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The properties of weakly anisotropic superconductors containing nonmagnetic impurities are
investigated. The dependence of the critical temperature, the energy gap, and the nuclear

spin relaxation time on the concentration of impurities is determined. The effect of impurities
on the density of states as a function of energy and direction is investigated. It is shown that
the impurities lead to an isotropic density of states at comparatively small concentrations

(1~ &)

RECENTLY a considerable amount of attention
has been devoted to the study of superconductors
containing nonmagnetic impurities. It is known (1]
that the introduction of impurities into the isotropic
BCS model has no effect on the thermodynamical
properties and the density of states of a supercon-
ductor. However, a lowering of the critical tem-
perature T, with decreasing electron mean free
path length has been experimentally observed. 2]
A qualitative explanation of this phenomenon was
given by Anderson, (3] who pointed out the neces-
sity of accounting for the anisotropy effects. A
quantitative theory, taking into account the effect
of the mean free path of the electrons on T for
an anisotropic superconductor, was given in ar-
ticles by Tsuneto, (4] Caroli et al.[%] and Marko-
witz and Kadanoff.[®] The latter authors carried
out, in addition, an empirical analysis of the con-
tribution of the ‘‘valence’’ effects to T¢, i.e., the
change in the characteristic parameters of the
metal.

We studied a simple model of an anisotropic
superconductor and investigated the change of its
properties as a function of the concentration of
impurities, limiting ourselves to a consideration
of only the mean-free-path effects, for which a
simple theoretical analysis is possible. We did
not take account of the ‘‘valence’’ effects, since
a quantitative theory does not exist for them at
the present time. Special assumptions about the
angular dependence of the electron-electron in-
teraction were not made, although the scattering
of the electron by impurities was assumed to be
isotropic. The physical approximation, which en-
ables us to solve the Gor’kov type equations for
the Green’s functions in the presence of impuri-
ties, is the smallness of the anisotropic pairing

potential, which is expressed in terms of the pa-
rameter y which appears in the final results. This
assumption is experimentally well-confirmed. [?2]
The dependence of the critical temperature on the
concentration of impurities is basically in agree-
ment with the results of the articles mentioned.
(3-5], In particular, the initial drop in T is lin-
ear in the concentration n, but for large concen-
trations the dependence has the form n~X.

We also calculated the dependence of the energy
gap, i.e., the absorption threshold, on the impurity
concentration. It initially increases linearly with
n, reaches a maximum, and afterwards decreases,
still being in the region of ‘‘small concentrations,’’
where the change in T, is linear. (This corre-
sponds to a mean path length ! larger than the cor-
relation length £,.) In the region of concentrations
for which I « &, the gap slowly diminishes accord-
ing to the same law n™X as for Tg.

Finally, we studied the effect of impurities on
the ‘‘smearing’’ over energy of the density of states
which is due to the anisotropy, and which manifests
itself in the nuclear spin relaxation time. [8:3] We
found that this smearing already vanishes for small
concentrations (I R £;), which leads to an ‘‘iso-
tropic gap.”” 3] As a result of this, the relaxation
time must decrease, which has also actually been
observed, although there is not enough experimen-
tal datal®] for a quantitative comparison.

1. SIMPLE MODEL OF A WEAKLY ANISOTROPIC
SUPERCONDUCTOR

Since the properties of a ‘‘dirty’’ superconduc-
tor are expressed in terms of the characteristics
of a pure superconductor, we shall briefly discuss
the weakly anisotropic pure superconductor.D:I
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We introduce an effective electron-electron inter-
action

V. p)=hl+ 2 )l (dpidptpp) =0, ()

which is constant over the energy interval of width
2wy near the Fermi surface, but depends on the
angle between the vectors p and p’. All of the fol-
lowing calculations will be carried out in the ap-
proximation of weak anisotropy, namely

15, p)| << 1. (2)

The interaction (1) leads to a dependence of the pa-
rameter A(p) on orientation. Near the transition
temperature A(p) satisfies the linear equation

A(p)= T23 a5V (0, D)8y (0, 02) B (—p', —0n) A (p);
3)

here @, is the Green’s function for the electrons
in a normal metal, which we choose in the form

8, (p, ©,) = [iw, —E (p)]", @n +)ar; @

here £(p) is the energy measured from the Fermi
surface in the direction of the vector p. We write
the integral over momentum in the form

| =

where do is a dimensionless element of area on
the Fermi surface, normalized to unity, i.e., f do
=1 (the integral is over the entire surface) and
pp is the correspondingly normalized momentum
of the order of the Fermi momentum.

Calculating the sum over wyp in Eq. (3) in the
usual manner, we obtain

®, =

_ MPo
2m?

(5)

@®p

( ’ ,/,27‘ ’ ) )
| & ()LD (v 5, ) & (),
o

~ m
A(p) =50
where p denotes a vector lying on the Fermi sur-
face. Since the dependence on wp in the last inte-
gral is logarithmic, one can replace wp by some
(independent of angle) average frequency w,; then
we obtain

A(p) =

(Iny=C=0.577). We shall solve this linear
homogeneous integral equation in the limit of weak
anisotropy. For this purpose we introduce the fol-
lowing notation:

mp, me

5ot In

(Ve ae) — ©

A=K 4+ 4, 0, (dor, () =0, {55, p)do’ =2, (p),

Se@ prdo=0) (o ®u@ d =y,

Apom b — 20,7
2n2 ! R

a=

()
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and we rewrite Eq. (6) in the form

A4 A, (p) = alng(do 11 + L@, 2)] [A + A, (B)1,®)

from which we obtain
Ay (p)

= alng[BL @ +{do’ (& G, p) — LB A G)].
)
We now utilize the weakness of the anisotropy,
which implies, as we shall see, the condition A
« A, and we keep only the first term on the right
hand side of Eq. (9). Substituting this into (8) and
integrating, we obtain

A=a ln%[Z +aln %Zx].

This equation determines the transition tempera-
ture T of a pure superconductor to first order in
the anisotropy x:

272 (1 —y)
L } . (10)

We can, in addition, calculate the anisotropy of
A(P) near T¢, from (9). To first order in x we
obtain

b
aln - =1—y, T, =

6

“T exp {

B §1a@)1d0 —1 =312 1A B)|%0 =% D)

The result contained in (11) justifies the approxi-
mation Ay < A, if £ < 1. For T =0 it is possible
to write an equation of the BCS type[1%] in the
anisotropic case: 1]

A@P)

A(p) = =V —
(0 = S e ® P) ey ¢ ar
which to first order in x gives

2(90

(12)

A (D) =2 1In

i In 22 [ do'V (8, 9) A (),
where Zo is the averaged gap at T = 0 in the pure
metal. From (12) it is easy to see that the aniso-
tropy of the gap, defined by Eq. (11), also equals x
for T = 0 and, in addition, T¢, = mA,/y to first
order in Y.

The results obtained are in agreement with the
more general theory. 9] The method of solving
Eq. (6) used here, based only on the smallness of
the parameter of anisotropy X, is identical to the
method which we shall apply for the solution of the
problem in the presence of impurities.

2. DEPENDENCE OF THE CRITICAL TEMPER-
ATURE ON THE IMPURITY CONCENTRATION

As shown in the articles by Abrikosov and
Gor’kov, (1121 in the presence of impurities there
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again exists an equation of type (3), which must
be averaged over the positions of the impurities.
This leads to the equation

%

A0 = T35
xV (0, ) 6 (0,00 & (—p, —0a A(P);  (13)

< 1
6, (P, (Dn) =

o —E@
1 ’ A Ay
n= g R (o lu .81 = 14 g e

Ve, p) =V (p, )

+1 | G ¥ (6, 98 @008 (—a, —an) 4 (g, D)
(14)

n is the concentration of impurities, u is the in-
teraction potential of an electron with an impurity
atom.

In the case of isotropic scattering, the equation
for V is solved in the form

o V@)=V 6,5 do.

(15)
We add and subtract the term V@8, to the ker-
nel of Eq. (13). Then the sum over wyp and the in-
tegral over { are calculated in the added term as
in a normal metal. One can first integrate the re-
maining difference over ¢, and express the series
over wp in terms of the logarithmic derivative of
the I'"-function. This gives

V3, 8) =V 6, 8) +57or

A®) =710 7 (V6,8 A () do
— £ K (@aT.) S{V(ﬁ,ﬁ') —V. ®)} A (p)do’, (16)

where [12]

K(x)= 2§0(2n+1)[11+x(2n+1)] = ‘l’(itx)_‘l’(%) ]

K@~%, x>1, K@~InZ, x<1.
Equation (16) was also obtained in the articles
by Tsuneto[4] and Caroli et al. [5]
Using the same method as was used for the so-

lution of Eq. (6), for small values of x we obtain

(17)

K=Zaln7,b—+xa ln; [aln x—aK(x)x}

which to first order in y, with account of (10),
gives
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T
= xK(2nT ). (18)

For small concentrations 7T¢ > 1 and T¢ ~ LY
it follows from (17) and (18) that

Tc_T x 1

T, = T 38Tx B X (19)
and for large concentrations 7T, < 1
TJTe,= (y/aT.x)*. (20)

In the derivation of Eq. (18), we neglected terms
containing the unknown temperature (T;); now we
note that in both limiting cases they are actually
small for small values of x.

The results contained in Egs. (19), (20) were
independently obtained by Caroli et al[%] under
the same assumptions. Unlike our result (20),
saturation in the dependence of T, is obtained in
the article by Markowitz and Kadanoff[¢] for very
large concentrations, Twp < 1. This difference
results from the fact that they made a physically
more correct cutoff in frequency. However, in
the region of applicability of the theory (Twp > 1)
the results agree, as was to be expected. Similar
results, but with different numerical coefficients,
were obtained for a pairing potential of the special
form used by Tsuneto. [4]

3. ENERGY GAP AS A FUNCTION OF CONCEN-
TRATION

As noted by Abrikosov and Gor’kov, [12] the one-
particle spectrum, determined from the poles of
the function &, does not exist. However, the con-
cept of an energy gap remains as the value of the
frequency w, at which an imaginary part of the
retarded Green’s function GR for T =0 appears
for the first time. For the determination of the
gap, we write the solution of the Gor’kov equations

in the form [12] o~
8 (p, 0n) = — agf;?:f%up) © @D
8 (p,on) = ~2+§223;‘3—A2 ®
@y = on 1 ﬂ?&ﬁ]
A =20 45 mrRSa . e

For the determination of GR at T = 0, we make
the replacement wp — —iw, defining the root in
(22) as the analytic continuation of + VA > — &° for
real values of @, smaller values of A, into the
upper half of the complex w plane. We introduce
the function



ANISOTROPIC SUPERCONDUCTORS WITH NONMAGNETIC IMPURITIES

o(p,0) = 0A(p)/a, (23)
which satisfies the equation
A 4 Le{e®)—o(P)ds
=A —\ER AR

It is obvious that the imaginary parts of ¢ and GR
appear simultaneously. We introduce the notation

¢ ) =@ + Ay (o, (25)

where A, is defined in Eq. (7), and ¢ and « only
depend on w and satisfy the equations

_ =1 Ay (D) ds

=R yge e 29
1 ds’

=14 g\ Vo= (27)

It is clear from the structure of Egs. (25)—(27)
that (p(f)) becomes complex at a value wy which
is the same for all directions of p. The gap is
defined as the minimum frequency for which a di-
rection P; exists such that the root in (26) and (27)
vanishes. Then one can write

Do = Mina,cp (D', w0 (28)

The right side of this expression is minimized with
respect to all directions on the Fermi surface.

For small anisotropy we again have the condi-
tion A;/a < ¢ and for w = w, we can make the
approximation

P (D) —o5 = 20A, (D)o, Ay = A +9, (29)

where ¢ = —| Aymin/|, i.e., A, is the anisotropy of
A, measured from the minimum value (A; = 0).
Substituting the approximation (29) into (26) and
(27), we obtain

- _x Va [As(p) — ] do’
=A _ S
? T 2taV 2G VA®)
- Va ds’
a=1+ o 30)

One can express the solution of these equations in
the two limiting cases in terms of two quantities:

D=V { (a0 VE®)~ 1

das’

1
—— ~yhand § = —=
Vi) *

VaA.
When 27A > D, i.e., 27AxY4 > 1 (small concen-
trations ), we have a ~ 1 and

00 = Amm +8/2T ~awo [1 + yW/2TAlL 31)

wpo = (Ag)min denotes the minimum value of the
gap in the absence of impurities. And in the case
of large concentrations we obtain

V(o) ~ 1/2TAy >,

0o =D —p +A8/D = A + By = K, (3g)
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i.e., w, experiences saturation and becomes equal
to A. However, it is necessary to keep in mind
that A is also a function of the concentration and
is determined from an equation for the energy gap
which, at T = 0, can be written in the form

[ee]

_ ([ do{ &% K@) .
A= _Swz“ Vet s ey rE eV @) 69
(we made the substitutions wp — w and T ), —
f dw/2m). wn

In order to solve Eq. (33) for small values of y,
we add and subtract values of the integrand in which
A and w are substituted in place of A and @, re-
spectively. Then Eq. (33) is transformed to the
form

a :pﬂm ‘ ’ A ’ ﬂ N
A (8) =z {do'V (8.9") [In 5225] A (8)

+50 (do'v (8, §7) 7 (97 208); (34)
here

_ AWM
R R

5. 0-A) — 1 P (D)
7 (B; 274) “7jo d"’{ch2(b>+w2

We note that the integral (35) vanishes in the
isotropic case, since ¢ = A then. Therefore it is
legitimate for small values of x to expand ¢ and
A in a series with respect to x, using (26) and
(27) (with w —iw). Limiting ourselves to terms
of order A;/A ~ x'/2 and A}/A} ~ y, after rather
lengthy calculations we obtain

T (B, ) = Mly (¢) + A, (B) 1o (&) + AL (D) 15 (¥)/A;

(36)
L) =— Sodt ey +":va2 :
L) = —Sodt 1+ ) [1ix' Vitel®
Iy (x") = %} T :2-5:)‘2_[?-}-1:%]2 , ¥ = 2tA. (37)

For small concentrations x’ > 1 all three inte-
grals give contributions of the form a/x’, and after
substitution of (36) into (34) we obtain an equation,
similar to (16) for small concentrations, which can
be solved by the same method. Using expression
(12) for the pure metal, we find

For large concentrations x’ < 1, Iy ~ In x’ and
we shall only consider the contribution of this in-
tegral to lowest order in x’ (I, I3 ~ X’). Equation

38)



FIG. 1. Dependence of
the threshold w, on the
quantity 1/7A,, which is
proportional to the con-
centration n.
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(34) again becomes similar to (16) for large con-
centrations. The solution has the form

NAy = (2TA)%, 2TA, <L 1.

Thus, the dependence of w, on n for small con-
centrations ( 21'on1/ 4 > 1) is primarily determined
by the sharp increase of w, with A (with a slope
proportional to xi/ ). This effect saturates at in-
termediate concentrations (27Agx'/4 ~ 1), and the
slower decrease (with slope proportional to x)
dominates. The decrease of w, becomes very
slow (~n~X) for large concentrations (274, « 1).
This is schematically illustrated in Fig. 1 and can
be observed in experiments which measure the
threshold w,, for example, in tunneling experi-
ments.

The quantity wgy, which is the absorption thresh-
old, is completely isotropic for any finite concen-
tration of impurities. This is a consequence of the
fact that if absorption takes place in a certain di-
rection, then the impurities, by mixing states with
different momenta, ensure absorption in any other
direction, since we assumed that the scattering by
impurities is isotropic. However, this does not
mean that the effects of anisotropy vanish com-
pletely for arbitrary concentrations, since the in-
tensity of absorption depends on direction. In par-
ticular, for small concentrations the absorption is
negligibly small for those directions in which the
magnitude of A in the absence of impurities dif-
fers markedly from its minimum value (Ag)pip-

In order to investigate this phenomenon, it is
necessary to determine the density of states as a
function of energy and direction.

(39)

4. DENSITY OF STATES

The results of certain experiments with super-
conductors (tunnel effect, nuclear spin-lattice re-
laxation) are expressed in terms of the density of
states, defined as (13]

R (0, p) = — - d8 () ImG (. o) (40)

P. HOHENBERG

for w > e, where R(0) is the density of Bloch
states at the Fermi surface. From (21) for T =0,
it follows that

R (0, p)/R (0) = Re {0/} * —¢* (0, P)). (41)

In Section 3 we investigated the dependence of
the absorption threshold, which is studied in tun-
neling experiments, on the concentration of im-
purities. For a calculation of the nuclear relaxa-
tion time it is necessary to have more detailed in-
formation with regard to the energy and angular de-
pendence of the function RN. In particular, as was
first noted by Anderson, (M4l jna pure supercon-
ductor the anisotropy of A(p) leads to the ‘‘smear-
ing’’ of the density of states over an energy interval
of order A;(p) ~ lelz about A, as shown in Fig.
2(a).

We consider the effect of impurities on this
‘‘smearing.’”” We shall start from Eqgs. (25)— (27).
For values of w satisfying the inequality |¢ —w |
> Ay/a, one can neglect the angular dependence
of the integrands in (26), (27). (We remark that
|a(w)| = 1.) As a result, we obtain

R (0, ) ~ Re {0/} (@ + ¢) (@ — ¢)} ~ReV ¢/} 0 — ¢

(42)
(the last relation is valid for w ~ @).
For values of w suchthat |w—-¢| < A/|a],
N has a complicated dependence on energy and di-
rection, characteristic for anisotropic supercon-

N(pw 1
a
FIG. 2. Dependence of
the density of states on
energy for various direc-
tions: (a) pure super- J
Nipw)

conductor; (b) very small
concentrations (2rA,y %
> 1); the distinction be-
tween (b) and (a) consists b
only in the fact that in
case (b) the threshold has
one and the same value
for all directions; (c) in-
termediate concentrations /A« ~ 4min 4
(27Ko>(l/‘§ 1). The ‘‘smear- 4,/
ing’’ occurs over an energy R
interval of width A,/a
around &.

N

(e}

O e

oK
)
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ductors. Since the ‘‘smearing’’ occurs only for
values of w inside this interval, it is evident from
(32) that the region of ‘‘smearing’’ contracts to
zero as the concentration of impurities increases.
This means that the superconductor becomes ef-
fectively isotropic for ZTA_OXI/ ‘« 1, i.e., at com-
paratively small concentrations (I R £;). The
function R(w, p) is shown in Fig. 2(b), (c) for
various impurity concentrations.

At low temperatures the nuclear spin relaxation
time T, is proportional to In(1/r), where 1/r
= 0A/ A is the relative deviation of A from its av-
erage value (see, for example, [14]), From the
preceding analysis one can see that

X‘/ 2

o (@o)

1 1.4
T1~1“?:1“Za(wo)~

43)

In

From Eq. (30) we see that for very small con-
centrations (27A0xY4 > 1)

Ur ~ y'= [1 — 1/2tAox ], 44)

i.e., 1/r decreases linearly with the concentration.

For large concentrations (ZTEOXV“ > 1, here [
can be even larger than £;) it follows from (32)
that o« > 1 and

1 jr~ 4y12A2, (45)

i.e., 1/r decreases quadratically with the concen-
tration.

Using the values given by Masuda 1] for the
critical temperatures of Al-Zn alloys, we find
from formula (19) the value y ~ 0.01 for the aniso-
tropy, which justifies our basic assumption. Ex-
periments on the nuclear spin relaxation obtained
for those same samples give only two points cor-
responding to the values o ~ 5 and I~ £, They
are situated in the region of ‘‘large’’ concentra-
tions, where r is proportional to the square of n.
Plotting In r as a function of In n, one can see that
the slope is closer to unity than to the value 2 pre-
dicted by our theory. However, two points are
completely inadequate for a precise determination
of the behavior of the curve, especially if one con-
siders the fact that the precision in measuring r
is very low. It would be of interest to carry out
a more complete and accurate measurement of
T, in order to verify the quadratic dependence
for 15 &
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We remark that the complicated quadrupole
effects [1*] are apparently unimportant at these
concentrations.
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L. P. Gor’kov for suggesting this problem and for
valuable comments, and also to A. A. Abrikosov
for a discussion of the results of this work. I also
take this opportunity to express my gratitude to
P. L. Kapitza, Director of the Institute of Physical
Problems, for the hospitality extended to me at
the Institute.
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