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By summation of the perturbation-theory series by means of the renormalization group, ex­
pressions are obtained for the infrared (near-threshold) singularities of matrix elements in 
scalar electrodynamics. The matrix elements for photon-meson, electron-meson, and meson­
meson scattering are considered. A comparison of the results of this work with the corre­
sponding expressions for spinor electrodynamics[!] shows that the form of the main infrared 
singularities does not depend on the spin of the charged particles. 

INTRODUCTION 

THE infrared singularities of matrix elements in 
spinor electrodynamics have been treated in 
papers by one of the writers.[!] Here we extend 
this treatment to the case in which the charged 
particles have no spin. 

As in [1], we shall mark with an index A quanti­
ties calculated with a mass A1/.l introduced in the 
photon propagation function, and write the element 
of the S matrix for the elastic scattering of two 
particles in the form 

= - i (2:rt)4 (16 p~pgk~kgr•;, 6 (Pl + k1 - P2- k2)T1" 
(1) 

where p1, k1 and p2, k2 are the momenta of the 
particles before and after the scattering. We use 
the notations s = (p1 + k2 ) 2, u = (p1 - k2 ) 2, 

t = ( Pt - p2 )2 for the squares of the total momenta 
in the direct, crossed, and third processes. 

We take into account the infrared divergences 
in TA by means of the formulaL 2] 

T'- = eK1·T, (2) 

KJ..=- ~ z,a,z1aiF'- ((p;a;+ p1aJ} 2, p7, p~), (3) 
i<j 

where the summation is taken over all charged 
particles before and after the reaction, zi is the 
sign of the charge, ai = 1 or -1 for an emerging 
or entering particle with the momentum Pi· and 

(4) 

( Q' is the fine-structure constant, n = c = 1, 
ab = a0b0 - a· b). For FA (for A- 0) we have 
the following representation: 1 > 

2F'- (t, m2, M 2) = ~ (-t"1) In (mM/'A) - e (Xt, v), (5) 

4mMx1 = t - (m - M) 2, 4mMv = (m - M) 2, (6) 
00 

~(x)=~x\' (2z-1)dz , ( 7) 
2n .l Y z (z- 1) z (z- x-is) 

1 

e (x, v) 
co ---

-ax\[ 2z-1 I z+v + Vz(z-1)] dz 
-2n,) Jfz(z-1) n4z(z-1) z+v z(z-x-ie)' 

1 (8) 

In what follows we shall examine the infrared 
singularities of T, i.e., the singularities which ap­
pear when s, u, or t approaches threshold values, 
for the processes of elastic photon-meson, 
electron-meson, and meson-meson scattering. 
It turns out that the form of the main singularities 
is the same as for the corresponding processes 
involving spinor charged particles, which have 
been treated earlier.[!] 

In Section 4, fourth-order perturbation theory 
is used to study the analytic properties of the ma­
trix element of meson-mesorr scattering which is 
obtained after the main infrared singularities are 
removed. In the infrared region this matrix ele­
ment contains terms which go to infinity as 
y-1/.lzn y, y-1/.lzn t, y-1/.l, c1/.l, ln t, where y = s 
- (m + M) 2 or u- (m + M) 2; that is, it has in­
tegrable singularities. The Mandelstam represen­
tation holds for this matrix element in fourth-order 
perturbation theory. 

I)We note that the expression (8) corresponds to the trans­
verse gauge. If the Coulomb gauge is used, the second term 
in the parentheses in the integrand must be omitted. 
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2. PHOTON-MESON SCATTERING 

The kinematics of photon-meson scattering has 
been treated in [ 4]. Let p1, p2, and m be the mo­
menta and mass of the meson, and let k1, k2 and 
z1' z2 be the momenta and polarization vectors of 
the photon. Then the matrix element can be 
written in the form 

T =A (s, u, t) HA + B (s, u, t) HB, (9) 

where the structure expressions HA, HB are 
gauge invariant and are given by 

HA = (e1e2) - (e1kJ (e2k1)/k1kz, 

HB = (e1q) (e2q)- (e1k2) (ezq) (k1q)lk1kz 

- (e1q) (e2k1) (k2q)/k1k2 

+ (e1k2) (e2k1) (k1q) (k2q)/(k1k2)2; q = P1 + P2· 

(10) 

(11) 

We note that for t = -2k1k2 = 0 the momenta 
k1 and k2 are equal and k2e1 = k1 e 2 = 0. There­
fore HA and HB are finite at t = 0. In the center­
of-mass system of the direct process 

H A= - e1e2 + 2r1 (e1p2) (e2P1), 
H B = 4t-2 (s - m2)2 (e1P2) (e2P1)· 

(12) 

(13) 

Let us examine the analytic properties of A 
and B in the lower orders of perturbation theory. 
In second order ( Fig. 1) 

A (2)= - 2e2 n<zl === e2 (-1-. + _1_.). (14) 
' s-m2 u-m2 

\ I X 
2 J 

FIG. 1 

In fourth order the diagrams 1-9 of Fig. 2 
contain infrared divergences (for A --. 0). After 
renormalization of the meson wave functions and 
removal of the infrared divergences by Eq. (2), 
where for the present case KA =FA (t, m 2, m 2 ), 

we find that in the infrared region, i.e., for 
s-- m 2 or u--. m 2, the main singularities in 
T< 4> come, as in spinor electrodynamics,[!] from 
diagrams 8-15 of Fig. 2. 

The main singularities are of the form 

r<4l = [~ (t/4m2) In [(m2 - s)/m2 ] + r (t/4m2)l T~2> 

+ [~ (t/4m2 ) In [(m2 - u)jm2 ] + r {t/4m2)] r<;> + ... , 
(15) 

00 --

ClX (' [(2z -1) In 4z -. / z- 1 J dz 
r(x)=-4nj fz(z-1)- v-z- z(z-x-ie)' 

1 (16) 

where the dots denote terms less singular than a 
pole at s-- m 2 or u--.. m 2; {3 (x) is given by 
Eq. (7); T~2 l, Th2l are the respective contributions 
of diagrams 2 and 3 in Fig. 1 [concerning Eq. (16) 
see footnote 1 l ). 

The other fourth-order diagrams are finite for 
A--.. 0, and for s-- m 2 (u--.. m 2 ) they have only 
integrable singularities ( i.e., weaker than a pole). 

Up to terms which are less singular for 
s - m 2 or u--.. m 2, the expression (15) can be 
expanded in terms of the structures (10), (11). 
The result we get is that in the fourth order 

(17) 

B 4 = e2 {(s- m2r1 [~ (tj4m2 ) In [(m2 - s)jm2] + y (tj4m2 )] 

+ (u- m2t 1 [~ (tj4m2 ) In [(m2 - u)jm2 ] 

(18) 

where in the infrared region A~4 l and B~4 l have 
singularities weaker than a pole. 

The equations of the renormalization group[ 5J 
enable us to sum the main singularities in B. 
Consider, for example, the region s -- m 2• Repre­
senting Bin the form B = e 2 (s- m 2 )-1M and 
considering M for various normalizations with 
fixed factors for the external lines, we can write 
for M the differential equations of the group. We 
choose the normalization momentum k0 so that 
Red ( 1, m 2/kij, e 2) = 1, where d ( k2/kij, m 2/kij, e 2 ) 

is the transverse Green's function of the photon. 
Letting kij go to m 2 for s --.. m 2, we get a connec­
tion between M[ (m2 - s)/m2 ) and the expression 
M [ ( m 2 - s )/( m 2 - k5)], for which the perturbation­
theory series converges well for all t in the do­
main of definition of the function fJ ( t/ 4m2 ). The 
resulting expression for M is 
M = 1/J (t) exp {e2{3 (t/4m2 ) ln [ ( m 2 - s)/m2 J}, 
where e 2 is the observed charge. For 1/J ( t) we 
can again write the equation of the renormalization 
group, which gives for all finite t (including 
t- 4m2 ) the result 1/J ( t) = ey(t/4m2). 

When we use an analogous procedure for the 
region u--.. m 2, we get for B the following repre­
sentation: 

FIG. 2 
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~ (t) = - 1 + p (tj4m2), (20) 

where {3 and y are in general series in a, whose 
first terms are given in Eqs. (7) and (16), and Ba 
does not contain the main infrared singularities. 
The physical interpretation of the function 6 ( t) in 
Eq. (19) has been considered by a number of 
authors .c1 ,s-s] 

3. ELECTRON-MESON SCATTERING 

Let Pi> p2, and m be the momenta and mass of 
the electron, and k1, k2, and M those of a positive 
meson. In second order (diagram 1 of Fig. 3) the 
matrix element 

r<zl = e2u (p2) ynu (p1) (k1 + k~)nt-1 , (21) 

(uu = 2m) has a pole at t = 0. This case is unlike 
the preceding one in that in fourth order the main 
infrared singularities occur for t- 0. To exam­
ine these singularities, we first separate out the 
infrared divergences. 

In fourth order the divergences are given by 
diagrams of the same type as in the preceding 
case, but since each charged particle contributed 
to the divergences, the infrared factor Kr._ in 
Eq. (2) is in this case given by 

(22) 

We have here diagrams unlike those of the 
preceding case, diagrams 2 and 3 of Fig. 3, which 
contain two virtual photons and give infrared di­
vergences and singularities when the momentum 
of each goes to zero. Consider, for example, dia­
gram 2. Putting its contribution in the form 

(4) ie4 I dk {[ N (0) N (q) J 1 
T "2 = (2n)•.) (k•- 2p1k) (k2 + 2ktk) k2 - ').. + (k- q)2- 'A if 

( dij is the factor for the photon Green's function, 
which is equal to gij for the Coulomb gauge or to 
gij - kikj /k2 for the transverse gauge; in the 
latter case in N ( 0) and N ( q) the momentum k 
in dij is not fixed), we see that for A.- 0 only 
the first term in the curly brackets is divergent. 
It gives a contribution to 2FA. ( s, m 2, M 2 ) in 
Eq. (22). In the second and third terms in Eq. (23) 
we can set A = 0. Then the second term has at 
least a pole for t- 0. It can be shown that the 
singularities of the third term are weaker than a 
pole. Thus the main infrared singularities in T~4 l 
are contained in the second term in Eq. (23). 

Diagram 3 of Fig. 3 is treated in a similar way. 
Diagrams 2 and 3 of Fig. 3 give the following con­
tribution to the main singularities of the matrix 
element for t ---. 0: 

Ti~i = <l>T<zl + ... , (25) 
<1> = [~ (xs)- ~(xu) lin(- tjmM) + e (x., v)- e (xu, v), 

(26) 
where the functions {3 and E are given by 
Eqs. (6) - (8). 

Besides those from diagrams 2 and 3, pole 
singularities in T come from diagram 4 of Fig. 3, 
which contains an electron-photon vertex function. 
Apart from the factor FA. ( t, m 2, m2 ) in Eq. (22), 
it gives a contribution to the infrared singularities 
which depends on the supplementary magnetic 
moment fJ.' of the electron, 

Ti') = ii (Pz)f.l' ·j- [ q, yn ]_u (PI) e (k1 + k2)nt-l + . . . (2 7) 

It is not hard to verify that in the sixth order 
(diagrams 5-8 of Fig. 3) the part of the electron­
photon vertex function that depends on fJ.' leads to 
singularities of the form (25), where instead of 
T< 2l one must insert the expression (27). Thus in 
the lowest orders perturbation theory gives for the 
main infrared singularities of the matrix element 
T the sum of the expressions (21) and (25), where 
the matrices yn are to be replaced by yn 

[ N (0) ( 1 1 ) N (q) ( 1 1 )] + k2 - ').. q2-2qk - qo. - (k - q)2,- ').. q2 - 2qk + 7 + (tJ.'/2e)[q, yn]. 
Applying the renormalization group, we find 

that + [N (k)- N (0} _ N (k)- N (q)J 1 } (23) 
k2 - ').. (k - q)2 - ').. q2 - 2qk ' 

where q = P1 - P2 and 

(24) 

T = e2u (p2) (yn + (J.L'/2e) [q, ynL) U (PI) (k1 + k2)nf-le<b + Ta, 
(28) 

where <P is in general a series in a whose first 
term is given by Eq. (26), and for t- 0 the sin­
gularities of the quantity Ta are weaker than a 
pole. 

IIIYIITIIXX 
I 2 J ~ 5 [} 7 (} 

FIG. 3 
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{j 

FIG. 4 

If we express T in terms of invariant functions 
in the usual way 

T = u (P2) (A (s, u, t) + (k1 + k2) B (s, u, t)) u (p1), (29) 

then 

(A)= (ell' (s-u)) e<I> + (Aa) 
B e2 -2meft' t Ba · (30) 

4. MESON-MESON SCATTERING 

Let us consider the matrix element for the 
scattering of two oppositely charged mesons with 
the masses m and M. When, as in the preceding 
case, we separate out the infrared divergences and 
the main infrared singularities, we get the follow­
ing expression for the matrix element 

(31) 

where <:1? is given by Eq. (26) and the singularities 
of T a are weaker than a pole. 

Consider the singularities of T a in a low 
order (the fourth) of perturbation theory. The 
strongest of them are given by diagrams 2 and 3 
of Fig. 3, and also by diagrams 1-3 of Fig. 4, and 
are of the form 

00 

T~4) = -4a2{(s-m2-M2) (' 1 In -Is' ds' 
j fk(s') k(s') s'-s-ie 

(m+Ml' 

+ ( s -+ u) + n2 (m + M)/Jf- t + In (- t/ mM)} + ... , 
k (s) = [s- (m + M)2 ] [s- (m- M)2], (32) 

where ( s - u) means the preceding terms with 
s replaced by u, and the dots stand for finite terms. 
We see that for t- 0, s- ( m + M )2, or 
u - ( m + M) 2, T~> goes to infinity, but these 
singularities are integrable. 

An examination of the fourth-order diagrams 
( 2-4 of Fig. 3 and 1-6 of Fi!f. 4) shows that the 
Mandelstam representation[ 3 ~ holds for T~4 l in 
the following form: 

00 

(' b1 (s') ds' 
,\ (s'- s0) (s'- s) 

(M+m)• 

+(s-s0) (t-t0) 

00 

ds' \ dt' 
0 

b2 (s') 
X-;-;---.-;--;--"-;:'--;-!;-~,--~ 

(s'- s0) (s' - s) (I'- t) (t' - t0) 

00 

(' ba(t')dt' + (s-+ u) + (t- to) .l (t'- to) (I'- t) 
0 

00 00 

+ ( _ ) ( (' b4(t')dt' + (' b5 (t')dt') 
s u j t'-t .l t'-t . 

4m1 4M.' 

(33) 

We note that the spectral function b2 ( s') does 
not depend on t'. 
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