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The determination of the pion-pion photoproduction constant through the analysis of the 
1r + N - 1r + y + N reaction is considered. The differential cross sections for this reaction 
are calculated in the pole approximation. 

THE emission of y rays in interactions of pions 
with matter was first detected [iJ in a study of 1r+

meson scattering on light nuclei at kinetic ener
gies in the interval from 80 to 300 MeV. In most 
cases the radiation was produced by mesons of 
energy greater than 200 MeV. 

Ermolov and Moskalev, [2] in an analysis of 
1r- -meson scattering on hydrogen ( E7r- = 128 and 
162 MeV), did not observe any interactions in which 
a y ray was emitted, although the technique em
ployed permitted the recording of photons of ex
tremely low energy ( Ey ~ 15 MeV). The emis
sion of y rays was subsequently detected in inter
actions of 1r- mesons with hydrogen at 225 MeVC3J 
and 340 MevC4J. In the latter case it was shown, 
in particular, that the cross section for the re-
action 

for y rays of energy exceeding 100 MeV is 
0.09~~:~~ mb. 

(1) 

As a possible mechanism giving rise to ener
getic photons we can consider the process de
scribed by the Feynman diagram shown in Fig. 1. 
The usefulness of such a diagram to describe re
action (1) is suggested by the fact that a similar 
approach to the reactions 1r + N- 1r + 1r + N pro
posed by Goebel and Schnitzer [5] made it possible 
to give a satisfactory explanation of the experi
mental data for these reactions. As will be shown 
below, the diagram of Fig. 1 contributes a charac
teristic singularity to the distribution of the total 
energy in the 7r'}' c.m.s., which makes it possible 
to estimate the contribution of this diagram to re
action (1) and to determine the unknown par am
eters of the amplitude for the photoproduction of 
a pion on a pion. 

To calculate the amplitude for the process 
1r + N- 1r + y + N, we introduce the following no-

p P, 

FIG. 1 

tation: q and qi are the 4-momenta of the incident 
and scattered pions, p and Pi are the 4-momenta 
of the nucleon before and after the interaction, k 
is the 4-momentum of the photon, M is the nucleon 
mass in units of pion mass (in the system 1i = f.l 

= c = 1 ) , and q2 = P -Pi· 
The cross section for the process can be writ

ten in terms of the F matrix: 

cr = (2n) 2 ~ p~a I FIW (p + q - k - q1 - P1) d3kd3q1d3p1; 

B = {(pOq- q0p)2- [qp]2}'f·, 

where w is the total energy in the 7r'}' c.m.s.; 
v = w2/4 - 1; e~ is the photon polarization vector; 
g is the pion -nucleon coupling constant ( g2 I 41r 
~ 15); f( v) is a scalar function which is a solu
tion of the dispersion equation for the process 
y + 1r - 1r + 1r and depends on the 1r1r scattering 
phase shift in the P state. [S-iO] Moreover, the 
form of the function f( v) is determined by the ap
proximations and assumptions made in the deriva
tion and solution of the dispersion equation. 

In the present work, we use the following ex
pression [B] for f( v): 

f (v) = {AA -1 (v + 9fla)2 + C} eP(v)+i8(v); (3) 
co 

. - v+•lls\ 6(x) ( 1 - 1 ) dx, 
p (v) + t6 (v) - -n- J x + •lls x-"- ie x +"+"Is 

0 

A = 1 v2eP+i&Jv-+oo, (4) 

*[qp] = q X P· 
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FIG. 2 

where o ( 11) is the phase shift for 1r1r scattering 
in the state T = J = 1. The expression for f( 11) 
is the exact complete solution of the dispersion 
equation and is given in [8J. The constant A in
troduced into this olution has a simple physical 
meaning; it approximates the contribution to the 
process y + 1r - 1r + 1r from intermediate states 
with a heavy mass. As was shown in [8J, from 
the viewpoint of perturbation theory, such inter
mediate states should include first of all the NN 
states. An estimate of the quantity A made on the 
basis of perturbation theory with allowance for the 
diagrams shown in Fig. 2 yields the value A= 32 x 
f3-fa f':j 0.062. 

From the viewpoint of the solution of the dis
persion equations, the constant C, which is equal 
to the photoproduction amplitude at the point 11 

= -%6, is, roughly speaking, arbitrary. However, 
in considering the process y + 1r - 1r + 1r in per
turbation theory, we do not have to introduce new 
constants, [8] i.e., from the viewpoint of perturba
tion theory the parameters A and C should be 
related to each other. In [BJ a requirement was 
introduced which made it possible to select a 
unique solution of the dispersion equation, i.e., 
to express the constant C in terms of A. This 
was the requirement that for phase shifts o ( 11 ) 

tending to 1r as 11- oo, the function f( 11) should 
tend to A for large 11 faster than the decrease in 
the solution to the homogeneous equation. We note 
that this requirement is valid only for phase shifts 
having the behavior o ( 11) = 1r - u-f3 (where {3 2::3) 
as 11 - oo • For phase shifts tending to 1r more 
slowly, it can be formulated in the following way: 
the function f( 11) should not contain terms of the 
type 11-2 for large 11. 

We calculated the function 

for different real values of the parameter a = A/C 
in the interval of w from 1 to 3 ( 11 changed from 
- 3/ 4 to % ) . In the calculations the phase shifts 
o ( 11) were selected in two different forms and the 
integral (4) was calculated for both explicitly. As 
the first form we took the Breit-Wigner phase 
shift: 

(5) * 
where llr is the square of the pion momentum at 
the resonance energy and y is a parameter con
nected with the position and width of the w-reso
nance in the pion scattering cross section. The 
amplitude corresponding to such a choice of the 
phase shifts is [UJ 

f (v) {ct (v + "h•? +A] A-1 ("h• + 3141 + v,)• -c = ; (6) 
(v + r v v +"Is+ Vr +"Is) (v + ir v v- Vr) 

the branches of the roots in (6) are given by the con
dition .fV = i vJVT for 11 < 0. 

Since the behavior of o( II) in (5) for small II 

corresponds to an S wave and not a P wave, we 
took account of the influence of the specific be
havior of the phase shift for small and large 11 on the 
form of the function f( 11 ), by carrying out the cal
culation also for the phase shift o ( 11) taken from 
[ 8] [formula (45)]. For low energies the values 
of the P-wave phase shift are contained between 
the values of the phase shifts corresponding to 
the chosen form. At high energies the phase shifts 
approach 1r in different ways. The calculations 
showed that for 1 :::: w :::: 3 the values of f( 11) ob
tained with both phase shifts practically coincide. 1> 
Here we took the following values of the param
eters: [12] 

w, = 5.5, r = o.929 

( r is the energy width of the 1r1r resonance ) . We 
then have y = 0. 5, b = 2. 55 [ b is the parameter 
from formula (45) in C8J]. 

Introducing the F matrix in quadratic form, 
averaging it over the spins of the initial nucleon 
and summing over the spins of the final nucleon 
and over the polarization of the y ray, we have 

1 F 12 = g• [(kq)" + (kqt)2 - 2 (qqt) (kq) (kqt)ll f (v) 12 [M2 - PPt] . 

8(2n)7 . (q~- 1)• 

Substituting fFT2 in formula (2), we obtain 

cr = _Jr.__\' (M2 - PPt) d3Pt d4q. tl4(p- Pt- q.) 
8 (2n) 5 ~ Bp~ (q~ _ 1)• 

X \' [(kq)2 + (kqt)2 - 2 (qqt) (kq) (kq1)] 

~ q~k· 

(7) 

The second integral in the product of (7) was cal
culated in the 1ry c.m.s. [SJ and is equal to 

*tg = tan 

I)The values of a obtained with the aid of the requirements 
formulated above are close to one another and are equal to 
1.21 for the case of the Breit-Wigner phase shift and 0.96 for 
the phase shift from [8 ]. 
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/2 = 8:rtk3 (+ (2(tJo)2 W + W} -q0 (1 + qq2)), 

w2 = (k + q1) 2 

(i~ is the photon momentum in the rry c.m.s. ). 
After introduction of ~2 = (p -p1)2, the second 
integral can be expressed in simple form in terms 
of invariant quantities 

I =- .!.:rt (w2 -1)aw-4 [(w2- 1)2- 112] [(w + 1)2- 112]. 
2 12 

(8) 
Substituting (8) into (7) and expressing d3p1 in 
terms of the differentials of the invariant quanti
ties, we obtain the final expression for the differ
ential cross section: 

d":> g2 (w2 
dw2d6. 2 = 

1)31 f (v) !2 [(w -1)2- ().2] [(w + 1)2- ().2]/).2 (9) 
3328(2n)3 • M2q~ w• (6.2 -· 1)2 

(the subscript L denotes the laboratory system. 
The distribution of w obtained from (5) by in

tegration over ~2 is shifted toward the maximum 
allowable values of the total energy (see Fig. 3 ), 
which is characteristic for the mechanism of y
ray emission considered here. Comparison of the 
differential cross sections calculated by means of 
the diagram of Fig. 1 with statistical theory shows 
that the separation of the contribution from other 
diagrams 2> is difficult, especially at large values 
of a ( ~ 10) (Fig. 3). If it is assumed that the 
analyzed process is described by the diagram we 
have been considering, then the constants C and 
A can be determined experimentally. We note that 
the rapid increase in the differential cross section 
with increasing w does not contradict the experi
mental results [1,2] in which cases of reaction (1) 

were observed primarily for pion energies above 
the pion production threshold. 

The authors thank B. Pontecorvo for discussions 
of the work and S. M. Bilen'kil and D. I. Khomski1 
for valuable advice. 

2lQualitati ve considerations indicate that the contribution 
from other diagrams to the differential cross section is close 
to the statistical one. 
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FIG. 3. Dependence of du/dw on w for different values of 

the parameter a. The dashed curve is the same distribution 
calculated from statistical theory and normalized to the same 
area as the curve with a = 0. 
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