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It is shown that when an energetic packet of electromagnetic waves moves in a magneto-
active plasma the conditions may be such that the distribution-function plateau formed by
the packet may be unstable. The transfer of electromagnetic energy to growing waves is

considered. It is found that the energy of the

initial packet changes into energy of both the

growing waves and the plasma. The nonlinear damping decrement of a weakly non-one-
dimensional electromagnetic wave packet is evaluated.

NONLINEAR interactions of electromagnetic
waves in a collisionless plasma can be divided
roughly into two types—nonlinear effects that can
be described hydrodynamically (or quasi-hydro-
dynamically),m and nonlinear kinetic effects asso-

lation balance in the classical limit i — 0,[6-10]
These ‘‘quasi-linear equations’’ (in the terminol-
ogy of [8]) coincide with the Fokker-Planck equa-
tions for the Brownian motion of particles acted
on by random electromagnetic fields, (8] and are

ciated with ‘‘finer’’ deformations of the distribution valid (given the condition of random phases) when

functions. The first type of nonlinear interactions
involves essentially the scattering of one wave by
another; for plane waves the energy and momen-
tum of quasiparticles (photons and plasmons) is
then conserved. Parametric amplification 23 and
instability against decay 3] are nonlinear inter-
actions of this type (see also (1), Nonlinear ef-
fects of the second (kinetic) type are associated
with changes in the populations of plasma particle
energy levels, similar to the interactions of elec-
tromagnetic waves in three-level masers.! The
interaction of electromagnetic wave packets in a
magneto-active plasma, which is investigated in
the present work, is an example of the second
type.

We shall show that the plateau of the distribu-
tion function[®] in several cases does not lead to
a disappearance of electromagnetic wave absorp-
tion, because of the instability of the distribution
function having the plateau.

1. Let us consider the kinetic nonlinear inter-
actions of electromagnetic waves in a magneto-
active plasma in the case of random phases, when
the equations describing interactions between
plasma particles and the electromagnetic field
can be derived from the equations of level popu-

DIn [*] equations for nonlinear interactions of both types
are given in terms of the deformation of the distribution
functions.

the correlation time of the electromagnetic field
(for a random force) obeys the inequality 7 < t,
(where t; is the time required for an appreciable
change of the distribution function). If Aw is the
width of the wave packet frequency spectrum the
condition for applying the indicated equations 2 js

Ui, <2 Ao. (1)

Although the quasi-linear equations do not con-
tain the Planck constant, the use of quantum con-
cepts simplifies the derivation of these equations
and furnishes an intuitive interpretation of the re-
sults, [11]

2. Let the energy emitted per second by a par-
ticle of kind « in the S-th harmonic of the cyclo-
tron frequency Qff = e®Hy/myc into the j-th
normal wave be

dW* =l , & (0 — 0l ,) d®k, (3)

where wg o 1s the frequency determined from the

Doppler condition

o = sQY + K'p/my, (4)

2The condition for applying quasi-linear equations in the
case of plasma waves, derived from (1) is

Aw « e, /@ Ok
e -'>1/—m—(7¢' %) @

which differs somewhat from the condition given in [*°] (using
the same notation).
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k! is the wave vector, p= {p|, p;} is the particle
momentum, z > 0 is the direction of the magnetic
field Hy, e® and m, are the charge and relativ-
istic mass of the particles, and c is the velocity
of light.

The quasi-linear equations for the particle dis-
tribution functions f% and the spectral density of
the electromagnetic wave energy €i ( E e-li{d:’k is

the electromagnetic field energy per unit volume)
are easily obtained, as in [12], from the balance
equations for h— 0. Neglecting spontaneous
emission, the equations are

o _

B Ik s 1047 @ el (0 — L),

s,
2k {Swp @np et 0 —al Moffel )

where we have the operator

m{ is the rest mass, wy = e“Hy/m{c, and kj,
= kJHo /Ho.

We shall investigate the case in which we can
consider the interaction of electromagnetic waves
with particles of only one kind for S =1 (the nor-
mal Doppler effect), and in the general case we
shall present only an intuitive derivation of the
condition for plateau instability. Dipole radiation
will be assumed and relativistic effects will be
neglected. Then w)_, = w(pz, §) where 6 is the
angle between H;, and kJ, and

nl_, = p* P; (k, p-, 0). (6)

Subject to the foregoing limitations, following
integration with respect to dw the quasi-linear
equations become (omitting the index «)

OF _mo 0 f o my Of of ﬁ},
or ~py app L Py 9py asz
O (. o[pgm oF | pof
+6pz{F_L[ p, op, OpZJ}'
ol ¥ (oume of Koo
< =Ue\ P o o T e o drL (7)
ot ; _L[u)] p, op, o; Opz] L

where

(k)2 (9k/0w) €], Op\2
_ ) 3 _ —
A(ps) = ZS dQP; (2n) l 1 — (k! /0w) (Pz/mo)l ( @; ) ’

j
(K2 0k j00) e, oy K
B (p,) = dQP; (2m)3 —_

)

(K2 (0K j0w) &, (k;' )2
D (p)) = 2\ dQP; (2n)® i =),
EEMELTC [ — (0L/00) (p,Jma)| \ ©;

]
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rd = (2m)t Pjm, /| k; | and Q is the solid angle.
Let us consider the one-dimensional (in )
packet of the j,-th normal wave propagating at
the angle 6,. We introduce the new variables
Pz
1 ‘B
qu?LZ_nZ,_&—D—dpz’ p=p:—pd (8)

2
where p% is the lower boundary of the packet-
plasma interaction region. In this coordinate
system for a one-dimensional packet (A/B = B/D)
we obtain

of o of
i g{Pﬁ_D %} , 9)

from which it follows that a one-dimensional packet
endeavors to level out the distribution function
along the line q = const (to establish a plateau),
ie., f— 2 =1£%q).

Equation (9) also permits an evaluation of the
time t, required for a change of the distribution
function. If L is the width of the interaction re-
gion with respect to pz, we have

=L p% D> ~muT,L 2D, (10)

where T, is the plasma temperature and « is
Boltzmann’s constant. Then the inequality (1), sub-
ject to the condition

(Ow/0k)? ~ wB/k*> %T/m,,
acquires the form

Aw > V eEokimy («T o/ myc?)™, 1)

where E; is the effective amplitude of the electric
field in the packet (the electromagnetic energy of
the packet in unit volume is E}/8r).

We now obtain the electromagnetic wave incre-
ments in the state with a plateau when f = fy(q):

def 1 i dfo Oy my 9q n} 9q

k- 3 A Mo %9 4 2

0t ¢l r Sp_l_aqdp~L ®; p, Op ¢ Op
k o j PL oPL P

=—2 21"2—7[1 —-Z?;]Tf“ (9) dg;
2 J g
i ke T B
M= s qo——;ﬁg = dp. (12)
When f°( q) > 0 the waves for which
K (pz, 8) > k2 (P, o) (13)

are unstable on the plateau formed by the j-th
wave.
The steps of calculation in (12) are valid if the
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particles of the plateau formed by the j-th wave
are ‘‘resonant’’ for the j-th wave. This has been
taken into account in (13) by the function kJ

= kJ (p ), which is obtained from the Doppler
equatlon (3) and the function k-' = kJ (wj).

3. The instability criterion (13) has a simple
quantum-mechanical interpretation. When a photon
having the frequency wj and wave vector kl is
emitted a change of electron (or ion) state
occurs: [11,13]

hsmow g
ApJ_ = — ) N
£

Ap. = — Rk} (14)
where s is the index of the harmonic. Therefore
a strong one-dimensional packet levels out the
distribution function (in the interaction region)
along the directions

dp/ldpz); = Apy/Ap. =

The particle distribution perpendicular to the lines
represented by (15) falls off with increasing dis-
tance from the coordinate origin (if the original
distribution function was Maxwellian).

From the quantum-mechanical point of view
instability occurs when the upper energy levels
involved in photon emission have greater popula-
tions than the lower levels. This means that for
instability of the j-th wave on the plateau formed
by the j-th packet a certain relation must be sat-
isfied between the derivatives in (15). Thus, if
kY, k), > 0, a radiative transition to a state with
smaller population (i.e., instability ) occurs when

(dpy/dp.); < (dp/dp.);, or skl < skl (16)

This condition must be satisfied for the same par-
ticles, i.e., (neglecting the transverse Doppler ef-
fect) for the same pj.

Analogous conditions can be given for an arbi-
trary direction of packet motion. It appears in
the general case that only a plateau produced by
the Cerenkov effect is always stable with respect
to the normal Doppler effect. All other combina-
tions of radiation mechanisms can result in insta-
bility.

4. We shall now consider the development of
instability on the plateau for the case represented
by (7). If a plasma contains packets with different
values of k, the quasi-linear equation for f in the
coordinate system (8) is

o = a o + a7 {PAF 5+ 5 {055

F = (AD — B*»/D.

smoou/p kL. (15)

(17)

We shall clarify the pattern of instability develop-
ment by studying (17) in an idealized case where:
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1) The coefficients A, B, and D (and therefore
the wave energy e-l‘{) are independent of p,. In or-
der to have zero particle flux through the bounda-
ries of the interaction region we must require ful-
fillment of the boundary condition 9f/dp = 0.

2) The term (9£/8q)(8q/0t) can be neglected
in (17). This is justified if

dqlot < myF. (18)

This condition is clearly satisfied for small incre-
ments, small L, and large packet energies.

3) The condition of packet ‘‘narrowness’’ is ful-
filled:

*xTy > Loy/k., (19)

which permits the assumption pi = 2myq with zero
as the lower limit of q.

Subject to the foregoing limitations, Eq. (17) be-
comes '

1 o _ 9 [,pof o%f
T ar = 3 97 ag} + 9D 5
from which it follows that if in a moving system of
coordinates (q,p) f is independent of p at the ini-
tial time, then subsequently we will have f = fo(q, t).

This function satisfies the equation
0
o = o7 197 a1
On the other hand, it can be shown that for arbi-
trary initial conditions the solution of (20) ap-
proaches f’, The time constant is 7y = L2/m T(D.
We shall assume that for t = 0 we have f = f'(q),
i.e., we shall consider times t > 7p. Then f
=f%(q,t), obeying Eq. (21), while the energies of
the original and growing packets (6& and eﬁ, re-
spectively ) are described [ see Eq. (12)] by

(20)

(21)

o) * a;o oy E B\ o
5 =2l 45 q(mo—a‘n &k
0
Oe} r 9 AW
"k k= 2m,l \q P dq(w—r——urﬁ)ek. (22)

Since f satisfies (21), we have
Kq x dq=—§f°dq=const

9q J
0 0

= — No (xTo) " exp{— <p:)*/2meuTo} = — N

where N, is the number of particles per cm? and
(pz ) is the mean longitudinal momentum in the
interaction region.

We shall assume that growing waves also have
a one-dimensional spectrum (varying in the angle
6 ) in accordance with the appropriate initial con-
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ditions, for example. When instability develops
on the plateau due to the thermal noise level the
assumption of a one-dimensional eﬁ packet is
sometimes justified. On the other hand, if for
growing waves ki depends weakly on 9, which
occurs, for example, in the Alfvén branch within
the region of ionic cyclotron resonance, [14,15] then
assuming that the dependence of eﬁ on ¢ during
the development of instability varies very little,
we can write an equation for the mean (with re-
spect to 6) energy of growing waves. Proceeding
now to the total packet energies Ej; and E, and
the plasma energy Ep per cm3, Eq. (22) and the
energy conservation law following directly from
(6) yield

E,+ E, + E, = const,

(k7 — k%) EoE
B (@) PP 20N e 2
dt |43 | 0} 0y @ PoEokl -+ w7® P E k]
dE, (20! PoP2m30 N (K, — kD) EoE, _ 23)
dt PoEokOwy® + P E, kw2

Ik;I mg“)r r=r*z%r
In the cited case of non-one-dimensional growing
waves, Pp must be understood as the mean value
with respect to 6.

The trajectories on the (Ej, Ey) ‘‘phase’’ plane
are represented in the figure. The energy trans-
ferred to growing waves is

E, (t = o0) = E, (t = 0) ny/n}. (24)
E(J
[I'
The energy transferred to the plasma is
AE, = (1 —nY/n}) E, (¢ = 0). (25)

The solutions of (23) are easily obtained. Thus
the time of energy transfer tiygng for which
Eo(ttrans) = Ep(t = 0) subject to the condition
Eo(t = 0)/E.(t = 0) > n} /n} is

1 Po(l)g)
Yo (l + P,mg In

where v,, the damping increment of the j,-th wave

Eo (t = 0)

E (t=0)" (26)

ttrans =
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on the plateau formed by the j-th waves, equals in
order of magnitude the linear damping increment
of the j-th wave within a plasma in equilibrium.

Equation (23) can be derived from simple con-
siderations. For saturation we have the following
relationship of the increments:

Ti=Toj (I 4 To;/T)7%, 27

where 7j, the time required to equate the level
populations determining the increment, is inversely
proportional to the wave energy, and 7yj is the re-
laxation time determining vpj. In our case the re-
laxation processes are waves of other types; there-
fore both 7j and Toj are determined by (9), and

Yoj is the increment corresponding to the plateau
established by the j,-th wave (for yojr) or by the
jp-th wave (for Vojo)- For narrow packets we ob-
tain (23) using (9) and (27).

5. We shall now estimate the nonlinear damping
decrement of a stable non-one-dimensional packet.
According to (9) and (12) a stable one-dimensional
packet in a collisionless plasma following the es-
tablishment of a plateau is not damped, [6:%] while
a non-one-dimensional packet is attenuated, as a
general rule. We shall assume fulfillment of the
conditions (18) and (19) and that the distribution
function in the interaction region is represented
by (21). Then the time dependence of wave energy
(for t > 1y) is given by (25), where the parameters
B and D are determined by a wave of only one
type, the summation over j being omitted in (7).

In order to evaluate the attenuation of a slightly
non-one-dimensional electromagnetic wave packet
we shall assume that only k, depends on 6, and
that the width Au of the packet with respect to u
= cos 6 is considerably smaller than the region
in which kz changes significantly. With a series
expansion of k, in powers of yu and assuming a
rectangular packet shape (with respect to u), we
obtain for the energy E = f edQ

(28)

2 2Pm3w N [ ok, \? 2
G- e T () e
which becomes invalid when, as a result of energy
transfer, the packet is considerably narrowed with
respect to 6 and its shape changes appreciably.
We wish to thank V. L. Ginzburg and V. V.
Zheleznyakov for their interest in this work.
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