
a continuous Markov process. For such processes,
an expression of type (4.2) can be calculated with’
the aid of the auxiliary quantity 1’

t
A (ty, 1, 8) =exp {0101t} Dy, . @3

t:

where the averaging is carried out under the con-
dition 6(ty) = 6. For a continuous Markov proc-
ess, A(ty, ty, ) satisfies an equation proposed
by Dynkin [1%]

0A /0ty 4- a (B, ty) A/ 9 + 2 b (0, t,) 9*A/ 06
+ie () A = 0;
a (0,13 = lim g <6 (6 + A — 0 () o
b(o,t) = ii,To'ALtde (ty + AD) — 0 () Pey—n  (4.4)

with initial condition

Al =1. (4.5)
For rotational Brownian motion of a sphere
a =Dcoto, = 2D (4.6)

(see, for example, [11]), where D — coefficient of
rotational diffusion.

The solution of (4.4) can be sought by separating
the variables: A= P(t)S(cos 6). On the basis of
(3.6), (4.1), (4.4), and (4.6) we get

dT/dt, = DpT,

dsS*de? +cot0dS/de + (A 4 hcos’9) S =0, (4.7)

where Dy is the separation constant, h = 9/4 ik/D,
and A = u—h/3.

As is well known (see, for example, (2 p
= Y 1., and consequently h = 9ivV5 09T, Where o,
—second moment of the line, which can be shown
to be independent of 7,. Equation (4.7) is the equa-
tion of spheroidal wave functions of zero order in
the complex parameter h. From the theory of
these functions it follows that the solution of (4.4)
has in our case the form

A (t,0) =§ T, (v) Sp(cos0),

n=0

where 7 =1t;—t, and S, is the eigenfunction of

DThe authors are grateful to A. N. Shiryaev who pointed
out the method of calculating expressions of the type (4.2)
for continuous Markov processes.
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(4.7) corresponding to the eigenvalue A,. Aver-
aging of A over the initial distribution yields

E@ =12 &'To(@, & = su®ds @8

—1
Using the expansion S, in Legendre polynomials,
we obtain from the initial condition (4.6)

s 2
Tw©) =d [ 3 @2z,
r=0

where dii — coefficient of expansion of Syn and
the Legendre polynomial of order 2r. As a result
we have

E(t) =§ Cn €Xp {—- (7»2,, + %) Dt} ;

o= g (4.9)

r=0

Let us introduce the notation
. 1 h .
Cn=0n+ o, 4 (?uzn+ T) = Pn + iqn, (4.10)

where oq, Bn, Pns and qp are real functions of
0yTe. On the basis of (3.8) and (4.9) we obtain a

final expression for the line shape
(o) = % § (P — 0+ TeAG) (@40 — Bdy) + 29095 (4, + Bopy)
o (P2 — 43 + TeAW?)2 + 4p2q?

(4.11)

(Aw = w ~wy), which differs essentially from for-
mula (6.26) of Kubo and Tomital®]. The series
(4.11) converges well in the region 037 ~ 1, that
is, in the region of greatest interest to us. (When
0yTc > 1 the expression for the line shape can be
obtained by expanding the solution of (4.4) in the
small parameter 1/D. In particular, for 1/D =0
we obtain for the line shape the known expression
for the rigid lattice (181 )

We were unable to find in the literature tables
of spheroidal wave functions of complex param-
eter, so that we present a short table of the values
of ppn, dp, ap, and By (see the table), calculated
by the variational method of Blanche and Bouw-
camp 4], In the indicated region of variation of
the parameter h, the first two terms of the series
(4.11) are sufficient for practical calculations.

The figure shows the line shapes calculated by
(4.11) and by the formula of Kubo and Tomita (sl
with o,7¢ = 1, and also the line shape for the rigid
lattice. Comparison of the line shapes indicates
that from the point of view of the theory of para-
magnetic resonance the molecular motion in a
liquid is essentially a non-Gaussian process.
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J(w) /3 . _ ,
7 It - ll/—2~5m¢ (t1s ty) [F3 (t) F3* (ty) e~ ooty
o | 7 () Fh () eostt] (I3, (4.13)
us X i where
\

7
1o ¢
2 P\l , o tz)zgm(t’) dt’,
\\\/
03 2

02 N

'
i b
.
T
|
1

We have omitted here the term linear in Gf, since
it vanishes in the subsequent averaging. Carrying
out an averaging of (4.13) with the aid of arguments
‘ analogous to those which have led to (2.12), we ob-
) T, 5 254w tain an equation for (Iz)¢:

A<yl dt = — (It — <250 [ Ty — <Upde [ Ty (4.14)

ar

Line shape for two-spin system: 1—line shape calculated

by the formula (4.11) with 0,7, = 1; 2—calculated by formula . P
(6.26) of [’] with o,7_ = 1; 3—line shape for rigid lattice. L S S 2t () cos o tdt S ,
Scale chosen to maznke g,=1. T, T, + T,’ T’ § (£) cos wtdt, T, 1+ 4wl
U Ca .
When 037¢ < 1, both formulas give the same T S @ (1) sinwqfdt; (4.15)
Lorentz line shape. (Calculation shows that ’
agreement is observed even when 0,7 = 0.1.) — D (t, — t,) = Fy(ty) F3*(t) cos(ty, o)
We now proceed to investigate longitudinal re-
l?.xatlon in the system under consider-ation.. The —F; 1 (t) FL () cos @ (tnta)
time development of (I;)t is determined in ac-
cordance with the same scheme as in Sec. 2. In - 1 —1 : PR
— @ (t; — t,) = F;5 (t,) Fa  (t)sing (¢4, ¢

our case the solution of (1.4) is of the form (1 2 2t Fa” () sing (4, 1)

! =F; ' (ty) F3 (t) sing (1, 1) . (4.16)

S () = exp [iog [, — i S Fo(@)dr'l)].  (4.12)

0 In the same manner as used to derive (2.16), we
In the calculation of G§(t) it is convenient to use esti_mate Ty and Ty, with the aid of asymptotic
(3.4). Substituting the thus obtained values of series of the type (2.15). We introduce the auxil-
G{(t) in (1.8) and calculating the commutators iary quantity

with the aid of (3.4), we obtain 7
W, ) =Y;" (") YT () exp [ is \ Y3 (1) dt]

e — <, v
m . N . .
t 4 . ‘ (Y]" is the spherical function and s = 2V'1 0,), in
= —% dtl\ dt, < { — - cosQ (f, 1) [Fi(t) F3 (t) e " terms of which we express in obvious fashion the
A A functions &*(t”, t’). We write &(t’, t”) in the
- L . . L _ form of a series
+ Fy ' (t) Fa(ty) erti=td ] - 2 [Fy(8y) Fy™ (f,) e2ontita) o M ty f
g, r)=3 (sy gdtn Cdtuoy .. \at PR bty ot )
—2 2 ool ti—ts ’ 1'n S T) s bns )
+ F7? (1) F3 () eiont=td 1} <L, et v 4.17)
1hl Po Qe P q a, Bo oy By
6 0.0910 0.0205 0,937 —0,212 1.09 0.05 —0.09 —0,05
8 0,1606 0,0565 0,889 —0,311 1,15 0.15 —0.15 —0.15
10 | 0.235 | 0,136 0.842 | —0.442 | 1,11 0,30 | —0,11 | —0.30
12 0,291 0.215 0,818 —0,598 - 0,98 0.38 0.02 | —0.38
14 0,331 0.310 0.818 —0,758 0,88 0,37 0.12 | —0.37
16 0.361 0,402 0.834 —0.917 0.82 0,35 0.18 —0.35
18 | 0.386 | 0,492 0.856 | —1,074 | 0.78 | 0,33 0,22 | —0.33
20 | 0.409 | 0.581 0.887 | —1.230| 0,75 | 0.31 0.24 | —0.31
22 | 0,431 0.668 0.921 | —1,388| 0.73 | 0.29 0.25 | —0.29
24 | 0.453 | 0,756 0,960 | —1.548 | 0.72 | 0,28 0,26 | —0.29
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FRl=Y3 @) Ya(t).. . Ya(ta) Y™ (1) (4.18)
We denote by k the unit vector in the direction of
the line joining the spins. From the theory of the
rotational Brownian motion (see, for example,[“])
we know the probability distribution for k, at the
instant of time t,, under the condition that in the
preceding instant t, the orientation was deter-
mined by the vector k;:

S {
W (ko ty; ke, ty) = 2 P Z Y™ (k) YT (ka),
=0

I({1+1
q’l“——exP[_ (6:;)

m=—1

(ts— 1) ] :

Recognizing that Brownian motion is a Markov
process, we have for the distribution of the values

of k in succeeding instants of time tg, ti,...,tn+1,
1 n
W (Koy to; - - -5 Knpatara) = g 1L W (Kipa, L ki, ).
=0 (4.19)

Averaging of (4.18) with the aid of the distribution
(4.19) yields

F,rl" N 5n/2 z
14

(42,

XC@Q byliy;0,m)C R, L, 1:iq;0,0).

9, 261,,,2(!)10 (t—ty) H Py (tipr — 1)

0rb1yeeey ln i=1

(4.20)

From the properties of the Clebsch-Gordan coeffi-
cients it follows that FI* = F;™. Since only the
terms of the series (4.17) with n < k contributes

to the derivative d(k)%/dt”(k)lt"=tr it is convenient
to use this series for the calculation of the first co-
efficients in the asymptotic expansions. As a result

we have
1 253 (
22 (1 — ),
T 3(0‘2)170

1

256212 — 7

2.2
TogT;

1 2¥30 5

R

™ (4.21)

In strong fields (w, > 0,) we can neglect 1/Ty,,
and (4.15) assumes the simple form (2.13), while
the expression for the time of longitudinal relaxa-
tion again coincides with the expression that fol-
lows from the theory of Bloch and Redfield. How-
ever, in ‘‘average’’ fields, when only quantities of
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order (0y/wy)? can be neglected, the condition
(2.14) is still satisfied, but 1/T, can no longer be
neglected, and this leads to deviations from the
simple exponential relaxation law. For a Gaussian
random process this phenomenon is not observed.

The authors are grateful to Professor N. D.
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