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Heating of a plasma by the high frequency field of a traveling wave with a phase velocity of 
the order of the mean thermal velocity of the ions is considered. An expression is obtained 
for the energy acquired by the ion per unit time. In the case of a strongly non-isothermal 
plasma, the heating of the ion gas becomes extremely effective under conditions of acoustic 
resonance, when the phase velocity of the wave is close to the velocity of sound. 

1. In the method proposed by Berger et al [1] for 
the high frequency heating of a plasma, oscillations 
of the axial magnetic field Hz lead to the appear
ance of an alternating azimuthal electric field Ec:p 
in a plasma cylinder located in a strong longitudi
nal magnetic field H0• As a consequence of the 
drift of the particles of the plasma in the crossed 
fields Ec:p and H0, drift radial oscillations of the 
plasma develop, the phase of which changes along 
the axis of the cylinder (it is assumed that the fre
quency of the oscillations is much less than the 
ion cyclotron frequency Wi = eH0 /Me). This leads 
to the appearance of density oscillations, i.e., an 
acoustic wave is produced in the plasma (see also 
[ 2] ). Since the plasma oscillations are excited by 
the external magnetic field, this method of plasma 
heating has received the name of ''magnetic pump
ing." 

The flow of energy of acoustic waves in a plasma 
that are generated by a current carrying coil 
mounted on the plasma cylinder was found by 
Berger et al. [1] The energy of the acoustic waves 
leads to heating as the result of various dissipa
tive processes (viscosity, thermal and electrical 
conduction), brought about by collisions. The con
sideration given in [1] refers, strictly speaking, 
only to the case of low frequencies, where WT « 1 
( T is the relaxation time of the plasma), since the 
propagation of ordinary sound vibrations is brought 
about by "near" collisions. 

On the other hand, as is well known (see [3, 4J), 
in a strongly non-isothermal plasma, where the 
electron gas temperature Te is much higher than 
the temperature of the ion gas Tit propagation of 
a collision-free ( WT » 1) sound wave with the dis
persion law w = k11 V s becomes possible. Here, 
k11 is the wave vector and V s = -J T elM is the 
sound velocity. 

In the presence of a strong magnetic field, the 
spectrum of the acoustic vibrations has the form 
w = k11 V s. where k11 is the projection of the wave 
vector in the direction of the external magnetic 
field. [s,s] The damping decrement of these waves, 
due to the reverse Vavilov-Cerenkov effect ( Lan
dau mechanism), is smaller than the frequency by 
a factor -J M/m . [S-7] Therefore, in a collision
free plasma, "magnetic pumping" is also possible, 
where, as has been shown by Shapiro, [2] resonance 
coupling can exist between the external circuit, 
which generates the oscillations, and the plasma 
cylinder, if the current in the external circuit has 
the form of a traveling wave with its phase veloc
ity Vph = w/k11 close to the velocity of "sound" 
V s· The flow of energy in the plasma in the case 
of resonance increases by the factor M/m in com
parison with the nonresonant case investigated 
in [1]. 

We note that resonance coupling between the ex
ternal circuit and the plasma can evidently exist 
even in the case of ordinary acoustic vibrations 
for Vph ~ -J KT/M ( K is the ratio of specific 
heats), while the energy flow increases by the fac
tor ( w/y) 2• Here y is the damping decrement of 
the acoustic vibrations, brought about by the vis
cosity, thermal and electrical conductivity of the 
plasma. The problem of energy dissipation was 
not considered in [1,2]. 

In the present work, the absorption of the energy 
of high-frequency oscillations is studied. This ab
sorption is produced by the external currents, as a 
consequence of the damping of the waves in the ion 
and electron gas. This damping is determined by 
the Landau mechanism. Ions having the velocity 
vz, which is close to the phase velocity of the 
wave, will interact strongly with the field of the 
wave; as a result, the energy of the field will be 
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pumped into the ion gas. If the phase velocity of 
the wave is of the order of the mean thermal ve
locity of the ions, then the number of resonant ions 
will be large, while the damping of the waves will 
be very strong (as is well known, free vibrations 
cannot generally be propagated in an unbounded 
plasma in this case, since the damping decrement 
is equal to the value of the frequency of the oscil
lationsC8J). The heating achieved by such a method 
is such that the energy is transferred directly to 
the ion component of the plasma. The energy ab
sorbed by the electrons of the plasma is in this 
case of the order of -./ m/M of the energy ab
sorbed by the ions. 

If the plasma is strongly non-isothermal ( Te 
» T i ) , then the energy flow in the plasma can be 
sharply increased in the resonant case ( V ph ~ V s ) ; 
here, the energy of the waves is absorbed prima
rily by the electrons of the plasma (the ion damp
ing is exponentially small). However, if the ratio 
Te /Ti is not too large ( Te < lOTi), the ion damp
ing at resonance still exceeds the electron damp
ing, although resonance between the external cir
cuit and the plasma may have already set in. In 
this case, the energy flow in the plasma can in
crease by an order of magnitude, or even by two 
orders of magnitude, ''heating'' both ions and 
electrons. 

We note that collision-free heating of the plasma 
by the solenoidal electric field Ecp, which is cre
ated by a coil of finite dimensions wound around 
the plasma cylinder, has already been studied in [t] 
(the so-called heating due to the finite time of 
flight. Here the charged particle, passing along 
H0 through a region with a slowly changing alter
nating magnetic field, was considered in [iJ as a 
magnetic dipole, on which the force F z = - !-' aH/az 
was acting ( !-' = Mvi /2H0 is the magnetic moment 
of the particle). The energy flow carried by the 
particles is maximum for wL ~ Vi ( L is the di
mension of the coil). However, in such a single
particle analysis, the quasineutrality of the plasma 
and the possibility of the generation of acoustic 
waves were not considered. 

2. We consider the vibrations of a plasma ex
cited by external azimuthal currents which flow 
over the cylindrical surface with radius a: 

jc.p = j 0 cos (knz -rot) 6 (r -a). (1) 

The electric field in the plasma is determined from 
the equation 

rot rot E = w2c-2 (E + 4:rtiroj). (2)* 

*rot= curl. 

If the magnetic pressure in the plasma, H~ /81T, 
is significantly larger than the gas-kinetic pres
sure of the plasma, p = n0 ( T e + Ti), then the 
wavelength excited in the plasma, A.~ vi I w, will, 
for w « Wi, be much larger than the Larmor ra
dius of the particles, having a velocity of the order 
of the mean thermal velocity vi= -./TifM . In this 
case, the electrical current density j in the plasma 
is not difficult to find, by using the well-known ap
proximate expressions for the dielectric constant 
tensor Eik (k, w ). We have for the Fourier com
ponent of the current density 

4:rtiw-1 j; (k, w) = [e;k (k, ro) -l'J;k) Ek (k, ro); 
B;k = a 16;k + a 2h;hk + a 3 (x; [xh]k - Xk [xhj;) + a4 [xh];[xh]k 

(3) * 
The coefficients a1, a2, ... have the form 

& ~ r. ~r-
al = 2 , a2 =- ar + ~ [I + i + i r :rtz;w (z;) 

VA kllvi e 

r. v--+ii :rtz.w(ze)], 
e 

- V"iQ2 k2 
a3 = k2a3 = - '2 [Z;W (z;) - ZeW (ze)l. 

WW;kll 

- 2v2 k2c2 - T -
a4 = k 2a4 = -'2- [ i V nz;w (z;) + ___! i Y :rtZeW (z,) ). (4) 

V Aw2 T1 

Here 

X = k/k, h = Ho/H0, VA = HolY 4:rtnoM, 

Qi = V 4:rtnue9/ M , 
z 

w (z) = e-z• (. 1 + ,;i_ (' e1'dt), Zt = ,r.!!! . , 
r n .J r 2 kv, 

0 

Ze = V~kve , Ve = v~. 
From (3) we find that 

4:rtiw-1j = a1E+a2E 11 + ik 11 a3 (rot E 11 + h (h rot E)) 

- tZ: [h, v (h rot E)], 

where E11 = h(h ·E). 
Substituting (5) in (2), and taking it into account 

that I a2 I » a 1, I a3 I, I a4 1, we obtain the result that 

ik 11 -;;-a ( , 1 ) 
Ez=--+ Ec.p+-Ec.p, a1 a2 r 

E _ kra. E + iw2-;. (E' + J.. E ) 
r - - a1 + a2 c.p k 

11 
c2 , c.p r 0 · 

(r <a), 

(r >a); 

(6) 

*(Kh] = K X h. 
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where In is the modified Bessel function and Kn 
is the Macdonald function. The intensity of the 
alternating magnetic field is determined from the 
equation H = ( c/iw) curl E. The value of k 1 is 

The time average of the energy flow in the 
plasma per unit length, Q, is 

(8) 

z = k 1 a. Since the electromagnetic field penetrates 

a distance ~ k~1 in the plasma, the mean energy 
acquired by a single particle located in a cylinder 
with radius ~ k~1 will be equal in order of magni
tude to dW /dt = Qkfl /7mo· 

3. One can simplify the expression (8) by taking 
into account the fact that in order of magnitude, 

In this case, 

Q = 4n2j~wa2c- 2 8nn0T,H~2 'lJ (k 11 a) f (z,); (9) 

¢ (x) = K 1 (x) I 1 (x) + 1 I 2 x fK 1 (x) I~ (x) + K~ (x) I 1 (x)], 

(10) 

( -z2 -z2 -z2 j 
V- l -z2 2v (e i- 8£) (1 + 6- v) +(e l + 62£) [v2- nzJ (ei '-6£)2] } f (Zt) = nzt e '+ ~ + ,. 

-z2 

2 [(1 + 6- v)2 + nz2 (e i + 6•£)2] ) 

6 = TdTe; ~ = V mTeiMT;, v = 2z1e -zJ ~t e1'dt. (11) 

If Te ~ Ti. then f(zi) increases in proportion 
to Zi for Zi « 1, reaches a maximum at Zi ~ 1, 
and then falls off. In the region Zi » 1, the ion 
damping falls off as exp (- z~) and one can neglect 
the value of exp (- zf) as soon as zi ~ 3, in com
parison with the value of ~, which is determined 
by the electron damping. The expression (11) for 
f( Zi) is obtained for ze « 1. If Zi » 1, then f( Zi) 
~ -z2 . 

= (V1f Te/2Ti)zee e, 1.e., for ze « 1,« Zi, the 
value of f increases as ze, for ze = 1/J2, it ap
proaches a maximum, and decreases thereafter. 

A graph of the function f( Zi) is shown in Fig. 1 
for Te = Ti. For 0.1Ti < Te :o=: Ti and Zi < 2, the 
graph of f( Zi) differs but little from the graph 
shown in Fig. 1. 

Thus, when the number of resonant ions is large 
( Zi ~ V ph /v ~ 1), then the order of magnitude is 

dW!dt - (H2!H~) wT,, 

where H = 41fj0 /c is the amplitude of the alternat
ing magnetic field. 

It is interesting to compare this expression with 
the energy acquired by one particle under optimal 

FIG. 1 

0 

conditions of gyro-relaxation heating: dW /dt 
~ H2Ti/H~T. It is then seen that the intensity of 
the absorption resulting from the Landau mecha
nism is wT » 1 times larger than from the gyro
relaxation heating. 

The use of strong fields for heating the plasma 
leads to the formation of a "plateau" in the distri
bution function of the ions in the region v z = V ph 
and, consequently, to a decrease in the absorption 
coefficient. [9] However, this does not generally 
mean that the absolute value of the absorbed power 
will decrease in strong fields. As the damping of 
Langmuir oscillations, studied without the quasi
linear approximation, shows, the increase of damp
ing of waves with large amplitude E0 is propor
tional to E0312• [ 10• 11 ] Since the energy density 
~ E~, the absorption of plasma energy of waves 
with large amplitude is proportional to ffo, i.e., 
the absolute value of the absorption nevertheless 
increases upon an increase in the amplitude of the 
wave, although much more slowly than in the linear 
approximation. Collisions will make the distribu
tion Maxwellian. 

Let us estimate the critical field H = Her• 
above which the distortion of the distribution func
tion in the region Vz = Vph will be appreciable. The 
number of resonant particles which extract energy 
from the field is smaller than the total number of 
particles by the factor vi/ ~v ~ [ k11 Ti/ ~I 8Hz /az IJ 112• 

Under optimal conditions (zi ~ 1, k11a ~ 1 ), vi I ~v 
~ v' H0 /H. The energy which the resonant par
ticles acquire in the relaxation time T for H ~ Her 
is of the order of Ti: TdW/dt ~ Ti~v/vi. We then 
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find that 

This energy is distributed among the remaining 
particles of the plasma in a time - T. Therefore, 
for H = Her. the mean energy acquired by a single 
particle of the plasma will be equal, in order of 
magnitude, to 

dW!dt ~ T,lr: (wr:)'l•. 

For example, for n0 - 1014 em - 3, Ti = 100 eV, 
H0 = 104 Oe ( Wi- 108/sec) and w = 107/sec, we 
have T- Tf12jn0 - 10-5 sec, Her- 100 Oe, E<P cr 
- 10V/cm and dW/dt- 1 MeV/sec. 

Inasmuch as T- Tf/2, w - vi- -fTi., W- Ti> 
the intensity of the heating, under optimal condi
tions, falls off as Ti716 dTi/dt- (T0 /Ti) 716T0 /T0 x 
( ) 1/3 . w 0r 0 , 1.e., 

where T0 and r 0 are the values of Ti and T as the 
start of heating, for t = 0 and a ~ 1. 

It is obvious that, to maintain the condition Zi 
- 1, it is necessary either to modulate the fre
quency or to transfer to an operating condition 
with a different frequency, dependent on the in
crease in the temperature Ti (as is seen from 
Fig. 1, the damping is sufficiently great for 0.6 
5 Zi 5 1. 8, so that it is not necessary to maintain 
the condition Zi = 1.2, when the absorption is 
maximum). 

The heating of the plasma can be intensified 
by using certain waves with phase velocities dif
fering by (2-3) Av, where Av- vplii/H0 • Ob
viously, the maximum number of such waves 
- ~. In this case, under the best conditions, 

dW!dt ~T,!r:, 

i.e., 

where a'- 1. 
4. In the case of a non -isothermal plasma T e 

= 10 Ti, the graph of the function f( Zi) is shown 
in Fig. 2. The presence of the maximum at Zi 
= 2.63 is connected with the resonance V ph - V s· 
For Zi 5 2. 7, the damping of the wave in the ion 
gas is larger than the electron damping; for zi 
f':j 2. 7, the electron and ion damping are compa
rable; for Zi :::::: 2. 7, the electron damping pre
dominates. As is seen from Fig. 2, the energy 
flow in the plasma at Te = 10 Ti increases by 
more than an order of magnitude in comparison 
with the case Te 5 Ti. 

For still more non-isothermal conditions, the 

FIG. 2 

resonance V ph f':j V s takes place for Zi » 1. Tak
ing it into account that v f':j 1 - Y2 zt for zi » 1, 
we get the following expression for f( Zi): 

r, Vnz, 
f = T; 2 [(1- kfr V~/w2) 2 + nz~] ' 

(12) 

It then follows that the maximum absorption oc
curs for w f':j k11 V s· However, this case is less 
suitable for plasma heating, since only the elec
trons are heated. 

In conclusion, the author expresses his deep 
gratitude to A. I. Akhiezer, V. V. Dolgopolov, 
B. B. Kadomtsev and V. D. Shafranov for discus-
sions of the work and useful advice. 
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