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An analysis, based on the equation of motion for the density matrix, is made of the various 
ways of performing frequency addition and multiplication using two and three discrete energy 
levels. Expressions are obtained for the efficiency of frequency conversion when the speci
men is in a cavity tuned to the transformed frequency, and for the probabilities of the corre
sponding multiple-quantum transitions. Experiments consisting of frequency doubling in the 
3-cm region using the Zeeman levels of ruby and of the free radical diphenylpicrylhydrazyl 
have confirmed the main conclusions of the theory. 

INTRODUCTION 

A number of works have rec~ntly appeared de
voted to the study of parametric frequency changing 
with the aid of quantum systems with sharp spec
tral lines (see, for example, [1-s] ) . In the work of 
Bunkin[1J and of Fontana et al[ 2J parametric am
plification and generation in two-level quantum 
systems 1 l are analyzed; Fain et al [ 3] have consid
ered subtraction of two frequencies in a three
level system. Fontana et al have studied both 

theoretically[4J and experimentally[ 5J frequency 
tripling in a two-level system where the frequency 
to be multiplied w is approximately % of the 
Bohr frequency of the system w0; the analysis was 
based on the Schrodinger wave equation. The case 
of frequency multiplication in two-level systems 
with w ~ w0 is in essence used in ferromagnetic 
frequency multipliers (see, for example, [B]), 

where the analysis is based on equations of the 
Landau-Lifshitz type. The possibility of frequency 
doubling using three levels was experimentally ob
served by Kellington.CSJ 

Frequency conversion by quantum systems with 
sharp spectral lines is closely related to multiple
quantum transitions. Two-quantum induced transi
tions, frequently observed in radiospectroscopy 
(see, for example, [sJ ), show up as resonance ab
sorption when the condition I w1 + w2 I R< w21 is 
satisfied, where w1 and w2 are the frequencies of 
the two electromagnetic fields, w21 = n-1 ( E 2 - E1 ), 

and En is the level energy ( E 2 > E1 ). Such tran-

!)Parametric effects in a two-level system are in essence 
also used in ferromagnetic amplifiers and generators when 
there is homogeneous precession of the magnetization.[7 ] 

sitions can be divided into two types: in the first 
there is no real additional level with energy E 3 

such that I w31 I R< w1 (or I w31 I "" w2); in the 
second type there is such a level. To these two 
types of multiple-quantum transitions correspond 
the possibilities of frequency conversion using two 
or three energy levels. It will be shown below 
[ see (5) and (24) ] that when w1 = w2 "" w21 /2 the 
probability of transitions of the second type is, 
other conditions being equal, ( rw )2 times greater 
than the probability of transitions of the first type 
( r is the relaxation time determining the line 
width). 

Induced multiple-quantum transitions and vari
ous ways of performing frequency addition and 
multiplication are analyzed in the present paper. 
In the first section the theoretical method is given. 
In the second and third sections the theoretical re
sults obtained for the cases of two and three levels 
are presented. In the fourth section the various 
ways of performing frequency multiplication are 
compared. Experimental results are given in the 
fifth section. 

1. CALCULATION PROCEDURE 

To be definite, the case of magnetic dipole inter
action for a substance in a cavity is considered. 
The calculation is based on the simultaneous solu
tion of the equation for the density matrix p, which 
allows the magnetization to be calculated from the 
formula M = N0 Sp(f..Lp ), and the equation for the 
cavity oscillations; this gives for steady-state con
ditions the relation between the complex amplitudes 
of the magnetization vector Mk and the field Hk: 
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Here N0 is the number of particles per unit volume 
of the substance, JJ. is the magnetic moment opera
tor for the particle, QL is the quality factor of the 
loaded cavity, 11 is the filling factor, hk is a unit 
vector in the direction of the magnetic field for the 
oscillation mode of frequency wk in the cavity re
gion occupied by the substance (it is assumed 
that the field is homogeneous in the specimen and 
that one of the characteristic frequencies of the 
cavity is equal to the corresponding frequency of 
oscillation of M; this relation is valid under the 
assumption that the perturbation of the charac
teristic frequencies of the cavity by the substance 
is small). 

The equation for the density matrix includes 
phenomenological relaxation terms (see, for exam
ple, [1 •3•10-13]) characterized by the spin-spin re
laxation times Tnm and by the probabilities of 
transitions due to interaction with the thermostat 
Wnm and interaction with the external fields ex
pressed in the form 

% 6 [ Hke iwkt + complex conjugate A.], so that the 

energy of interaction is 

11. ~ tA<kle'"'kt + A<kl+ e-iwkt ], 

where A (k) = -J.J.Hk/211. 
The values of Hk and Mk obtained allow the 

poWer at frequency Wk emitted (or absorbed, de
pending on the sign) by the substance to be calcu
lated from the formula Pk = 1/ 2 V Re ( iwkMk · Hk.) 
where V is the specimen volume. The situation 
Pk < 0 corresponds to emission; in order to obtain 
the useful power in the exit wave guide, it is neces
sary to multiply Pk by QL/Qe, where Qe is the 
quality factor of the coupling. 

2. TWO-LEVEL SYSTEM 

Let the external field contain frequencies w1 

and w2 where w1 + w2 = w 3 ~ wo ( liwo = E2 - E1 ). 

A steady state solution of the equation for the den
sity matrix is sought in the form 

p12 = ~ Pne'"'nt, n = .± 1, ± 2, + 3; CiLn = -ron; 
n 

The theoretical results are conveniently pre
sented in the following form: 

(1) 

WI ' " P2 = ~ Nliro2 (W2 - W2 + W), (2) 

P 3 =- ~<01N1im3 WQL/(QL + Qm), (3) 

• 2'1' I A~~~ 1 2 

Wk = 1+T2(rok+roo)2' k = 1, 2; 

(4) 

2T'I A(21 (A(ll_ A(11) I rot+ A (11 (A(2l_ A(2l)l ro•l• w - 12 11 22 12 11 22 ( 5) 
·- 1+T'2(roa-roo-1h)2 

<'11 = (21 AW 12-l Ali1 - A~~~ 12) I (1)2 

+ (21 Ag1 12-l Ali1- AW I) I ro1; 

N is the total number of particles, Qm 

(6) 

(7) 

= (4rrli-1YJT8.< 01 N0 lh3 •J..l12 l2 )-1 is the magnetic qual
ity factor. It is assumed that w1 and w2 » T-1 

and I A (k) I « wk. The quantity 61 is a correction 
nm 

to the resonance frequency analogous to the Bloch-
Siegert shift.Ct4J The factor Qm /( QL + Qm) 
takes into account radiative damping J15] 

The steady-state part of the equation for the 
diagonal elements of the density matrix reduces 
to the form 

( ) . " . " 
dp1~/dt = {w21 + w1 + w1 + w2 + w2 

(0) • " 
+ W [1- Qd(QL + Qm)J} P22 -{W12+ W1 + W1 

+ w~ + w; + w [1- QL/(QL + Qm)l} ri~1 = 0. (8) 

From (1), (2), (3), and (8) it follows that Wf and 
Wf can be interpreted as the probabilities of a 
transition from level 1 to level 2 with the absorp
tion of quanta liw1 and liw2 (or as the probabilities 
of the inverse process); Wf' and W2 are the prob
abilities of transitions 1 - 2 with emission of 
quanta; W is the probability of a two-quantum 
transition 1- 2 (or 2- 1) with simultaneous 
absorption (emission) of quanta nw1 and liw2• 

According to (3) the probability of emitting a 
quantum nw3 is proportional to the probability of 
two-quantum absorption W. 

In what follows we consider the case when the 
external field has a frequency w ~ w0/2. This 
variant is a particular case of the preceding. 
The power absorbed is 

Pw = ~<01N1iw (W' - W" + 2W), ( 9) 

where for W' and W" we can use equations (4), 
in which we must omit the index k. The radiated 
power is 

W = 2T' I A12 (An- A22) I 2 I ro• 
1 + '1''2 (2ro - ro0 - lh)2 

( 1 0) 

(11) 
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(12) 

The equations for population balance have the 
form 

dpi~)/dt = {W21 + W' + W" + W [l- QL/(QL + Qm)l} P~~) 

-{w12 + W' + W" 

(13) 

It follows from (10) and (11) that, if the particles 
do not possess a constant dipole moment, frequency 
doubling is impossible (in this case multiple
quantum transitions of even order are in general 
impossible). The calculation of frequency tripling 
when w ~ w0/3 reduces to equations (9) and (10), 
in which the factor 2 must be replaced by 3, and 
for W must be understood the probability of a 
three-quantum transition: 

3. THREE-LEVEL SYSTEM 

We consider a three-level system with energies 
E1 < E 2 < E 3, on which acts an external field with 
frequencies w1 ~ w21 and w2 ~ w32 

( liwnm = En - Em). A steady state solution of the 
equation for the density matrix is sought in the 
form 

P12 = A12eiw,t • Pz3 = A2aeiw,t, P1s = A1aeiw,t, 

Pnn =An; An -Am= !'!nm, Wa = W1 + W2. 

Calculation leads to the following result: 

where 

Poo, = N1iw 1 (!'1.12W12 + !'1.1aW13), 

Poo, = Nliw2 (!'1.2aWzs + !'1.13Wla), 

Poo, = - 8nw3 QJV-1 N2 11-llshaoo 1 2 I A1sl 2, 
cav 

wl2 = 2Tl2 I AW 1 2/(1 + (]~1) - 2T~a Tlzl Ai;) Ag> 1 2 

(20) 

(21) 

(22) 

, -r' I A~2 A21 [2 /8u} 
W = 1 + -r'2(3w - Wo- Os)2 ' 

(14) x R.e {l-r12/(l + ia21) 

(15) 

The population balance equations are of the form of 
(13) as previously. The expression obtained from 
(10), (11) and (12) for the output power of frequency 
3w when the fields Hw and H3w are linearly po
larized and parallel to J.J. 12, and when it can be con
sidered that T 1 = T, agrees with the corresponding 
formula in [ 4]. 

We give formulae for the harmonic emission 
powers when w ~ w0• The second harmonic emis
sion power is 

(17) 

where f = 7J V cav /V is a coefficient of order 2. 
We note that the expression for o when Hw is 
linearly polarized and when A 11 - A 22 = 0 coin
cides with the value of the resonance shift obtained 
by Bloch and Seigert.C14J 

If the diagonal elements of IJ. are zero the third 
harmonic emission power is 

Paw=61tw Qd (!'!<OW)2 T21AizAzl[2lhawf.lzl[2jco4 • (18) 
V cav 1 + 't2 (w- Wo- 0)2 

In the general case when w ~ w0 the emitted 
power for the harmonic nw is of order 

(19) 

where P w is the power absorbed. 

+ T2a/(l + i<J3z)l/(£ + iqJ) (1 + i<J21)}, 

w23 = 2T23 I A~;> 1 2/(1 + a;2) 

-2T~a T23 l Ai~> A~;>\ 2 R.e { [ T23/(l + i<J32) 

+ -r12/(1 + ia21)ll(~ + iqJ) (I+ ia32)}, 

Wla = 2T12T23T~al Ai~) Ai;> 1 2 

A13 = t'~a AW Ag> I t'2a~23/(l + ia32) 

- t'12~12/(l + iaz1)l/(~ + iqJ), 

(23) 

(24) 

6 = 1 + t'~a t'2al Ai~) 1 21(1 + a;z) + t'~a t'12l A~;> 1 21(1 + <J~1), 
(j! = <J31 - <J32t'~3 T2al Ag> 1 2/(1 + <J~z) 

-<Jzlt'~a T12IA~~ 1 2/(l + <J~1), 
X <J21 = t'12 (wl - W21), <J32 = t'za (w2 - W32), 

t'' = t'Qm/( QL + Qm), Q-;,.1 = 4n1i- 11JT13~13No ll-l1ahaw 12 • 

(25) 

From the equations for the diagonal elements of 
the density matrix we obtain the following relations 
for the population balances of the levels: 

dl..l/dt = (w21 + Wlz) 1..2 + (w31 + W1a) Aa 

- (wl2 + w12 + w13 + wl3) AI - p w,IN1iwa = 0, 

dA2/dt = (w12 + W12) A1 + (w32 + W23) A3 - (w21 + W12 

+ Wza + Wza) A2 = 0, 

(26) 

It follows from (20), (21), and (26) that W12 and 
W23 can be regarded as the probabilities of transi-
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tions 1 - 2 and 2 - 3, respectively, with the 
absorption of a single quantum (or the reverse 
transitions with emission), and W13 as the prob
ability of the transition accompanied by a two
quantum process. Transitions 3- 1 with the 
emission of a quantum tiw3 also affect the popula
tion balances. 

It is possible to obtain, from the formulae 
given, expressions for the case when an external 
field with a single frequency w acts on the system, 
where w ~ w21 ~ w32 ~ w3tf2; to do this it is suffi
cient to put w1 = w2 = w and A<1> =Am= A. 

4. COMPARISON OF THE EFFICIENCY OF 
FREQUENCY MULTIPLICATION FOR THE 
DIFFERENT METHODS CONSIDERED 

The formulae obtained for the emission power 
for arbitrary field polarizations and dipole mo
ments are quite cumbersome. For the assess
ments we give expressions for the amplitude of 
the magnetization vector M for the various ways 
of frequency doubling and tripling; the formulae 
were obtained under the simplifying assumptions 
given below in brackets; in particular it is assumed 
that the ratios of the frequencies of the system and 
of the external field are optimum and that the ex
ternal field is linearly polarized. 

The relation between Mnw and the output power 
when the substance is in a cavity tuned to the fre
quency nw is given by the formula 

(Pn..,)e = 2nnw V2 j Mncu hncu j 2 QL f/ Qe Vcav• (27) 

1) w = ( w0 + 6 )/n: 

IMzcul =~~No (~HJ/i) 2/w (~w)' (28) 

(IJ. = 2{3S, S = 1/2); the field Hw makes an angle of 
45° with the constant field H; M2w rotates with 
frequency 2w in the plane perpendicular to H; 
( ~w)' is the width of the absorption line taking 
into account radiative damping [for a cavity 
(~w)' =~w(QL+Qm)/Qml. 

I M3.., I = ~~N 0 (~HJIWI8w 2 (~w)' (29) 

(1l12 = f'hw, 1l11 = 1-L22 = 0; M3w oscillates parallel to 
Hw); 

2) w = w0 + 6: 

I Mzcu I = ~~No (~HJ1i)2fw~w (30) 

(!L = 2~S, S = 1 / 2 , H"' l_ H, Mz"' II H), 

I M3w I =~~No @H.,I1i)314w2 ~w (31) 

(f.Liz = ~h"', f.ln = f.lzz = 0, M,w II Hw), 

3) w = w 32/2 = w21 ± ~w/2 = w32 'f ~w/2: 

(32) 

(J.Lij = f'hw, Tij = T, ~21 = ~32 = ~; we neglect ra
diation reactions; M2w II Hw). 

It follows from the formulae given that, if we 
neglect corrections due to radiative damping, the 
effect of saturation, and the effect of absorption in 
the substance on the value of Hw, then the effi
ciency of transformation is practically equal in 
cases 1) and 2) and (for frequency doubling) is 
( w/~w) 2 times smaller than in case 3). 

5. EXPERIMENT 

Frequency doubling in the 3-cm range was ex
perimentally studied using the Zeeman levels of 
ruby and of the free radical diphenylpicrylhydrazyl 
(DPPH) at room temperature. The specimens 
were placed in a rectangular cavity for which the 
frequencies of the H011 and H103 modes of oscilla
tion were, respectively 9.5 and 19 Gc (the unloaded 
quality factors Q0 were about 5000 and 3000, re
spectively). 

The experiments with DPPH confirmed the pos
sibility of the two regimes of frequency doubling: 
for H = w/y and for H = 2w/y ( H is the strength 
of the constant magnetic field and y is the gyro
magnetic ratio for DPPH). The polycrystalline 
specimens of DPPH were placed in the part of the 
cavity in which hw and h2w were perpendicular; 
rotation of the magnet in the plane hw. h 2w made 
it possible to change the angle cp between H and 
hw. 

In Fig. 1 are given in arbitrary units the func
tions ( P2w ( cp) )112 for H = w/y (Fig. 1a, ( P 2w )112 
~ sin cp ( 1 + cos 2 cp)) and for H = 2w/y (Fig. 1b, 
( P 2w )112 ~ sin cp cos 2 cp ), calculated from formulae 
(16) and (10), respectively; in the calculation it 
was assumed that IJ.nm = - 2f'Snm ( {3 is the Bohr 

JO 50 
)o, deg Cf!, deg 

FIG. 1. Variation of (P2w)Y, (in arbitrary units) for DPPH 
with the angle ¢ between H and Hw (H2w 1 H, H2w 1 Hw) for 
H = w/y(a) and H = 2w/y (b); continuous curve- theory; 
points - experiment. 
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magneton and Si are the Pauli matrices); it was 
also assumed that there was no saturation and 
that Q0 « Qm. Experimental points are also 
plotted in Fig. 1. They agree satisfactorily with 
the theoretical curves. 

The measured transformation efficiencies 
P2w!PL for optimum values of qJ with no satura
tion and with Q0 « Qm also agree in order of mag
nitude with the result of calculations using (10) and 
(16); in both cases they were~ 10-5p2 w-1, where 
p is the weight of the specimen in grams. 

To verify formula (22) the experiment briefly 
described by KellingtonC 6J on frequency doubling 
using three Zeeman levels of ruby was repeated. 
A single crystal of ruby, with a volume of 0.24 
cm3 and with a Cr3+ ion concentration of 0.05% 
was used in the experiment. 

In a constant magnetic field H the Cr3+ ions in 
ruby have four spin levels with energies En; the 
corresponding Bohr frequencies Wnm = ti-1 x 
(En - Em) are functions of the value of H and 
of the angle e between H and the crystal axis. 
From a consideration of the functions Wnm ( (} ) 
which are determined by the spin-Hamiltonian for 
ruby,i16] it can be shown that the condition WkZ 
~ wzm ~ w ( k < l < m) is satisfied when w is in 
the 3 em region for four pairs of values of H 
and 8: 1.5 kOe, 33°; 2.1 kOe, 90°; 3.4 kOe, 65°, 
and 4.6 kOe, 28°. 

The variation of the second harmonic power 
P2w with H and e was measured in the experi
ment for a fixed frequency w; it is, therefore, 
convenient to transform ( 22), taking H and 13 as 
independent variables. In the neighborhood of the 
point H 1 = 3.44 kOe, e 1 ~ 65°, which was studied in 
detail, the function Wnm ( (}) is nearly linear; let 
Wnm(B) = w- Ynm(FJ)[Hnm(B)- H], where 
Ynm = 8wnm/8H, H21 ( 13) and H32 ( (}) are the reso
nance fields of the corresponding transitions for 
frequency w, and H31 (e) is the same quantity for 
frequency 2w. In the neighborhood of the specified 
point for w = 2rr x 9.5 Gc the function Hnm ( 13) 
approximately satisfies the relation H21 - H31 
= -(H32 - H31 ) = k(i:l -8 1 ) (k ~ 132 Oe/deg) and 
the coefficients y nm are alrr1ost independent of (}, 
where y 21 ~ y 32 ~ y 3tf2 = y = 2rr x 2.28 Gc/kOe. 
The experimental values of the absorption line 
widths at the specified point were .6.H21 = 44 Oe, 
.6.H32 = 30 Oe, and .6.H31 ~ 20 Oe; if we take Tnm 
= 2/Ynm.6.Hnm' then the Tnm are, respectively, 
3.2, 4. 7 and 3. 5 x 10-9 sec. 

To simplify the analysis we put T = ~Tnm/3 
~ 3.8 x 10-9 sec. Then, taking into account that 
IAnm IT« 1, .6.12 = .6. 23 and using the notation 
x = YT(H31 - H), a= yT( H31 - H21 ) we obtain 

from equation (22) when w1 = w 2 = w the following 
formula, which determines the variation of P 2u: 
with H- H31 and e -8 1 : 

f (x, a)= 4a2/(l + 4x2) [l + (x -a)2 l [l + (x + a) 2 ]. 

(33) 
The variation of f ( x, a) with x for a = const 

has a principal maximum at x = 0 (i.e., when w31 
= 2w), and, if I a I ;::__ 3. 7, has two additional maxi
maatx=±a (i.e. when w 21 =w and w32 =w), 
where f(O, a)~ 16f(a, a)~ 4/a2. The variation 
off( x, a) with a when x = 0 has a double-peaked 
form with a minimum of zero at a = 0 and two 
maxima equal to 1 at a = ± 1. Thus, P 2w is a max
imum, not when the levels are strictly equidistant 
and there is resonance ( w -= w3tf2 = w21 = w32), 
but when w = w3t/2 = w21 ± .6-w/2 = w32 =t= .6-w/2, 
where .6-w = 2/T is the absorption line width. 

Experiment confirmed the features of the func
tion P 2w ( H, e ) considered above. For e1 ,2 
= 13 1 ± 0.17° and H = H31 two almost equal maxima 
of P 2w were observed, which agrees satisfactorily 

with the theoretical condition a1. 2 = ± 1 
(a~ 7.3 ( 65°- 8°), SO that a1.2exp. ~ =t=1.2); 
P 2w (H31, () 1 ) was more than one order smaller than 
P2w ( H31• e I± 0.17° ). Further, the emission line 
width .6. H2w at the frequency 2w when a = ± 1 
should, according to (33), be .6-x ~ 1, i.e . .6.H2w 
= 18 Oe, and the experimental value was .6.H2u: 
= 15 Oe. 

In Fig. 2 is given a specimen oscilloscope trace 
showing the variation of ( P 2w )112 with H when 
e -13 1 = 0.5° (a:::::; 3.5); the principal emission peak 
corresponds to the condition w = w 3tf2, and the 
two side maxima to w = w21 and w32 . 

FIG. 2. Variation of (P2w)Y' with magnetic field for ruby. 
The principal maximum corresponds to the condition w 31 = 2w, 
the two additional maxima to the conditions w 21 = w and 

The experimental transformation efficiency 
P 2w/P~ for optimum H and (} in the absence of 
saturation was ~ lo-7w-1; an estimate from formula 
(22) gave P2w /PL c= 5 X 1o-7w-1 (the values of ,..nm 
were determined from the spin-Hamiltonian). 



972 

CONCLUSION 

VOSKANYAN, KLYSHKO, and TUMANOV 

The satisfactory agreement between experimen
tal and theoretical results allows one to conclude 
that, despite the crude way in which the interactions 
of the particles with one another and with the 
thermostat were taken into account by using relax
ation times, the method of analysis which was used 
allows one to evaluate the various ways of trans
forming frequency using a system of weakly inter
acting particles possessing a constant or induced 
dipole moment. 

In the present work the possibility was demon
strated both theoretically and experimentally of 
three ways of frequency doubling: 1) the frequency 
to be multiplied close to a Bohr frequency of the 
system w 21 ; 2) the multiplied frequency 2w close 
to w 21 ; and 3) w ~ w 21 and simultaneously 2w 
close to another frequency of the system w31 • 

From the viewpoint of such a classification fre
quency multiplication due to non-linear electronic 
polarization of dielectric crystals (see, for exam
ple, [17]) can belong to a fourth way, in which both 
the original and the combination frequencies are 
far from characteristic frequencies of the system 
(which are determined in the case of dielectrics 
by the width of the forbidden gap). An analogous 
classification can also be made for other types of 
parametric transformation, for example, for sub
traction, amplification and generation (the subdi
vision of ferromagnetic generators and amplifiers 
into electromagnetic, semistatic and static (see, 
for example, [ 8] ) has much in common with the 
proposed classification). 

The choice of the optimum method in practical 
devices should be made taking into account the 
specific features of the problem; it should be re
membered that in the three methods enumerated 
there is resonance absorption and, consequently, 
strong dispersion in the region of either the initial 
frequency (see 1 above) or the transformed fre
quency (2) or these and other frequencies (3); 
dispersion plays a determining role in the case of 
travelling wave transforming devices (see, for 
example, [17]). 
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the problem, and also V. S. Buklanov and A. N. 
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