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A microscopic derivation of the Ginzburg-Landau equations for an anisotropic superconductor
is presented. The meaning of the constants encountered in the phenomenological theory and
defined in terms of the gap values at absolute zero is clarified.

THE equations of superconductivity theory can be §* (py, ps; 7) = T 2&, (p1, pa) €7°¢7,

reduced to the Ginzburg-Landau equa'uons“j near

the critical temperature Te. This is possible be-
cause the theory is local in this region, i.e., all
the quantities change noticeably over distances
that are much larger than the correlation param-
eter (6 » &), where £y~ v/T and 6 is the depth
of penetration of the field). It is interesting to
ascertain what this can lead to in the anisotropic
case. Itturnsoutthatthis results in the equations
proposed by Ginzburg 2], The microscopic the-
ory allows us to clarify the meaning of the quan-
tities in these equations.

In the derivation we assume that the potential
of the interaction, spectrum, etc are anisotropic.
Such a procedure is a simple generalization of the
usual one and was proposed in many places (in
particular by Bogolyubov, Tolmachev, and Shir-
kov (31 and in the papers of Pokrovskil 4,50y, 1t
is convenient to rewrite it in a form where the
superconductor is described by three Green’s
functions [61:

86 & (p1, Pos T1 — To) = — (T {ap,0 (T1) a;z-B (T2},
Lag 8* (P1, Pos T1 — To) = <T {a;x,a (ty) ap,.p (T2)}),
Lig § (py, Pos T2 — 7o) = — T {@p,a (T0) 8,5 (B},
where

Apa (1;’) = p~(uN-H7) apae(pN—Hr) ,
+
Qpa (T) = e~ WN-H)= a;aemN—H):_

The specific form of the Hamiltonian is of no in-
terest to us.

Introducing the Fourier components for the
functions &, §, §+

(6] (pl» P2y T) =T 2@0, (plY pz) e—-[u}':,

Fupi) = TZ%w (p1, Po) €77,

o =2 (n +1),

we can write down for them equations (6] that ac-
count for the anisotropy in the presence of the
magnetic field. The gauge is chosen such that the
scalar potential is equal to zero. The correspond-
ing equations are of the form

{io —E(D)}Gu(p, P') +e 2 Aq v, 8u(p—q, D)
q

(1)
+,‘§, A (p, K) §a (K, p') = 8.0,
{io +EP}FL(p, p') —e 1AV, 85 (p 4+, )
+§ A* (p, K) 6, (k, ;') =0,
A* (p, k) = gT k%,mv (ky, ky; p, K) 85 (ky, ko),
ky +k,=p +k 1)

We have used here the following notation: ¢(p ) =
€(p) — €F, where e(p) —arbitrary electron dis-
persion law and ey — Fermi energy, Vp = Vpe(p),
Agq — Fourier component of the vector potential,
V(ky, kg, p, k) —dimensionless matrix elements
of the interaction energy !

The summation in (1’) is over those k; and kj,
for which | £(k)| = @(k;/k;) and | &(ky)|
< w(ky/ky), where w(k/k) is a quantity on the
order of the Debye energy. The magnetic field is
introduced, as usual, by making the substitution
P—p—¢€A in €(p) and by expanding e(p—eA)
in powers of A. Only the term linear in A was
left in the series, since in the field of interest to
us the electron torsion radius ep,/H is large

DThe fact that we make use of Fourier components of all
quantities, disregarding the fact only a quasi-momentum and
not a momentum exists in the lattice, will not affect the final
results, since the field A and A change at distances that
are large compared with the period of the lattice.
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compared with the depth of penetration (p, > eA
~ eHé). In addition, account is taken in (1) of the
fact that the change in the field occurs over dis-
tances considerably larger than the inter-atomic
distances. Equations (1) for an arbitrary potential
are gauge-invariant, as are the corresponding
equations of the theory of Bardeen, Cooper, and
Schrieffer, accurate to terms T/w, which are al-
ways small in real superconductors. Therefore,
by calculating all the quantities accurate to terms
T/@ << 1, we obtain the final expression in gauge-
invariant form.

We introduce the Green’s function of the elec-
trons in the normal metal in the presence of the
field &, (p;, p;). The equation satisfied by this
function can be written in two ways:

{io — &) 6o (p, P) +¢ 2 AV,6, (p — q, p') = 8y,
4 (2)

(o —E ()} 80 (p, P) +e DAV, 6, (p, p' +q) = 8y 5.

q (21)
With the aid of the Green’s function & (p;, p,) and
Egs. (2) and (2’), we write the system (1) for
@G, §, and §* in integral form

8 (p, p) = Gulp, P)— 28, (p, DA (L, WS (K, p), 3)
1k

§o(p, P) =280, p) A*(1, K) Gu(k, p).  (37)
1,k

From (2) we obtain & (p, p’) accurate to terms

that are quadratic in A-v inclusive:

@w p, p) = 6, (p) 6p.p' —eB, (p) Ap—p’ vp 8., (p')
+6u (p) Bu(p') 2 Aqvp(Ap g Vp) B (p — q), (4)
q

where G, (p) = {iw—- &p)} ! is the Green’s func-
tion of the normal metal in the absence of the field.
 Inasmuch as it is our aim to derive an equation
relative to A in the vicinity of T, where A/T,
~V1-T/Te « 1, expressions (3) and (3’) can be
expanded in powers of A. It is seen from (3’) and
(1’) that the expansion of the function §* can be
carried out accurate to terms of third order in A,
exclusive. The function & must be known accurate
to second-order terms in A:

6.(p, p) =68, (p, p)

— 28 (p, 1) A, k) B, (I, ky) A" (1, K) B, (K}, D)
(5)

(the summation is over 1, I’, ky, and kj). Substi-
tuting (5) in (3’) we obtain the required expansion
for §*, with the aid of which we get from (1’) an
equation for A*(py, py):
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A* (py, p2) = &T 21 V(ky, ky; py, po) 8- (1, ky) A" (1, ko)
X B, (ks, ky) —&T 2 V(ky, ks; p1, P2)
X B, (1, ky) A°(1, ky) 8., (ks, ') A (I, K) B_o(l', K)
x A* (I, k) 8, (K, k,) 6)

(the summation is over all the repeated indices,
and k; + ky = p; + py). Using expression (4) for
S (py, P2), We obtain for the first term of the
right half of (6)

T 2V (Ky, ko Py P2) (6w (k) A” (Ky, ko) 6., (ko)

kik,

—e 260 (ky) A" (ky, ks) Bu (ko))(Ak,—k,Vk, )80 (Ky)
ks

—e 216, (1) (Arv) G-, (k) A" (1, ko) B, (k)
1

+e2 8., (k) A" (Ky, ky) Bo (Ky) (AqVic)

kaq
X (A, -k,-qVky) Go (Kg) - e? Z@~m (1) (Aqvi) (As-q-k,V1)
Lq

X B, (1 — q) G, (ky) G, (ko) A (1, ky) -2 D) B, (I)

ks, 1

X (A V) (AkyiVi) G- (ky) B (k) A™ (1, Kg) B, (ko).

(7)
In the absence of a field A(py, Py) = A(py) 6p,,-py’
so that k = p; + p, characterizes the inhomoge-
neity of the gap. Starting from this, we shall
henceforth write A(py, py) = Ag(py). Since the
important quantities in Akx and Aq are k,q ~ 1/,
and ¢ ~ Te, we can use the fact that T/vé < 1
in the case of a London superconductor in which
we are interested and expand (7) up to second pow-
ers of v-k and v-q inclusive. Recognizing also
that the changes in all the quantities occur at dis-
tances much larger than interatomic, so that k < p
and q < p, we obtain as a result

Ak (p) = S DUk, p) (18 (k) 6, (k)

— 8, (k) 6., (k) (VicK)2IAL (k;) e D) (Agvi)
q
% (qvi, + 2kvi) &2 (k) 82, (k) Ar.q (ky)
+e2 D) (Agvi,) (AgVi,) Akigrq (Ky) 1262, (k) G, (k)
q.9"

— &, (k) 6, (k)] — &% (k) 6%, (ky)

[Z'EldSIF (8)

X D) Ay, (ky) Ap, (k) Apipi (Kp))

P1: P2 UIF .
Here U(k, p) = V(k{, —ky; p, —p) and the integra-
tion with respect to op is carried over the Fermi
surface.
Summing over w and integrating over £; we
get
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20
Ak (P) (2315)3 n =1 ‘JJT SU (kl’ p) lF Ak (kl)
g b g
+ Z(ZIN)S SU(" p)o:v; Ak(ky) - P

x E(A.,» (@ 420, U (s, ) 0,080q (k) &

dsl F

W Z (A (A} U (K, B) 000y () 5

A
e 2 VU (s, D) A, () A, () Apyepyi () 2
(Zn) 1F

7 3)
= ST 9)
Here ln @ is connected with @( p/p) by relation
(9) of [4]
~ ds ds
w5y s (5) % 1

Up Up

(the meaning of the quantity ¥(p) will be clarified
later).

Pokrovskii [4:5] has shown for the equilibrium
case when A(p) does not depend on k, that in the
weak-coupling model we have for arbitrary tem-
peratures A*(p) = Q*¥(p), where Q* = Q*(T) is
a function of the temperature only. Here T¢
= (2@y/m)e M8, and y(p) and A are determined
from the integral equation (4]

w0 =ATU (9 ¥ () FE

The function ¥(p) characterizes the anisotropy
gap at absolute zero A(p, T = 0) = 2&5¢(p)e~A/8,
where Y(p) is normalized by the condition

e (0 S = (2

Up
We analogously seek Ak(p) in the form Ak(p)
= Q*(k) y¥(p). To obtain an equation for Q*(k), it
is necessary to seek for Ak(p) the following ap-
proximation

Ak (p) = Q' (K) ¥ (p) +y (P)-

The equation obtained in this manner for y;(p)
can be solved if

= Qe () 2 44 ooyt () T[4
+eZ<A.,>, (@ + 2K, Qusg — 262 %(A..)z (A0 Qurare |
—+3 { 03,05 Qo 1) 22 0. (10)

Introducing the notation
'7:; 22 Sv,v,\p“‘(kl) Lar /S%ﬁ,
= sy VT = e D
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and taking Fourier transforms with respect to k,
we obtain ultimately an equation for Q(x):

D (v + 2ieA; (%) (Vi + 2iedr (1) @ ()
ik Mk
1 (T,
e
Let us proceed to calculate the current density.

In anisotropic conductors the current density is
given by

j: (@) = 2T X 8, (p +q, p) v: (P)
,p

—f|Q(x>|2}Q‘(x)=o.

— 2T X w; (p) A; (K) G (p +q — k, p),

p.k,»
where wij(p) = 9% (p)/8pidpj. Since in a normal
metal the current in a constant magnetlc field is
zero, we have

2T 218, (p +q, p) v: (p)

w,p
— 2T 2 wy(p) A;(k)&u (p +q—k, p) = 0.
p.k,»
Subtracting (13) from (12) we obtain for current
density

ji(@) = 2eT 2 82 (p +q, p) v: (p)
w,p

(12)

(13)

— 2T D) w;;(p) A; (k) 82 (p (14)

»,p,k

+q —k, p),

where @38) is a correction quadratic in A to &,.
We seek the current density accurate to terms

linear in q-v, k-v, and A-.v, inclusive. With this

accuracy, the second term in (14) vanishes and

2T 2} 8 (p+q, p) v; (p)- (15)
w,p

ji (@) =
Substituting & from (5) in (15) and carrying out
calculations similar to those before, we obtain for
ix)=2; jqelq’x the expression

e @) ={7-10 00 /@ ®
4e2 | Q (x) |? Al-(x)}c

mk]-

— Q" ®v Qx]—

() e ¢ds
C = f2gapre ) o

The system of equations obtained corresponds to
the phenomenological scheme obtained by Ginzburg
(2], The connection between the function P(x) in-
troduced in (%] and our Q(x) is given by the rela-
tion Y(x) = yc Q(x). An important factor in the
equations obtained, however, is the doubled charge
2e, which corresponds to the fact that y(x) has
the meaning of a wave function of a Cooper pair.
Taking this circumstance into account, we can use
directly Ginzburg’s formulas (2] for the physical
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quantities, in which we make the substitution e — 2e.

The best method of determining the mass ten-
sor seems to be measurement of the anisotropy of
the depth of penetration near T;. There are ap-
parently no such data at present. The data on the
anisotropy of the surface tension A are less defi-
nite in this respect. According to Sharvin and
Gantmakher["] the quantity (Ar1107 = Apoot])/A
for tetragonal tin is 20—25%. Inasmuch as A
wm 2 we get Am/m ~ 50%.

Several recent results (for example, data on
the absorption of ultrasound (8]) show that the
anisotropy of the energy gap itself is quite small.
From Hohenberg’s estimates 091 of the impurity
dependence of T it follows that for aluminum
[A%2(n) = (A(n))2]/(A(n))? is of the order of 1072,
In this case the anisotropy of the mass tensor
characterizes the anisotropy of the energy spec-
trum of the normal metal. In light of this, the
large anisotropy mjik obtained by Sharvin and
Gantmakher 8] becomes quite understandable.

The authors are grateful to Yu. V. Sharvin for
a useful discussion.
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