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A theory is proposed for multiple scattering of particles passing through a body of finite
dimensions. The quantum mechanical equations for multiple scattering are employed. It
is assumed that the force centers are randomly distributed and that Nya?A <« 1, where A
is the wavelength of the incident particle, a is the scattering amplitude, and N, is the

concentration of the force centers. An explicit expression is obtained for the intensity of

scattered particles inside and outside the body.

INTRODUCTION

A. We consider here the multiple scattering and
absorption of particles passing through a body of
finite dimensions (plate, sphere, etc.). Such prob-
lems are usually solved by means of the transport
equation (1,21 with given boundary conditions.
Strictly speaking, multiple scattering must be de-
scribed by means of the quantum equation for the
density matrix. In a series of researches [3’4],

a derivation of the quantum kinetic equation has
been proposed for nonstationary processes, for
which the boundary conditions do not play a signif-
icant role. In these researches, in which station-
ary processes were considered, the conditions of
applicability of the kinetic equation were not ob-
tained 1 or were incorrectly estimated. (6]

We shall start out from the equations of quan-
tum mechanics, (" and shall show under what con-
ditions they reduce to an equation which can be
called the kinetic equation for multiple scattering;
we shall give the conditions for its applicability
and a method for finding corrections to it, and shall
make clear the character of the dependence of the
solution on the dimensions of the scattering system.
Only that case will be considered in detail for which
the scattering amplitude a is much less than the
distance between the force centers Ny/3, while the
wavelength of the incident particles A is such that
Npla|?A <« 1. Moreover, we shall assume that A
is much less than the dimension of the system R.

B. In spite of the abundance of literature de-
voted to the solution of the transport equation for
bodies of finite dimensions, the solution of the
equation in closed form for an isotropic scatter-
ing law (let alone for the anisotropic case) is still
lacking at the present time. The fundamental meth-

ods for its solution consist either in the numerical
integration of the given equation, (1,2] or in the re-
duction of it to another equation that is suitable
for numerical solution, [8] Meanwhile, a solution
in closed form is of considerable interest both for
neutron physics ] as well as for astrophysics. [2]
As examples, we consider the following problems:
multiple scattering of neutrons in bodies of arbi-
trary dimension; light scattering in clouds of gas
or dust; transmission of radiation or particles
through the atmospheres of stars and planets, etc.

In the present work, the resultant equation is
analyzed, and a method of its solution is pointed
out. An approximate solution is obtained in closed
form for the isotropic case.

1. STATEMENT OF THE PROBLEM

The equations for the wave function of a particle
whose interaction with the surrounding medium is
determined by the potential

V = DWVa

have the form

Va=Va (l' —_ Pn)’ 1)

(2)
(3)
4)

¥ (p) =08 (p —po) + Go (0) T (PPo)»
Go (p) = @n®7* (p? —p2 — in)™Y

2 Tn (P1P) = T (p1po),

‘r]-—-»O;

Ta (p1bo) = ta (psp0) + | dpGy () tx (1) 2 T (pPO); (4)

m+n
tn (P1Po)

= —4a'm [V, (1 — po) + | dpGo () Vi (b1 — P) £ (PP0)] .
(5)

Here Vp(p) is the Fourier transform of Vp(r —pp);
p is the momentum of the particle; m is its mass;
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pn is the coordinate of the n-th force center; units
are used in which h = 1; T(pyp,) is the amplitude
of transition of the particle from the state p, to
the state p; as the result of multiple scattering;
tn(pypy) is the amplitude of single scattering by
the n-th center. Assuming that all the scatterers
are identical and immovable, and taking (5) into
account, we get

tn (P1Po) = a@ (P1Po) €Xp [— i (py — po) pnl,  (6)

where a(pyp,) no longer depends on n. All inelas-
tic processes will be considered as absorption. We
shall regard the scattering as purely elastic, i.e.,
P1 = PoBl1; Po = Polo-

We shall assume that the scattering body (the
target) contains N force centers. The intensity
of flow of particles scattered by the target, at
large distances from it, is given by

N N

=22 <Tn(pipo) Tr (p1po) >-

n=1k=1

(7)

Here ( ) denotes averaging over the locations of
the force centers. Inasmuch as the latter are ran-
domly located, averaging over the position of the
n-th center reduces to integration over p, and
division by the volume of the target Q. It is con-
venient to introduce the function
F(q—p)=<exp(—i(@—p)e)
1 . A
=—Q—Sd9 exp (—i(q —p) o) ®)
Q
For all macroscopic bodies, (8) is a spike function
with a height equal to unity and width qx —px ~ L;(l,
etc., where Lx are the dimensions of the body
along the x axis.
Values of pp identical with pk can occur in
Eq. (7) under the averaging sign. Each such co-
incidence decreases the number of integrations
over p, by one. Those terms for which all pp
and pik are different describe the coherent scat-
tering; the remainder describe the noncoherent.

Lop = D <Tn (pspo)> <Ti (P1P0)>- (9)

nk

I = Icoh+ I ines

Averaging removes the dependence of Tp(pyp,) on
the index n; therefore, the sum (9) reduces to mul-
tiplication by N2,

2. COHERENT SCATTERING

We write out the right side of Eq. (4’) in the
form of a series of successive approximations
and average it. We get

785
(Ta (p1p0)> = <t (pip0)> + {dp Gy ()
X <tn (p1p) 21 [tm (pP)
+{da 6o (@) tn (b@) 2 10 (apo) + - - D> 10)

l+m

On the right side of (10), m = n and ! = m, but,
possibly, n =1, etc.

Let us group separately those terms which do
not contain indices of different n. In this group
one can average tn(pq) independently of all the
rest. Terms containing but one pair of identical
indices will be joined by the dashed (connective)
line. Using (6) and (8), we can represent (10) in
the form

<Ta (psP0)> = @ (pspo) F (p1— po) + N { dp Go (0) @ (p1P)
XF(py — p) T (90> + {dp Go () 2\ <t (p1D) T (pPO)>-
m+n (1 ]_)

We shall show that the last term in the expres-
sion (11) is small and can be neglected. For this
purpose, we again replace Ty, (pp,) by a series
of successive approximations. The first nonvan-
ishing term with a connective will be

N { dpGy (p) | daGi (9) a (psp) @ (pa) @ (po)

xF(p—q)F (pr— P+ q—po)- (12)

Equation (12) (and many other integrals with which
we shall have to deal) contains the amplitudes
a(pq). We denote the cross section of elastic scat-
tering by o(pipy) = | a(pypy) |2, and the total cross
section, including all inelastic processes, by o,

= 4mpy! Im a(pgpy)-

For complex values of the energy, the amplitude
a(ppy) can have poles of the type (p*—p—iy)~,
which correspond to resonance levels. The quanti-
ties Gy(p) and F(p—q), which also enter under
the integral, are much steeper functions of p than
are the amplitudes. By making use of this fact,
we can remove the amplitude from under the in-
tegral. In what follows, we shall remove the ampli-
tudes from under the integrals without special com-
ment. In each such case, it has been verified by
direct computation that the resultant error, which
reaches a maximum value for coincidence of the
energy of the particle E with the resonance Ep,
does not exceed NyoApEp['y!, where T'y is the
width of the resonance level, while A, is the wave-
length for the energy E,. For example, in scatter-
ing of neutrons by the resonance level of In!!%, for
which Ey = 1.44 eV while I'y = 0.08 eV, the cor-
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rection is of the order of ~ 10~ in comparison
with unity.

The possible amplitude singularities of the
branch point type do not change our result. They
appreciably change only in the case in which the
amplitudes have singularities that are more es-
sential than simple poles.

Taking out the amplitudes and carrying out the
integration, we get the following estimate for (12):

~ Nya?ka (pipo) F (P1 — Po)- (13)

The value of (13) is smaller than the first term of
(11) by the factor Nga%:. By estimating the succes-
sive approximations in exactly the same way, it is
not difficult to verify that each term with the con-
nective is smaller than the corresponding term
without the connective by a factor ~ Nyxa?.

We shall assume for definiteness that the tar-
get has the form of a sphere of radius R and set

4
Tw (p1P0)> =g @(p1po) 21 21 - 1) Ky (po, po) Pr (myng).
g (14)
Discarding the last term in (11), we get the equa-
tion (A.7) for Kj(pg, pg) (see Appendix), the solu-
tion of which will be (A.15):

(T (P1P0)> = @ (P1Po) €*RF (py — po — Hny),

w = 2aNoka (popo), 2Imp =N, =a. (15)

The expression (15) has a sharp maximum in the
n, direction:

Teon (PoPo) = N2|a (popo) |2 €*R| F (— pny) [

_aR | cos pR sinpR |2
= 16ﬂ2R2N36(p0p0)e p,g - }L;; :

(16)

If R— 0, we get the well known expression
N2o(pgpg). For very large R, the intensity of the
coherent scattering per unit area becomes a con-
stant.

3. INCOHERENT SCATTERING

The intensity of incoherent scattering is deter-
mined by the density matrix

| It |
U (p1poPsPs) = 2 <Tw (P1P0) Trn (PsP2)d

nm

7)

for py =Py, P3 = Pp;- In order to find the equation
for (17), we represent the expression under the
average sign in the form of a series of successive
approximations, and then average and sum this
series.

In order to carry out this program, it is con-
venient to introduce diagrams. We shall represent
(T(pspy)) and (T*(psp,)), respectively, by the
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upper and lower lines with a cross in the middle.
We denote the quantity (t(pypy)) by a line with a
dot in the middle. To each part of the line is as-
cribed the momentum pg, p;, etc. The quantity
Go(p) is associated with the interior segments

—p—=e s e—p—X or x—Pp—x (18)

and integration is carried out over p. The connec-
tion of two points on different lines (see Fig. 1a)
corresponds to

[ |
tn (P1Po) tm(PsP2)>

= a (ppo)a” (psP2) F (P1 — Do — Ps + Po)- (19)

The connection of a point with a cross or of two
crosses has similar meaning. The set of pos-
sible connections of two lines is indicated by a
wavy line. We represent the quantity

S (p1po) = Gy (1) 6 (pr — Po) + N <T (p1Po)>

in the form of a segment with a cross in the middle.
By means of these designations, Eq. (11) can be
represented in the form

(20)

r===-=

—_—X— = —e— 4 ——X— 4 ——6———’ >:<—’

(21)

where the last term on the right is small in com-
parison with the sum of the first two. The expres-
sion (17) is the sum of diagrams (see Fig. 1) with
an arbitrary number of points-on each of the lines
and all possible connections. In each of the dia-
grams there can be only a single connection be-
tween lines.

Diagrams with connections of points on one of
the lines contain integrals of the type (12). In all
cases, they are smaller than similar diagrams
without connections by the factor Nyl a [2x (see
Fig. 1c and Fig. 1la). We shall neglect all dia-
grams of such a type. The same can be said rel-
ative to diagrams with intersecting connections
(the types of Fig. le, f, etc.). For example, let
us evaluate Fig. le. To it corresponds
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N {1 dmGy (0G; (m) a(p) a(lps) a*(pem) @*(mps)
X F(py —1+ p, —m)

X F(l—py+m— Ps) — Na(pipo) a*(psp.)
X F (pp — Po — D3 + P2)

x Nolal® (Ips + Po)* tan™ (| ps + po|R). (22)

We see that (22) differs from (19) by a small factor
of the order of Ny|a|?%. This is incorrect only for
a narrow range of angles ~A/R near p; = —p,. By
limiting the accuracy to within less than A/R, and
neglecting the corresponding diagrams, we need
average in the estimates over the range of angles
~A/R. Then the smallness of (22) becomes ob-
vious.

The expressionforthe diagram of Fig. 1d, whose
connections do not intersect, differs from (22) by
the argument of the F function, namely,
F(py—-1+m-p;3) F(1-py + p —m). Therefore,
instead of (22), we get an expression which differs
from (22) only by the substitution of |p;—p,| for
| ps + Pyl. The value of this quantity is of the order
of Np|a|?R, which is not small in comparison with
unity.

By writing down the expressions for the differ-
ent diagrams, it is not difficult to establish gen-
eral rules which allow us to estimate without cal-
culation. Let n, be the number of nonintersecting
connections between lines and n; the number of
intersecting connections. If the connection passes
through more than two points, but is not inter-
rupted (see, for example, Fig. le), it may be re-
garded as a single connection, but classified as
intersecting.

The intersecting connections can-be broken up
into groups such that no one of the connections of
one group intersects the connections of the others.
The number of such groups is denoted by ny. The
numbers ng and n; are the numbers of points
which the intersecting connections approach, ny
and n; are the numbers of free points between
intersecting connections (for example, the points
between ! and m in Fig. le). The numbers nj
and n; are the numbers of remaining free points.
The superscript + denotes that the point is located
on the lower line. For example, for Fig. la, ny=1
is different from zero; for Fig. 1b, ny = n; = 1; for
Fig. 1c, ny =2, ng =3, ny = n3 = 1; for Fig. 1d,
ny = 2; for Fig. le, n;—n3 =n3 = 2, ny = 1; for
Fig. 1f, n;=ny =n3 =ng = 1, ng = 2, etc.

A diagram of general form is equal to
NN§ta®2 (") ¥3xQRY5 in order of magnitude,
where
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oy = ny+ ny + ng + nf 4 ng + nf —1,
Uy = Ny + ng + N5, &3 = ng + n3 + ng,
g =3 (ny+ ng + nf) + ng 4+ nd —ng —ng —n,,
O = Ny + Ny + 1y + ng — 1.

A similar method of averaging over the loca-
tions of the force centers for the Green’s function
of electrons in a superconductor, with account of
scattering by impurity atoms, was proposed by
Abrikosov and Gor’kov.[®] It should be noted that
in our case, one must consider a rather broad
class of diagrams, many of which are unimportant
in the theory of superconducting alloys. (o]

We now proceed to the summation of the dia-
grams, which give the fundamental contribution.
The following equality holds (Fig. 2a):

) <tn (pupo) T (0apa)> = Na (papo) { b Go () af G5 ()

XS* (psp) a* (pf) F (py — po — p + 1) S* (ipy). (23)

For proof, we substitute a series of successive ap-
proximations for Ty, (psp,) on the right side of (23)
and make use of the fact that a dependence on the
signs of n is lacking in the averaging. Making use
then of (20), we verify the validity of (23). We can
prove the equality indicated in Fig. 2b in an entirely
similar way.

Taking Fig. 2b and Fig. 1 into account, we get
the following equation for (17) (see Fig. 3):

U (p:pobspe) = | dp Go(p)S(pip) | 41 G5 () S* (b P (pPofpy),

(24)
P (ppop2) = Po (pPoip:) + Sdmgdm’ G, (m) Gy (m’)
X Py (pmim’) P (mp,m’p,), (25)
Py (ppofpe) = N (a1 al’ G, () Gi (1) S (1) S* (P
XF(p—1—1++1%a(pl)a*dl). (26)

The expression (25) is represented in Fig. 3a by a
rectangle, while the first diagram in Fig. 3b is
equal to (26). We substitute (20), (25) and (26) in
(24). The resultant expression will contain inte-
grals of the form

(dp G, (o) a (P <T (@p)> F(p —35). (21

In order to calculate them, use is made of the
steepness of F(p—s). By replacing a(pl) by
a(ps)a(sl) [a(ss)]™!, we cantake a(sl)[a(ss)]™?
from under the integral. We are left with an in-
tegral equal to

—_——————— =

—_———— —_

—_—

(28)

which follows from the equation for (T(p;py)) and
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the relations (15) and (A.14). Again collecting the
terms, we obtain

U (p1PoP1Po) = e*RP ((po + 1) NyPo,  (Po + K') Nypy)- (29)

We have chosen py = pg, P; = P3 = Pohy, @ = Nyoy,
since precisely this case is.needed for the calcu-
lation of the intensity.

We now transform Eq. (25). Substituting the
quantity P(mpym’p,) in the form of (25) and (26)
on the right side of (25), we get an expression
which contains the integral

I e = \d1 dma(pl) ams) Go () Gy (m) S (Im)
XF(g—NFm—g),

Gi=p—i4+10, g=m4fs—s, (30
where 1’, m’, 8 and 8’ are variables along which
the integration is carried out in what follows. Tak-
ing out the amplitudes and substituting (20) in (30),
we get two components, one of which contains
(T(l,m)). Rewriting (T(l,m)) in the form of
(11), integrating, and discarding terms of the
order Ny|a|%x, we get

J @g) = \dx G () F @ —x) F (x —g) a (b)) @ (@),

Gy (x) = (2m")™ (x* — p} — 2po) . B1)

Subsequent integration over 1’ and m’ is carried
out in a fashion similar to that of (30).
Then, collecting all the terms, we get

P (ppofpa) = P (ppfpe) + N {dx(dy 6, (0 G

X a(px)a*({y) F (p —f —x +y) P (xpoyps)-  (32)

We shall compute Eq. (26) by substituting (20)
therein, and making use of (15);

Py (ppoip.)

= Ne*R a(pp,) a* (ipo) F (p — T— (po + W) no+(po -+ w*) ny).
(33)
In (32), we replace f, p, and y by the new vari-

ables u=p—-f, z=py—-p; and w =xX-y. We de-
note the quantity P(ppfp,) in the new variables by
K(ppy, uz)e @R, Its dependence on u and z is
steep, since u and z are contained in the F-func-
tions, while its dependence on p and p, is com-
paratively smooth, since p and p, only enter in
the amplitude.

As above, we shall assume that the amplitudes
do not have steeper singularities than resonance
poles. Inthe integration over X, one can evaluate
a(px)a*(p-u, X—w)K(xpy, wz) at the point |x]|
= pg. There is then left

gGl(x) Gf (| x —w|) x2dx = G (wn,) = (& + iwn,)"L (34)

In the case in which

p = (po+ 1 ny, f= (po+ 1) ny,
o (nng) =| a (pony, pony) %,
we get
K (pibo, uz) = 6 (ang)F (u —z) + 20)~° N {dQ; o(nn,)

v

x {dw F (u —w) G (wn) K (xpy, w2). (35)

D)

In order to find K(p;py, uz) it is necessary to

know the angular dependence of o(njn,). Accord-

ing to (28), in the important case for which the
transverse cross section is isotropic (for exam-
ple, for slow neutrons), the intensity of multiple
scattering has the form

I (8) = Nos e*RK (9)/4x, (36)
where
0K (8) = 40 K (p1po, uz), u = ian;, z= jon,,
P1 = Pohy, Po = Polg, cos ¢ = nyn,.

Equation (35) is identical with (A.3), if we set
e = 005!, O =Sc ®) dQ
in that expression.

The function K(pypg, uz) is found in the Appen-
dix with an accuracy to within ~ 1/2 (e/2)%1n 2 in
comparison with unity. It is written as K(uz)
there. If [ec/48%(a + B8)] < 1, which is well sat-
isfied at € = 0.7, then, according to (A.5) and
(A.18), we get

K (8) ~F (ian, — iony)
2(] — o 3
% ZTET:—zi_—gz‘l‘ 25 0 @14 1) Py (cos 9)
i
2R3 (a2 — B2 L o
x {?%1_(-%8)—%31 (ia, iB) A; (iB, ia)

0

+socg dx 8 (x) [

o

A (ia, ia)
x2 R a2

— By (i, ix) Ay (ix, i9) |} 37)
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All the notation entering into (37) is given in the
Appendix.

Equation (37) is a converging series in [ so
that it suffices in practice to sum up to 7= aR.
With accuracy up to (@ —pg)a~!, the value of
Bji(ia, iB) does not depend on I, which makes it
possible to sum (37) completely, using (A.4). For
example, for € = 0.6, the quantity (a-g)a"!
~ 0.1, and decreases with decrease in €. More-
over, 6(x) is smallif x <xj= azﬁ'l; it has a
sharp maximum if X = Xj; and it is close to unity

if x >x,. This makes it possible to reduce (37)
to the form
K (%) = F (ie n; — iang)

x {1 + 5 10577 + In 2aR — Ei (— 23R)1

g =y e PF (ifny — fan)— F(ion, — iony)]
+ 2“” () [F (ian; — iang) — e 2@-RR/B
x F (i Tm— iano)] — L 0(®),
1 in xR
7 (€) = 7& dx [0 (x) — 11, F (x) = (xR)z (S”;; — cos xR) .
(38)
The function €®(4#/2) ~ 0 in all cases, except
2aR sin (4/2) > 1, when
2a Rsin(8/2) 1 o
® (§) = F (ion; —iong) 2} 4 (sing)". (39
n=1

4. DISTRIBUTION OF SCATTERED PARTICLES
INSIDE THE BODY

If we are interested in the number of particles
then it is necessary to find the wavefunction. Using
the expression (2), and the explicit form of (15) and
(17), we get

Q¥ @F = |<¥ @] + N dp Gy (o) [t GE ()
x exp [i (p —1) r1U (Ppofpo)s
¥ (r)> = e*R exp [i (py + p) nerl.

(40)
(41)

Then, substituting (24), and carrying out transfor-
mations similar to (30)—(32), we get an equation
which differs from (40) only by the replacement

G, (p) G5 (f) = G, (p) Gi (), U (ppofpo) — P(PPofpo)-

Transforming then to the coordinate represen-
tation

P (ppofpo) = @ {dp exp [ (F —p) p1 P (pf, p) (42

and integrating (40) over p and f, we get
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Q¥ () H=exp[—a R+ n)

+ Noi dp 22PN p (ot p). (43)

If the amplitudes do not depend on the angles,
then it follows from (32), (42), and (43) that
P(pf, p) = 0(| ¥(p)|?), and Eq. (43) takes the
form of (A.1). The solution of it is

¥ (r) [ = eR {exp [—angr] + (Z_:t)- sQqu F(q — iang)

x | dpe?7Gy(p) K (pa).

Substituting (A.18) and (A.10) in (44) and integrat-
ing, we get

(44)

2 (] — 2
Q¥ OF = e fexp [—angrl =906

+ sagdxa ) “_P(;__‘“'of)

— 2

288 (a2

+ Vi @1+ 1) Py (cos §) [ oo o By (ia, iB) ji (BP)
i

- saiodx x 0 (%) By (ia, ix) i (ixr)]} )

a

45)

In the same approximation as for the case (38),
it follows from (44) that, for R—r > oz'i,

AU
= %R {exp [— an,r] [1 4 % (0.577 + 1In 2a (R4 nyr)

— Ei [-— 2a (R — ﬂof))] + ﬁ:—f)‘

+(exp [(@ —B) R] exp [— Pnor] — exp [— an,rl)

eay (e) e

+ T(a——‘(exP [—a (R + n,r)]

— exp[ — % R + nen) |} (46)

5. DISCUSSION OF THE RESULTS

A. Let us consider the physical meaning of the
diagrams whose sum corresponds to the solution
of the transport equation (Fig. 2b and Fig. 3). Each
such diagram describes scattered radiation of a
definite multiplicity. A diagram with a single
dashed line describes single scattering, one with
two such lines, double scattering, etc. Each of the
diagrams depends on the ratio of the dimension of
the system R to the value of the total path length
of the particle in the medium, (Nooo)'l; it grows
with increase in R and tends to zero as R — 0.

All the corrections to the transport equation
can be divided into two groups. The first group
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2 Ni%, £=0,27 10K®, £=0,43

9,

deg | 4 R—1 5 1 5

0 0.120 |6,7-1073 | 13 0.965

90 0.144 0.183 | 15.6 | 17.6

180 0.177 1.55 18.8 | 135
Single
value | 0.747 93.5 69.4 (8750

of corrections (diagrams c, d, etc. in Fig. 1) is
determined by the value of the ratio of the wave-
length of the incident radiation A to the total path
length of the particle. It is associated with re-
peated collisions with a single force center. The
second group of corrections contains the scatter-
ing amplitudes but cannot be expressed in terms
of cross sections.

Both the intensity of the scattering and the dis-
tribution of particles inside the body are deter-
mined by a single function K for which an integral
equation is obtained.

B. In order to illustrate the application of the
formulas that have been obtained, let us consider
the multiple scattering of thermal neutrons by a
macroscopic spherical target. This problem has
independent interest for the solution of different
problems in the theory of nuclear reactors, and
also for an accurate account of scattering in the
source and target in the study of nuclear reactions
with participation of neutrons. In most cases, the
transverse scattering of slow neutrons by nuclei
is isotropic (S-wave) and Ny|a|2X «< 1. There-
fore, the conditions of applicability (36) are sat-
isfied. All the conclusions are valid with the same
accuracy with which one can neglect the energy of
the recoil nucleus in comparison with the energy
of the neutron.

Let us consider scattering from targets con-
sisting of K}3 and Nif} (see the table). In all
cases, for aR = 0.1, the intensity is almost inde-
pendent of the angle and is equal to 0.06 for K%
and 6.3 x 107* for Ni®’, We see that I(#) in-
creases with increase in the angle 4 for any «R.
For fixed ¢, the intensity first increases with in-
crease in aR, and then falls off. For small angles,
the decrease begins earlier than for large angles.
As R— 0, we get the well known formula for the
single scattering No.

If the scattering is principally elastic, € ~ 1,
then the solution to the problem is given by (A.21).
For high accuracy, one can use the method of suc-
cessive approximations in (A.20).

APPENDIX

We consider the equation
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I1(r) =b(r) = e_\ dr’ Gy (v —r'|) I ().
Q
Equations (35) and (11) can be reduced to (A.1) in
many cases. In order to get the solution of (A.1),
we convert to the Fourier transform:

I () =b () + @0)*eQG, () | dp K(up) b(p), (A.2)

K (up) = F (u —p) + (2m)° SQqu Gy(q) F(u — q) K(gp)-
(A.3)

We assume that the region of integration  is

a sphere of radius R. Taking it into account that

(A.1)

F (u—p)="251@L + 1) A; (4, p) Py (cos B), (A.4)
l
Ar (@, p) = R® (u® — p)™

X [pji1 (PR) jr WR) — tjiy (R ) ji (PR)]
(¢4 is the angle between u and p), we get

(A.5)

K (up) =X 51@1 4 1) K; (4, p) Py (cos 9). (A.6)

i

Substituting (A.4) and (A.6) in (A.3), we get

+00

Ki(u,2) = Ar (0, 2) + > \ dpp® G, (p) B, (4, p) Ki (p, 2),

—® (A.7)
Bl (uv p)
= R? (u* — p®)! [phia (PR) ji (R) — uji1 (R) b (PR)],
(A.8)

Je () = V2% Ty, (x), hu(x) =V a2x HEy, (%), (A.9)

where J,(x) and Hy,(x) are the Bessel function
and the Hankel function, respectively.

Equation (A.7) is a special integral equation
with a kernel of the Cauchy type. We find its solu-
tion in two cases:

1. G, (p) = [p? —p; — inl™,
2. G, (p) = (a/p)tan~! (p/a).

In the solution of (A.7) by the method of successive
approximations, it is easy to establish the fact that
the expansion parameter is not just € but in fact,
eaR. We reduce the singular equation (A.7) to a
Fredholm type (A.19) with a non-singular kernel.
Here it happens that all the essential dependence
on R is taken into account in the free term. Equa-
tion (A.19) can be solved by the method of succes-
sive approximations, where the convergence of the
expansion is improved, since the parameter is
seen to be € while the expansion begins with terms
e

1. Instead of Kj(u,z) we substitute Az(u,z)

(A.10)
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[1-€eGy(u)l ~1in (A.7) and transform to a contour
integral, inasmuch as the integrand falls off suffi-
ciently on the large circle. As a result of the in-
tegration, we get

A, (u, 2)

K, 2) = 1—¢Gs ()

4 eV +eBw, Vi + 04 V5 + & 2. (A.11)

We construct the equation relative to Mj(u,z)
=Ky(u,z) - K§¥(u,z):

dpp?

M; (4, 2) = l—VPo+3A1 VP0+8 ?) % —__me

x Auw, pYDilp,V p5 + €)

+co

+L Sdp B ) M, 2),
Dl (P: ﬁ)
= R® (0* —BY)™ [Bhuy (BR) hs (0R) — phiy (oR) by BR)).

(A.12)

The resolvent of (A.12) is the function (A.7).
Therefore,

K: (4, z) =KW, 2 +i@m)Vp:red Vpite, 2
1 —_—
x dpp® i Ki @, p)Di (0, Vi + o).
KA —Pg— in

(A.13)

Equation (A.13) has a degenerate kernel; therefore,
its solution has the form

Ki (1, 2) = Ki (2, u)
22— p?

2 __ 2
2% — pa —

NS B, (2 po) ]
B,(V 1% +e, o) '
(A.14)

Here well known relations between the Bessel func-
tions have been used.[1%] If z = po» then carrying
out the summation over I, we get, with accuracy
up to terms of order e:

K (upy) = exp (ieR/2po) F (u — (po + &/2p,) ny).(A.15)

2. Similar contributions for a kernel with a
branch point lead to the following equations

- [Az @ 29—

K (4, 2
= Wi (u, 2) + iae A; (B, 2){ dx ¥K; (u, %) Dy (x, B),
L (A.16)
Wi(u,2) =2 (u, 2
+ <ae)2§dxx1<, (u, x)%dy 49 (— i) Dy (x, 9) A1 (9, 2),
(A.17)
Z; (4, 2) = A; (u, 2)[1 — &G, ()] + iecB; (u, if) A; (iB, 2)

+ ae%dx x0 (— ix) By (u, x) A; (x, 2). (A.18)
L
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The integrals L are taken along the cut which ex-
tends from the point ie to the point iw:

In2tB _ 28 2iB? (a2 — B%)

a—B  ae’ T T Al —e—p
=Moo 0 =[(1+ 5 5 + ()T

“(A.19)
The first equation of (A.16) has a degenerate ker-
nel. Solving it for K;(u,z), we get the following
set of equations: :

K (i, i) = Ey (iu, i2) + (oce)zg dx xE; (iu, ix) Ry (ix, iz),
) (A.20)

Ry (ix, i2)=TY (ix, i2) + (oce)’% dy yTy (iy, i2) Ry (ix, iy),
a (A.21)

E; (iu, i2) = Z; (iu, i2)

— iecQA; (B, i2) g dx xZ, (iu, ix) Dy (ix,if), (A.22)

az
PSSR 1) R S SO
Ty (ix, i2) =T} (ix, i2)

— ie QA (B, )| dyyT!® (ix,iy) Diliy, 1),  (A.23)

a

I (ix, i2) =S dy y9 (y) D (ix, iy) A (iy, i2), (A.24)
Q= [1 — ioec S dy yA (iB, iy) Dy (iy, iﬁ)]-l- (A.25)

a

(A.20) is an equation of the Fredholm type. An es-
timate of the integral term shows that it is smaller
than the free term by a factor of at least % (€/2)%x
In2x[1+(8/a)?y(e)l. The integral term in
(A.22) can be neglected if € = 0.7. In this case,
Kji(iu, iz) is determined by (A.18). The formula
(37) is obtained from (A.18) with the use of the
Cauchy formula for the function Gy(u)[1—eGy(u)l™.

By the method considered earlier, we can solve
an equation of the type (A.1l) with kernels that have
several poles and branch points. A similar method
of transformation of the integral equation can be
applied also in the case of anisotropic scattering
(see (35)), only in this case, it is convenient to
isolate the fundamental dependence on R (term of
the type of (A.22)) by the method of successive
iteration (35).
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