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Expressions for particle and heat fluxes in a plasma perpendicular to a magnetic field are
obtained on the basis of a kinetic equation in which the effect of the magnetic field on particle

collisions is taken into account.
icantly differ from those of the usual theory.

INTRODUCTION

TRANSPORT transverse to a strong magnetic
field was investigated by many workers. In most
of the investigations no account was taken of the
influence of the magnetic field on the particle-
collision act. It is clear, however, that such an
account is necessary under conditions when the
average Larmor radii of the particles are small
compared with the radius of the Debye screening.
A theoretical study of diffusion under such condi-
tions was carried out in many investigations (-3,
Temperature relaxation and diffusion, with allow-
ance for the influence of the magnetic field on the
particle collision, was investigated by Kihara,
Midzuno, and Kanekol43.

Silin[%] obtained a kinetic equation which takes
into account the influence of the magnetic field on
the particle-collision act. Silin[®] and Lovetskii["]
considered with the aid of such an equation the
high-frequency dielectric constant of a plasma,
while Silin[%] studied the temperature relaxation.
In the present paper we also use this equation to
study the processes of diffusion, thermo-diffusion,
and heat conduction of plasma transversely to a
magnetic field.

Interest in the theory of such processes has in-
creased in view of recently initiated experiments
with a quiet plasma under conditions where the
Larmor radii of the particles are of the same
order as the Debye radius Lo,

1. INITIAL KINETIC EQUATION

The kinetic equation obtained in %] for the dis-
tribution function f(t, vy, Ty ) of particles of kind
o with charge e, and mass m,, situated in a
homogeneous electric field E and magnetic field H,
is of the form

In the case of strong magnetic fields the expressions signif-

Ve = (e++ - v.HI) Iy, (L1)*
where
=%%§§dr5dv5%
X (“ea_er 1)?%’ (t + 7, Va, Vg, Ty, Ip) dT, (1.2)
b
&t + 1, Va, Vg, Iy, Tp)
=Sra—f;<ﬁ%%> (,:—aaf,—a—@aT) fafs- (1.3)

In (1.2) ¥ denotes summation over the kinds of
particles, that is, over the electrons and ions. The
integration with respect to 7 is over the entire
particle interaction time. In (1.3) the operator S
replaces the coordinates and velocities by the co-
ordinates and velocities of the particles moving in
homogeneous constant magnetic field at the instant
t + 7, if they were situated at the instant t at the
point r, and had a velocity v, that is, the veloc-
ities vy are replaced by

V, (v, vo) = h (hv,)

— [hv,] sin Q.7 — [h [hv,]] cos Q,T, (1.4)
and the coordinates r, by
Ry (T, Va, Ta) = g +\V (t', vq) dT’, (1.5)

0

where h is a unit vector directed along the mag-
netic field and Qg = egH/mgc is the Larmor fre-
quency.

Assuming the inhomogeneity of the plasma and

*[vgH] = vg x H.

1035



1036 Yu.

the external electric field to be weak, we seek a
distribution function f, in the form

fa=f (1 +®@a), (1.6)
where fgl’) is the ‘‘local’’ Maxwellian function
© %
o = Ny (Fa, ) W
my [V — Vo (ry, O]?
X exp {—-—————WF——} (1.7)

Here ng is the number of particles of kind « per
unit volume, T is the temperature in energy units,
and v, is the average mass velocity, defined by

= 3\ mavafadva] 31\ mafadva,

and &, is a correction due to the presence of the
electric field and the weak inhomogeneity of the
plasma.

It is convenient to change over in (1.1) to new
independent variables, by transforming to the ve-
locities of the particles of a given kind relative to
vy. Taking into account the weak dependence of the
distribution function on the coordinates and on the
time, and taking the Fourier transforms with re-
spect to the coordinates in the collision term, we
obtain ultimately

Vo (l', t) (1-8)

7] '« 1
f‘(IO) [a—r ln naT —_ —T— (E—I—'E— [VOH]>
'mmv?l 5\0InT
+(—2'T__7) T} Ve

(0) H [ aq)a ]
v.h] —=
[ 2 aMg Ny

+ mi av, E(eaeﬁ)z S vy (0)\ 1: K gd'c

( k 0O, k 00,
4 iz v = g 30 )exp (ikMyg), (1.9)
where the current j is equal to
i= ZeBS f§' Dgvedvs, (1.10)
ﬁ
and
M,z = Ry — Rg — (re — 1p). (1.11)

Integration with respect to k in (1.9) must be
carried out, as usual, from kmin ~ 1/rD to kmax
~ 1/rmin, where rp = (T/4me?)1/? is determined
by the screening of the Coulomb interaction at
large distances, rmin = €%/T results from the in-
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applicability of perturbation theory, with the aid of
which Equation (1.1) was derived, at short distances.

2. SOLUTION OF THE KINETIC EQUATION

Taking into account the form of the left part of
(1.9), we seek &, in the form
@, = (Aavy + AL [v;h]) 0 In T/or

+ (B;Va +B;I [vah]) d’ (2.1)
where

dlnn,T e 1
a="e [0 4 o (E +rvl) ] @)

The coefficients A and B as functions of the
velocity are expanded in a series of Laguerre poly-
nomials of degree ¥%:

[¢e] o oo . 2
_ 2 atol, (Tmn), BL= Z ol ("2 ),
A= Nl (BE), Bl - zbzu (%

p—0
The Laguerre polynomials are normalized by the
condition

%) (2.3)

X e*x":Lpy (%) L (x) dx = 8man! T (n -+ 5/5).
0
We consider the case of sufficiently strong mag-

netic fields, when the particle Larmor frequencies
Q are much larger than the collision frequency v,
which will be determined below. This enables us
to seek the coefficients aqy,; and bg,y in the form
of a series in powers of v/Q. In the zeroth ap-
proximation in v/Q the only nonzero coefficients
are

-1
- Qi )

11
biy = — n/n;Q;

I _ -1 I _
ae,l - Qe ’ az’,l -

I
be.o

l

n/n.Q., (2.4)
With respect to the calculations of the next ap-
proximation (by way of an example we calculated
one of the coefficients in the appendix) we shall
indicate only that the obtained expressions are
logarithmically divergent at large particle inter-
action times 7. In the integration with respect to
7 in (1.2), the upper limit corresponds to the time
necessary for the particles to go to infinity. In a
strong magnetic field, when the particle motion in
a plane perpendicular to the field is finite, the only
mechanism that ensures the escape of the interact-
ing particles to infinity is motion along the mag-
netic field. The time of this escape is of order of
R/v||, where R is the impact distance and v|; the
projection of the particle relative velocity on the
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direction of the magnetic field. As vy — 0, the
interaction (scattering) time of the particles in-
creases without limit, and this leads in our ex-
pressions to logarithmic divergences.

It is clear, however, that at very small relative
velocities, smaller than the value of v| yin deter-
mined from

m (U il min)2/2 = ez/R, (2.5)

the Coulomb interaction becomes significant. Equa-
tion (1.1) which is obtained under the assumption
that this interaction is weak, becomes unsuitable
for the description of the behavior of such long-
interacting particles. Therefore in integrating

with respect to 7 in (1.2) it is necessary to cut

off the interaction time at !’

(k

T == RV | min. (2.6)

An estimate of the contribution of the particles with

T> Tgl%x must be made by taking into account the
Coulomb interaction. Our calculations have shown
that this contribution is small and can be neglected.

3. SUMMARY OF THE RESULTS

Let us define the average diffusion velocity of
the particles in the following manner:

Vo= — S £ VadVa. (3.1)
na
Using (2.1), (2.3), and (1.8) we obtain
- d
v, = t_n""_ (b:,od al, o In T)
+ o (et thd] +alfy [0 25T ), (3.2)
Vi = — (nem/n.m) V.. (3.3)

The coefficients contained in (3.2) are given below
for different values of the magnetic field intensity.

The coefficient bé,o, which describes the diffu-
sion process, is given by

DIn the electron-ion collisions with impact parameters
ranging from p_ to p;, when the influence of the magnetic field
on the motion of the ion can be neglected, there is another
possible mechanism of particle collision time cutoff, con-
nected with the departure of the ion from the interaction
sphere. The time of such a departure is of the order of R/v,,
where v, is the average ion thermal velocity. When R = r
=r1;.m;/m_, this time and ’max(k) turn out to be identical.
Thus, in the region of impact parameters from p_to r, the
interaction of the particles is cut off as the result of the
Coulomb acceleration of the electron in the ion field; in the
region from ry to py, where the Coulomb field is sufficiently
weak, the free ion leaves the interaction sphere earlier.

bio = — (nv/n.Q) L. (3.4)

Here L = Lj=1n(rp/rmin) if the field is weak,
that is, pe » rp. At stronger fields L = Ly+3L,/4,
where L,; has the following form, depending on the
magnitude of the magnetic field, on the density, and
on the plasma temperature:

m; r
Li=ln_“hh—=  (n<p<<rp<<po), (3.5)
L, = In 2% 1n 12 +In Viobe 1q 10
m, To "min Pe
P LK1 < rp <K P2), (3.6)
"p V7 op.
L,=In - In —— (Pe&rp&ry, pi), (3.7)
1 \2 Voo
L1=7(1H%> —}—ln%{'—)ln%&
(r<<p. <P 10), (3.8)
Ly=tn2tin % 4 Voo jq 1o
e 0 min e
+In ]/r'?p" In ;—D (P <1y <<P: <'0)s (3.9)
1 . rop;
Ly=~In :—‘ In ]{r[_’pe +In Vrr?p‘ ln%
(Pe<9i<ro, rp)- (3.10)

Here and below
v = 4V 2 (ee)¥/3T" V m,,
p:=} T/Qmin_'l,

We note that analogous results were obtained
by Golant 2] with exception of the cases (3.6) and
(3.9), which were not considered in that paper. The
expression for the coefficient a(Ia,o, which describes
the thermodiffusion particle flux, has the form

Pe = VT/Qme Q;l,

To = Fminth/Mme, e, = Ze.

@ = (Bv2Q)L, (rp << pe). (3.11)
In the case of stronger fields
a0 = (3v/2Q?) (Lo+ £Ly). (3.12)
Finally, for the coefficient aIeI’ o We obtain
s = (v/Q%) m. (3.13)

The form of the function n is shown in the ap-
pendix (A.16). We note only that in magnitude this
function for rp > p is of the order of unity, where-
as for rp < pe we have 1 ~ rp/pe. In the usual
theory, which does not take into account the influ-
ence of the magnetic field on the collision act, this
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coefficient is proportional to H™® (see, for exam-
ple, [193); in our case for weak fields (rp < pe) we
have ag’ 0~ H™!. Thus, the dependence of this co-
efficient on the magnetic field turns out to be en-
tirely different.

We proceed to consider the particle heat flux
Qo

2
My Vs

G = Sfava 5

dv,

= 2 1,TVe — 3 T2 (na/ma) (bnd + @iy 0 In T/dr)
— 3T (ni/ma) (bay [hd] +-az., (W9 In T/0r)).  (3.14)

The next three coefficients are related with the
equations given above by:

bl = — (2n/5n,) al,, bl = — ©@n/5n.Z) al,,
bl = — @n/5ny) atl, by ~ (mJm) bl (3.15)
The coefficient a{ y is of the form
al, = /52 V'2 (mdmo)” In (rp/Fmin)
(ro < p), (3.16)
9 N\ . 3 ]/ )
al,= :]/7 ﬁ) lnp’—+—ln 1oy ¥ of
5Qe m, min 4 Pi rmin
(ro>p)). (3.17)

For the coefficient aé’i we obtain the following
expressions:

@z = v/5Q) (£ + n. V2Unz? L,
For stronger fields
ay, = (2v/5Q2)
x (7Lo + L1 + Lo +Ly) ne VUniz?),

where

(rD < pe)- (3'18)

(3.19)

Ly = 2 In (rp/pe) In (V7 pPe/Fmin)-

Thus, we see from the foregoing formulas that
an account of the influence of the strong magnetic
field on the particle collision act leads to an es-

- sential modification of the heat fluxes and the par-
ticle fluxes transverse to the field.

Let us stop to compare our results with the data
of the preceding investigations. What is to be com-
pared, usually, is only the coefficient bg’o, which
describes the process of diffusion in the plasma,
inasmuch as the remaining coefficients have not
yet been investigated for the presence of a strong
magnetic field that affects particle collision. The
first consistent analysis of the diffusion process
under such conditions was undertaken by Belyaev
1], By averaging over the rapidly changing vari-
ables, he obtained a kinetic equation for the dis-
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tribution function of the centers of the Larmor
circles, with the aid of which the diffusion flux
due to the difference of the density gradient was
investigated.

In that work, however, a different cutoff method
was used to eliminate the logarithmic divergences.
Namely, the quantity v|| min of (2.6) is replaced by
some minimum relative velocity ve of the collid-
ing particles, due to their interaction with the third
particle:

v.=V Rug/t, T~ /v In(rp/rmn). (3.20)

It can be shown (see, for example, I:2]), that this
velocity is usually smaller than v min deter-
mined from (2.5), so that it is necessary to choose

ng_x as the maximum interaction time. Thus, only

case (3.5) is in agreement with Belyaev 2.

Gurevich and Firsov 3] obtained with the aid of
a diagram technique an expression for the coeffi-
cient of transverse diffusion of the plasma. The
influence of the magnetic field on the particle col-
lisions in this work was accounted for in case (3.5)
only.

The diffusion process was investigated in great-
est detail by Golant[], who obtained results anal-
ogous to ours [he did not consider cases (3.6) and
(3.9)]. Finally, Kihara et alt*] obtained an entirely
different magnetic-field dependence for the addi-
tion to the diffusion coefficient, due to the account
of the influence of the magnetic field on the colli-
sions. The main reason for this is that no account
was taken of the contribution of the particles with
relative velocity smaller than the thermal velocity
of the electrons. This has made it possible to neg-
lect the motion of the ions, so that the final expres-
sions in [*] contain likewise no dependence on
mj/me. Our formulas show that the main effect of
the magnetic field is on the collisions of particles
with small relative velocities along the field, that
is, in fact on those collisions which are not con-
sidered in [4J,

We note the following with respect to the char-
acter of our results. The corrections to the kinetic
coefficients, due to an account of the influence of
the magnetic field on the particle collisions, turn
out to be most significant when the Larmor radii
of both colliding particles are smaller than the
Debye radius. It is easiest to realize such a case
in electron-electron collisions. Consequently, the
greatest modification is experienced by the elec-
tron heat flux due to such collisions.

2In this case there is a small factor preceding the log-
arithmically diverging expressions, and the result is there-
fore insensitive to the cutoff method.
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Going over to a discussion of the numerical
values of the quantities, we turn to (3.5)—(3.10).
We note here that formulas (3.5)—(3.7) hold for
the case when pe < rp < pj, whereas (3.8)—(3.10)
hold for pe < pj < rp. Therefore, in order for
(3.5)—(3.7) to hold, it is necessary to satisfy in
the case of a hydrogen plasma the following con-
ditions:

1<€4.1-10%H/ )V n << 43, (3.21)

where H is the magnetic field in Gausses and n is
the density. To satisfy (3.8)—(3.10) it is necessary
to have

H/Vn>0.1.

The value of the temperature determines the pa-
rameter ry=3 x 10 T7!, where T is the tem-
perature in electron volts, and thus picks out dif-
ferent particular cases from the groups (3.5)—(3.7)
and (3.8)—(3.10).

On the other hand, since our calculation is of
logarithmic accuracy, it is necessary that the
logarithm In (pe /rmin) be large compared with
unity. This leads to an upper limit on the mag-
netic fields: H <« 1.2 x 10"T%2. As can be seen
from (3.22), formulas (3.8)—(3.10), which pertain
to sufficiently strong fields, can be made valid
under laboratory conditions, in particular, for
example, for n ~108 cm™ and H ~ 10*G. We
present an example illustrating the magnitude of
the corrections to the transport coefficients made
necessary by the influence of the magnetic field
on the particle collision act.

Let us consider a plasma with pj >» rp >» pe
>> rmin- This occurs for a hydrogen plasma of
density n ~ 10! cm™3 and temperature 1 eV, situ-
ated in a magnetic field of intensity H ~ 104G
(these conditions are close to those of the experi-
ment described by Rostas et al I:9:‘). In this case
we have rp ~ 0.7 x 1072 cm, pe = 0.17 x 1073,
Imin = 0.74 x 108 cm and L, = 10.6, L; = 28.0,
L, @ 24.5. We see therefore that the correction
is due to the magnetic field are more than double
the Coulomb logarithm L,, obtained from the or-
dinary theory.

In conclusion we take the opportunity to thank
V. P. Silin for suggesting the topic and for numer-
ous useful discussions.

(3.22)

APPENDIX

1. By way of illustration of the method of calcu-
lation, we consider here in detail the coefficient
bé’o. From (1.9) we obtain with the aid of (2.1)—
(2.3), after integrating over all the velocities, the

following expression for bé,o:

beo = — (Wv/n, Q3 J, (A.1)

xig dt exp [— ¢, — 41
0
In (A.1) K = pek is the dimensionless‘wave vector,
¢ = Q¢ /2 is the dimensionless time of interaction
between two particles,
t, = 4w E? 4 4%’ sin® E,

dx

— 3 (dx
e b (4.2)

t= 4 Bmifm} 44w’ (midm) sin® (Emd/m,),

k) and k| are the components of the vector «
parallel and perpendicular to the magnetic field.

In a spherical coordinate system with polar axis
along the magnetic field, we can rewrite (A.2) in
the form

Xmax 1 e
J= T/% S du§(1 — x2)dx§ dt exp [— 4* (222
— ), (A.3)
¥ = sin? £ 4 (m/m,) sin® (Em./m;), (A.4)

where x is the cosine of the angle between k and
H.

The function ¥ can be written for different re-
gions of ¢ in the following form:

=8 (O<<EL]D,
Y~sinfE (1 <E<Vmim),
VY ~ mt%¥m; WV mim, < & << mim,),

VY =~ (m,/m,) sin? (m.E/m;) (midme < & < oo). (A.5)

It is convenient to break down the region of in-
tegration with respect to £ into 0 = ¢ =1 and
& >1. Then J is rewritten in the form

J=Jo+Jy
o max 1 L
Jo = ]_/LR Kém d%§dx (1 —x?) §d§ exp [— 4%#%E%], (A.6)
g mes 1 %
Jy = V)R S duz\;dx a _-xz)i\ dE exp [— 4x* (E2x2 + V)1

(A.7)

We have neglected in the exponential of J; the
quantity ¥ compared with £2, which is valid if
¢ > 1. Expression (A.6) is easy to integrate and
as a result it gives, accurate to terms of order

of unit;
y (Pe > f[)),

Jo=1n (p/min)  (Pe << D) (A.8)

In the calculation of (A.7) we shall neglect the
single logarithms and retain the double logarithmic

JOI In (r[)/rmz'n)
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terms, so that we neglect x* compared with unity
in the integration with respect to x. We get

B @ (2nE) oY, (A.9)

where

t

2 \'e‘y’ dy
o

@ () =

is the probability integral.
From (A.9) we see that the double logarithmic
contribution is made by the region

xE>1, ¥, (A.10)
in which J, is of the form
_ 3 (dn( dg
Jl_?STS_E_. (A.11)
The integration in (A.11) is over the region
K§> 1, ”21P< 1, %m[n<7‘<”max’ 1 <g<§max,
(A.12)
where

k 3 .
émax = Qetgm)zx/2 =% /’Vpe/rmtn

is the maximum particle interaction time, deter-
mined by the applicability of perturbation theory
(see the main text).

In the case when pj > pe > rp, the region
(A.12) makes no contribution and J = J,. When
pi > rp > pe, depending on the value of the mag-
netic field intensity and the value of m;/me, we
must distinguish three cases (see (A.12)):

1) pe > ry = rminmj/me (only this case is con-
sidered in [1]), In this region we have

1 w (myfme) 2
3 ¢ dx dte 3
7Y = T =7

.
Xmin x—t

. m; p
‘Il = ln——m—ln—be— , (A.13)
2) rp >ry > pe (this case is not considered

in [2]
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Polro x—1 (mi/me)’/2 1 ”_%(Pg/fmm)‘/z
R[5 e (e 0 a
=5V 5 o+ ) £
*min xt PelTe xt
3 e g By ey, Ve
=7 In P In . + 3 In o0 In e (A.14)
3) For ry, >rp we have
W=l (o /1 Yo
o 3 1 dx (Pe/Tmin) dE_3l D anperD
1—737 S B T
Rmin x—1 (A.15)

The case when pe < pj < rp is treated analo-
gously.

2. We present below the form of the function 7
which enters in (3.13):

gmax
3 dw ‘ ¢t Of, . 2
nN=—>= —4-%1 \ d&e ¢ '—0——511'1 §. (A.16)
2y n S % R €
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