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A deep connection is established between the conservation laws for baryon number, strange
ness, isotopic spin, and also electric charge, and the space-time property of vector fields, that 
of having a definite spin (interacting fields with definite spin are described by our class-A 
theories Ct ~). Thus the existence of truly neutral fields with spin 1 (for example, the photon or 
the w meson) brings with it invariances which correspond to the conservation of additive 
quantum numbers (for example, electric charge or strangeness). The existence of charged 
fields with spin 1 (for example, the p meson) leads to invariances of the type of isotopic 
in variance, and so on. The proof is obtained by an analysis of the general local relativis
tically invariant Lagrangian for an arbitrary system of any number of interacting fields with 
spins 1, 1/2, and 0. In theories of class A each interacting massive vector field must satis
fy a Lorentz condition-a condition which singles out the spin 1 and is closely connected with 
the inhomogeneous Lorentz group. For vector fields with mass 0 this is replaced by the re
quirement that the four-divergence be arbitrary. A consequence is that the matrices formed 
from the coupling constants necessarily form a Lie algebra, and this leads to the indicated 
symmetry properties. The structure coefficients of the algebra are the constants for the in
teractions between the vector fields. 

l. INTRODUCTION 

1. For strongly interacting elementary parti
cles there is conservation of quantities such as iso
topic spin, strangeness, and baryon number. At 
first glance this group of conservation laws and 
the corresponding invariances is not connected 
in any way with the properties of the Minkowski 
space-time. At the same time other conservation 
laws-energy-momentum, angular momentum-are 
obviously connected with properties of space-time; 
homogeneity and isotropy. 

The assertion made in the abstract, that there 
is a close connection between the first group of 
conservation laws and a space-time property of 
vector fields, that of having a definite spin, has an 
unexpected sound, and we shall try to explain it. 
In theories of class A [1= the equations of motion 
for vector fields 

( 1) 

(the currents j J are certain. combinations of the 
fields, including the fields bp) must have the con
sequence that the spin of each field is 1, i.e., that 
the alternate conditions (cf. Ct-3 ]) 

. f 0, if m7 =f= 0, 

a.,.b~ = \arbitrary' if' m7 = 0 
(2) 

must apply. Then the currents must be conserved, 
Bf.Lj b = 0, and this means that the theory is invar
iant under certain phase transformations. 

2. Precisely what invariances are possible, and 
what structure of interactions, is a question which 
we shall investigate by means of a direct analysis 
of the field equations in the framework of the 
Lagrangian formalism. The Lagrangian is written 
down with undetermined coefficients (coupling con
stants), and then owing to the requirements (2) 

certain algebraic relations arise which these co
efficients must satisfy. These relations mean that 
definite matrices formed from the coupling con
stants must constitute a Lie algebra. 

We start from the general local relativistically 
invariant Lagrangian for an arbitrary system of 
any number of interacting fields with spins 1 , 1/ 2 , 

and 0, with conservation of the number of spinor 
particles. The only restriction we adopt in this 
work is that all coupling constants are dimension
less (in units n = c = 1). This simply means that 
at this stage of the investigation we confine our
selves to the first term of the expansion of the 
Lagrangian with respect to the dimensions of the 
coupling constants. There are reasons to suppose 
that all important conclusions relating to invariance 
properties will remain unchanged even after terms 
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In the papers by authors who give 
gauge-invariant theories In the present paper this is 

this is 

Existence of vector fields derived (actually postulated, see postulated 
our criticism [']) 

Invariance under transformations postulated derived 

with phases independent of X (for 
example, isotopic invariance) 

The basic principle gauge invariance with phases singling out of spin 1: 
depending on X 

Mass of vector field 

Properties of vector fields derived 

Form of the interaction derived 

with the dimensions of the coupling constants are 
included in the Lagrangian. A natural name for 
interactions of class A with dimensionless coupling 
constants is minimal interactions. L2J 

3. In this paper we prove that interactions for 
which the spins of the vector fields are always 1 
(theories of class A) can belong only to the follow
ing cases: 

a) Those in which the vector fields are neutral 
and interact through conserved currents, for ex
ample through currents corresponding to the con
servation of strangeness or of baryon number. In 
such a theory there will of course be invariance 
under the corresponding phase transformations. 

b) Those in which three vector fields form an 
isotopic triplet (the b meson of Yang and Mills [4J), 
and the entire theory is isotopically invariant. This 
possibility is the simplest one for the description 
of a charged vector field. 

c) Those in which the vector fields form richer 
multiplets, and the interactions have higher sym
metries, corresponding to the classical transform
ation groups: SU(v) (v = 3, 4, ... ) , O(v) (v = 5, 
6 , ... ) , Sp(v /2) (v = 4 , 6 , ... ) , and the five excep
tional grou2s G2 , F 4 , E 6 , E7, E 8 (see the review 
articles [5•6] and the literature cited there). Field 
theories in which such symmetries are postulated 
have been discussed by Glashow and Gell-Mann.L7] 

4. Thus the conservation laws of the first group 
are actually connected with space-time properties: 
the isotopic invariance with the spin 1 of the p 

meson, and the conservation of strangeness and of 
baryon number with the spin 1 of two neutral vee
tor mesons (evidently the w meson and the recently 
discovered cp meson). The existence of an octuplet 

0 for massive vector 

a11-bl'- = 
field 

arbitrary for case of 
mass 0 

0 any value 

derived 

derived -· 

of vector mesons with equal masses corresponds 
to invariance under the group SU(3) (eightfold way), 
and so on. 

Conversely, when there is any particular con
servation law there is a place for a particle that 
causes it to exist, and one can raise the question 
of searching for such a particle. On a wider scale 
this applies not only to vector conservation laws, 
but also to others, for example laws of the conser
vation of the four-momentum, angular momentum, 
and so on. 

5. The form we have obtained for the interac
tions of vector fields is basically the same as 
found by the authors of numerous papers which 
treat the vector fields on the basis of the so called 
"gauge" principle [4, 7' sJ (for other references 
see L2•9J). This resemblance is not accidental, and 
is due to the fact that those authors, postulating 
the symmetry properties (for example, isotopic 
invariance) from the very beginning and setting the 
mass of the vector fields equal to zero, further 
require "local" symmetry properties, which 
assumption is equivalent to requiring that EJJJ.bf.J. 
be arbitrary and singles out the spin 1. [zJ Mean
while we do not assume ~symmetries-we derive 
them. The ways in which our approach and results 
are different in principle can be seen clearly from 
the comparison shown in the table. 

6. Section 2 contains a brief discussion of the 
method used. In Section 3 we consider an interac
tion among an arbitrary number of vector fields 
("self-action"). The interaction of a system of 
fields with spins 1, %, and 0 is investigated in 
Sections 4 and 5. The last section is devoted to a 
discussion of the results. 
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2. REMARKS ON THE GENERAL APPROACH 

In the investigation of the interaction of an arbi
trary number of vector, spinor, and scalar fields 
we shall be guided by the following simple consid
erations, which are clear from the previously con
sidered [3] simple example of the interaction of a 
neutral vector field with a spinor field: 

1) The equations of motion must not give any 
extra restrictions on the number of degrees of 
freedom of the fields (beyond what are necessary), 
so that they must have as a consequence either 
that the four-divergences of the vector fields are 
zero, or else that they are arbitrary. Therefore 
in the supplementary conditions obtained by taking 
the four-divergence of the equations of motion of 
vector fields it will always be necessary and suffi
cient to make the terms of independent structure 
equal to zero. As before, [3 ] the necessity follows 
from the fact that otherwise one could not prescribe 
the required initial conditions in the Cauchy prob
lem in an arbitrary way (or, in quantum theory, 
set up noncontradictory equal-time commutation 
relations). 

2) The restrictions on the coupling constants 
can be obtained successively: first one examines 
the interaction between the vector fields them
selves, then proceeds to study the interaction with 
the spinor fields, and finally to the analysis of the 
interactions of the vector and spinor fields with 
the scalar fields. Each successive stage will give 
new relations, without changing those obtained 
earlier. This can be traced most simply in the 
simple example considered previously [ 3]: in that 
case we could first consider the self-action of the 
vector field and convince ourselves that a = {3 = 0, 
and then get the remaining relations by studying 
the interaction with the spinor field. 

3. THE INTERACTIONS AMONG THE VECTOR 
FIELDS 

1. In accordance with what we said in the pre
ceding section, we begin with the interactio~ of the 
vector fields. Let there be n ~uch fields b A 
(i = 1, ... , n). The most general Lagrangian, 
which describes all conceivable interactions with 
dimensionless coupling constants, can be written 
in the form 

:i1 (x) = - 1M~v t~v- 1/2 (m2)t;b~ b~ + ai;k av b~ b~ be 

i ; k z < a bi b; bk + .. bi b' bk bz) + ~ijkl bjJ. bjJ. bvbv + e jJ.V),p Yiik jJ. v A p Ufjkl jJ. v A p ' 
(3) 

where f~v = a/Jbi -Bvb~, and Cl'ijk•f3ijkl• 
Yijk, and Oijkl are real (to assure that the Lagran-

gian is Hermitian) numerical coefficients, the 
coupling constants; there is always a summation 
over repeated indices. It is natural to take the 
symmetric matrix II (m2)ij II to be diagonal with 
nonnegative elements. At the same time, it is not 
initially assumed that this matrix is a multiple of 
the unit matrix; therefore the masses of the vari-

' ous fields can be either equal or differentY The 
free part of the Lagrangian (3) is from the begin
ning written as a diagonal quadratic form, in order 
that in the absence of interactions each field will 
satisfy the usual equation for a vector field with 
spin 1. We also note that the terms in y and o 
allow for the possibility of parity nonconservation. 
From the very definitions of the nonlinear terms it 
follows that they have the following properties 

~ijkl = ~jikl = ~ijlk = ~klii• 

ri;k = - rikj' 

(4) 

(5) 

bi;kt is completely antisymmetric in all indices. ( 6) 

When these properties are taken into account we 
get from the Lagrangian (3) the equations of motion 

0 b~ - ajJ.aVb~ - (m2)t,b~- lLfjkav (b~b~) + lLjfkavb~' b~ 

+ a1kia~'-b~b~ + 4~iiktb~b~b~ + 2 (Yiik- Y;kt) B~'-v),pavb{b= 
. k l + 4bijktEIJ.v),pb~b),bp = 0 (7) 

Taking the four-~ivergence of this equation and 
eliminating Db~ from the resulting relation by 
means of Eq. (7), we find 

- (m2)i;a~'-b~ 

- !Xjjk ( ajJ.aVb~' b~ + b~ajJ.aVb~ + ajJ.b~ 'avbe + avb~' ajJ.b~) 
j k j a bk) + bn {a a bm + (m2) ·b1 + !Xjfk (ajJ.aVbjJ.' bv + aVbjJ.' jJ. V lLmni jJ. jJ. V V mf jJ. 

+ ll..m;k (avb~. be+ b~avb~)- rx;mkavb~ ·be- rx;kma~'-b~ ·be 

b; bkb1 2 ( a bjbk - 4~mjkl jJ. v v - r mjk- Yikm) ejJ.VAP v A p 

- 46m;kzejJ.VAPb~b~b~} + rx;kiajJ.b~ · a~'-be 
+ 4~i;kz ( a~'-b~. b~b~ + 2b~be. a~'-b~) - 2r jkiejJ.VAPavb{ · a~'-b! 

. k t + 126ijklejJ.VAPajJ.b~' bAbP = 0. ( 8) 

2. We require that the alternative condition (2) 
be satisfied. Just as before, [3] and as formulated 
in Section 2, the necessary and sufficient condition 
for this is that each combination of terms of the 
same structure be equal to zero. From this we 
find the properties of the coefficients Cl'ijk, !3ijkl, 
y ijk, and Oijkl . 

1lln general it is sufficient that the mass matrix be re
ducible to diagonal form. 
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Let us first consider the terms that do not con
tain 8JJ.bb. There is only one term of the form 
c:Yjki 8JJ.bt • 8JJ.b~. Setting it equal to zero, we find 
that 

Ci-jki = - CXkji• (9) 

Next, equating the combination 
j k j k 

- CX;1ka,bi'- • ai'-b, + CXjika,bi'- • ai'-b, 

to zero and using Eq. (9), we get 

(10) 

and this and Eq. (9) mean that the coefficients c:Yijk 
are completely antisymmetric. Equating to zero 
the four terms of the third degree in the field which 
have the structure avbJJ. • bJJ.bv and using Eq. (9), 
we find that 

Symmetrizing and antisymmetrizing this equa
tion with respect to i and j and taking into account 
the symmetry property (4) .of the coefficients {3 and 
the complete antisymmetry of y which we have 
proved, we find 

8~ijkl + CXmkiCXmtj + CXmkjCXm!i = 0, ( 12) 

When we equate to zero the only term of fourth 
degree in the field b W but without the factor 
EJJ.vA.p• we get the condition 

(13) 

Thus it has been proved that the parity-noncon
serving terms are incompatible with the Lorentz 
condition. 

It is easily verified that because of the proper
ties (9), (10), and (12) of the coupling coefficients 
the terms containing 8JJ. bJ . are identically zero 
(except the term (m2)ij 8JJ. bl ); this is essential for 
the proof of sufficiency, and for zero masses, of 
necessity as well. 

Finally, we sti.ll have to consider the term 
c:Ymni bft (m2)mj b~. Equating it to zero, we get the 
last condition, which determines the choice of the 
masses: 

(17) 

3. Thus it has been proved that a theory of the 
interaction between vector fields with dimension
less coupling constants will be a theory of class A 
if and only if 

1) the Lagrangian is of the form 

:E (x) = - 1 I 4G~,G~, - 1 I 2 (m2);ib~b~, ( 18) 

where we have used the fact that {3 ijkl is expressed 
in terms of c:Yijk by Eq. (12) and have introduced 
the compact notation 

(19) 

2) c:Yijk is completely antisymmetric; (20) 

3) c:Yijk satisfies the structural relation (13), 
which, when we introduce matrices (ai)jk = c:Yijk> 

CXmm~mjkl + CXmji~mnkl + CJ.mki~mlnj + CJ.mli~mknj = 0, (14) can be Written in the matrix form 

which, as can be verified, is automatically satis
fied as a consequence of the relations (12), (13), 
(9), and (10). 

Let us now consider the parity-nonconserving 
terms. The equating to zero of the term of the 
structure EJJ.V /cp ov bt._ • oJJ.bp leads to the relation 

(15) 

The relations (5) and (15) show that the coefficients 
y ijk are completely antisymmetric. As a result 
of this the terms in y ijk drop out of the equation 
of motion (7). This is indeed understandable, since 
when y ijk is completely antisymmetric the term 
in the Lagrangian that contains it is a four-diver
gence and consequently has no significance. 

After the terms in Yijk have been dropped 
there remains only one term with the structure 
EJJ.vlcp 8/Jbv · br..bp, and the requirement that it 
be equal to zero gives 

o1ikt = 0. (16) 

This removes the need to examine the other terms 
containing o ijkl . 

(21) 

4) The masses are restricted by the condition 
(17), which can conveniently be written in the form 

(22) 

4. Consequences. a) The relations (20) and (21) 
mean that the matrices c:Yi form the regular repre
sentation of a Lie algebra with the structure con
stants aijk (the regular representation of a Lie 
algebra is the representation by the matrices 
whose matrix elements are the structure constants 
of the algebra). 

b) From this it is clear, and can easily be veri
fied, that a theory of this kind is invariant under 
the infinitesimal transformations with the para
meters wj: 

(the quantity Gbv transforms according to the 
same law). 

(23) 

c) Any representation breaks up into a direct 
product of irreducible representations, and the 
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vector fields break up into direct sums of the 
corresponding multiplets. An expression of the 
form (23) transforms the fields contained in a 
particular multiplet only into each other. If the 
representation is irreducible, then by Schur's 
lemma the fact that the matrix m 2 commutes with 
all of the matrices ai [Eq. (22)] means that m 2 

is a multiple of the unit matrix. Therefore within 
each multiplet the masses of the fields are equal. 

d) Parity is conserved in the interaction, and 
the vector fields are to be assigned quantum num
hers r. 

4. THE INTERACTION OF FIELDS WITH SPINS 
1 AND 1;2 

1. As the next step we consider the interaction 
of vector fields b i with spinor fields 
1/Jr(r = 1, ... , mf. which can be conveniently com
bined into a column 

where each 1/Jr is an ordinary four-component 
Dirac spinor. On the assumption that the coupling 
constants are dimensionless and that the number of 
spinor particles is conserved, the most general 
Lagrangian is 

- .- (T<I> y<2l) •hbi ;£,;,, 1 = 21 - 'Jl (ya + M) 'Jl + t'Jlr~'- i + Ys i 'Y ~~·(24) 

In this express ion ·;£ 1 is the Lagrangian ( 3) of the 
interaction of the vector fields; M is the mass 
operator, which assigns to each spinor 1/Jr its par
ticular mass, and which is represented by a diag
onal matrix with nonnegative elements 2>; T j1l and 
T j2l are Hermitian matrices made up of the coup
ling constants. They mix up the spinors 1/Jr, but do 
not act on the components of individual spinors. 

The equations of motion that follow from the 
Lagrangian (24) are 

LHS (7) + 'iirp. (T)I> + y5T~2>) 'Jl = 0, (25) 

- (ra + M) 'Jl + irp. (rjt> + r.r)2>) 'Jlb~ = o. (26) 

tfere and in what follows LHS means "the left-hand 
member of the equation." 

Now we: 1) take the four-divergence of Eq. (25), 
2) eliminate DbA from the resulting equation by 
means of Eq. (25), and finally 3) get rid of the 
derivatives of the spinor field by means of Eq. (26). 
The result is 

2lGenerally speaking it is sufficient that the matrix M be 
reducible to diagonal form. The masses of all spinor fields 
can be taken to be nonnegative, since this can always be 
achieved by making replacements rfrr ~ Ysrfrr· 

(27) 

([ , ) denotes the commutator, and [,) + the anti
commutator). 

2. In order for the vector fields to have only 
the spin 1 (theory of class A), [ 1 ~ they must satisfy 
the condition (2). A necessary and sufficient con
dition for this is that in the expression (27) the 
sums of terms of the same structure be identically 
equal to zero (cf.L 3 ~). 

It is not hard to see that there are no changes 
in the relations for the self-action constants of the 
vector fields which we found in the preceding sec
tion by an analysis of the LHS of Eq. (8). Analyzing 
the new terms, we get 

(28) 

(29) 

lT?> + r.T~2>, rjl> + r.r)2>J = ia,.ik (T~1> + rir~>). (30) 

The relations (28) -(30) exhaust the restrictions 
on the matrices T and M which follow from the 
requirement (2). Equation (30) means that the 
matrices T {P + y 5 T12> form a representation of 
the Lie algebra with the structure coefficients 
a ijk . Owing to this the theory is invariant under 
the group of transformations with infinitesimal 
transformations of the form 

(the wj are infinitesimal parameters). 
3. We shall now show that in theories of class 

A there are no direct interactions between spinor 
fields without mass and spinor fields with mass. 
In fact, if both kinds of fields are present, the 
mass matrix can be represented in block form: 

(M' 0) (32) 
M = o o ' 

where the matrix M' can be reduced to diagonal 
form with positive, non-zero, elements. Putting 
the matrices T <1> and T <2> in the same block form 
and analyzing their commutation relations with the 
mass matrix M, Eqs. (2 8) and (29), we easily see 
that they must be of the forms 

(1) (A)ll 0 ) 
T; = o s)I> ; (2) (0 0 ) T; = 0 B)2> • (33) 

This means that the spinor fields with mass do not 
interact directly with the spinor fields without 
mass. 
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These two kinds of fields can be treated separ
ately: 

a) for the fields with zero mass (M = 0) the re
lations (30) and the transformation law (31) are 
valid in their most general forms; 

b) if the masses of all spinor fields are differ
ent from zero, then when we use the fact that the 
matrix M can be diagonalized it follows from Eq. 
(29) that 

(34) 

and then the relations (30) and the law of transfor
mation for 1/J take simpler forms: 

[T(ll r<ll) . r<ll 
i , j = UXifk] k , (35) 

(36) 

The conclusions drawn in points a) and b) can be 
seen directly from Eq. (33). 

4. The system of fields 1/J can be broken up into 
irreducible multiplets which transform according 
to irreducible representations of the corresponding 
groups. Within each irreducible multiplet the 
masses of the fields 1/Jr are necessarily equal. 
In the case of nonzero masses this is a consequence 
of the fact that the matrix M commutes with all of 
the matrices of the irreducible representation 
T iii (Schur's lemma). 

5. THE INTERACTION OF FIELDS WITH SPINS 
0, %, AND 1 

Finally, let us include interactions with fields 
with spin 0-scalar fields cpa(a = 1, ... , Z). Under 
the conditions that the coupling constants are dim
ensionless and the number of spinor particles is 
conserved the most complete local Lagrangian, 
taking in all possible interactions of fields with 
spins 0, 1h , and 1 is of the form 

:io.'/2 ,1 = ::£•;,.1 - 1/28p.!pa·8p.cpa - 1/21Pa (fl2)ab!pb + Sabcd!pa!pb!pc!pd 

+ 'l']~b!paap.<pb·b~ + s~b!pa!pbb~b~ +'I' (G~1l + irsG~2l) 'ljl!pa, 

(37) 

where :;£ 112 , 1 is the Lagrangian for the fields with· 
spins 1 and 1/ 2 , Eq. (24), and II (J.L 2 )abll is the 
matrix of the squares of the masses of the scalar 
fields. We can regard it as diagonal with nonnega
tive elements (or as reducible to this form). 

The coupling coefficients have the following ob
vious properties: 

Sabcd is completely symmetric in all its indices l 
~~b = S~a = ~~b• • 

G~1 l, G~2l- are Hermitian matrices 
(38) 

The equations of motion for the fields b b and 1/J 

are modified in the following ways, 

LHS (25) + 'l']~biPaa~'-IPb + 2C~b!pa!pbb~ = 0, (39) 

and the equations for the fields cpa are 

C !pa- (fl2)ab!pb + 4£abcd!pb!pc<pd + 'l'}~b8p.!pb · b~ 

(40) 

- 11ba8p. (<pbb~) + 2C~b!pbb~b~ + 'ii (G~1 l + iy5G~2l) 'ljJ = 0. 
(41) 

Differentiation of the equation (39) (followed by 
elimination of Db A, 0 cpa, and the derivatives of 
1/J by means of the equations of motion) leads to a 
relation which will not be written out because it is 
so cumbersome. An analysis of the independent 
terms appearing in this relation shows that it is 
consistent with the condition (2) for the theory to 
belong to class A if and only if the following struc
ture relations hold: 

(42) 

(43) 

(44) 

(45) 

(T)Il- rsT?l) (G~1 l + irsG~2l)- (G~1l +irsG~2l) (T}1l + r 5Tj2>) 

= - i'l']~b (G~l + irsGb2l), (46) 

(47) 

where we have introduced matrices 17i and tij with 
the f!latrix elements ( T)i) ab = TJ~b and (s ij) ab 
= s lJb [the sign ~ in Eq. ( 42) means transposition]. a . 

It again turns out that the coupling matrices 17 1 

realize a representation of the Lie algebra with the 
structure coefficients ()I ijk . As a result the theory 
is invariant under the group of transformations 
(31) if the scalar fields are simultaneously trans
formed according to the law 

a' a ~ j b 
!p = !p --,- ~j'l']abiP · (48) 

The relations (42)-(47) assure that all of the 
terms of the Lagrangian are invariant under such 
a transformation. The scalar fields can also be 
broken up into irreducible multiplets, and by Eq. 
(43) the masses are equal within each multiplet. 
We note that in the most important case-when the 
masses of all the spinor fields are different from 
zero-the in variance relation ( 46) can be written 
especially simply: 
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6. SUMMARY 

1. We see that on our assumptions-namely that: 
1) the formalism is a Lagrangian one, 2) the coup
ling constants are dimensionless, and 3) the num
ber of spinor particles is cc;mserved-the most 
general theory of class A [ L (theory of fields with 
definite spins) for a system of fields with spins 1 , 
1/ 2 , and 0 is described by the Lagrangian 

(50) 

under the condition that the masses of all spinor 
fields are different from zero. When there are 
zero masses the matrices T j0 in Eq. (50) must be 

· lil (2) A t replaced by matnces T j + y 5 T j . compac 
matrix notation has been used wherever possible 
in Eq. (50). The "vector field tensor" G J.lV is 
given by Eq. (19). The coupling matrices 0!, T, TJ , 

~ , and G and the mass matrices m 2 , M, and 11 2 

must satisfy the relations (20)-(22), (28), and (35) 
[when the masses of the spinor fields are not zero, 
or Eqs. (28)-(30) in the general case], (38), and 
(42)-{46). 

2. The relations (21), (30) or (35), and (44), 
mean that the matrices made up of coupling con
stants necessarily form a Lie algebra whose struc
ture coefficients are the self-action constants of 
the vector fields. Owing to this the theory is in
variant under the group of phase transformations: 

•h' •h · T(l)•h 'Y = 'Y - Hf)j j 'Y• 

[when there are zero masses among the spinor 
(51) 

· · (tl (2) . d f T<tl] f1elds we must wnte T j + y 5T j mstea o j . 
Lie algebras can be broken up into direct sums 

of simple algebras. Corresponding to this, all of 
the fields cpa, 1/Jr , b i can be broken up into multi
plets which transform according to irreducible 
representations, the vector fields always trans
forming according to the regular representation. 
The masses of the fields within each multiplet are 
necessarily equal; this is a consequence of the re
lations (22), (28), and (43) and application of Schur's 
lemma. 

3. We emphasize that the vector fields are the 
source of the symmetries. For example, if there 
are one or more truly neutral vector fields with 
spin 1 (for example, the w meson or the vecton of 
Kobzarev and Okun' [toJ), then Cl!ijk = 0. The coup
ling matrices Ti then commute with each other 
[see Eq. (35) or Eq. (30)], and the same is true of 

the matrices 17 [see Eq. (43)]. This means that they 
can all be simultaneously reduced to diagonal form, 
and this is the true manifestation of the neutral 
character of the vector field. The corresponding 
symmetry property is invariance under a trans-
formation of the type 1/J - e i AI/J . 

The next simplest possibility is a triplet of vec
tor fields (for example, the p meson). Then the 
assumption that the triplet has spin 1 gives us 
O!ijk = gqjk(ijk = 1, 2, 3; Eijk is the antisym
metric unit tensor, and g is the coupling constant); 
the theory is isotopically invariant, with the vector 
fields forming an isotopic vector and the other 
fields transforming according to particular repre
sentations of the group of isotopic rotations. In 
this case we arrive at the Yang-Mills theory, but 
the mass of the vector fields can have any value. 

Richer multiplets of vector fields lead to higher 
symmetries. The multiplets of the various fields 
transform according to the irreducible represen
tations of the classical groups mentioned in the 
introduction. Such theories are generalizations of 
the Yang-Mills theory, [ 7 J but without any restric
tions on the masses of the vector fields. Next after 
the triplet comes the octuplet b b, 3) which corres
ponds to the group SU(3). 

4. It is clear from what has been said that the 
symmetries of the strong interactions find their 
natural explanation in theories of class A. It is 
remarkable that in theories of class A concepts as 
far from ordinary space as, for example, the 
baryon and hyperon charges and isotopic spin, and 
thE) corresponding conservation laws, are generated 
by a space-time property of the vector fields-the 
property of having a definite spin. 

5. The inclusion of electromagnetic interactions 
breaks both the isotopic invariance and the condi
tion (2) for charged vector fields, which led to this 
invariance. These two facts are closely connected. 

At the same time theories of class A are very 
similar to electrodynamics, since because of gauge 

invariance the latter is always a theory of class A 
in regard to the electromagnetic field. In partic
ular, the similarity is manifested in the fact that 
all interactions with the vector fields come in only 
through the "covariant derivatives" 

ap.- 1f2a1 b~, ap.- iT1 b~, ap.- 'I'J' b~ 

applied to the respective fields b J.l' 1/J , and cp. 
6. A point worth attention is the universality of 

the constant for the interaction with each irreduci-

3lJn the Appendix we give an illustration of how an arbi
trary quadruplet of fields is decomposed into irreducible parts 
-a singlet and a triplet. 
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ble multiplet of the vector fields-the self-action 
constant comes in everywhere. This can be seen 
at once from the structure relations of the Lie 
algebra, Eqs. (35) and (44). For example, if 
a ijk = gfijk (isotopic in variance), then the rna
trices TJ1> for the coupling with the isospinor field 
are realized in the form Tfi' = Y2 gTi· 

7. Furthermore, in theories of class A the vec
tor mesons must have the quantum numbers 1~ 
(must be vectors, not axial vectors), and parity 
must be conserved in interactions with them. 

8. Finally, let us give some attention to the 
assumptions which were formulated at the begin
ning of this section. They are not all of equal weight. 
The first relates to dynamics, and the authors can 
only express the hope that the connection between 
the symmetry properties and the spin 1 can also 
be established outside the framework of the La
grangian formalism. As for the assumption 2), 
this connection still holds after one has included 
in the Lagrangian, besides the terms with dimen
sionless coupling constants, terms with the subse
quent dimensionalities for the coupling constants. 
Finally, assumption 3) completely ceases to be any 
restriction if, for example, there are no bosons with 
baryon charge. Generally speaking, this assump
tion can be eliminated easily, and we shall do this 
in another paper (see also [HJ). 

The writers are sincerely grateful to M. A. 
Markov for his interest in this work, and to B. N. 
Valuev and L. B. Okun' for valuable discussions. 

APPENDIX 

RESOLUTION OF A QUADRUPLET OF FIELDS 
INTO REDUCIBLE PARTS 

In the case of four vector fields we can always 
write 

(i, j' k, l = 1' 2, 3, 4) (A.1) 

(fijkl is the unit absolute antisymmetric "tensor"), 
i.e., O'ijk is determined by the coupling constants 
g1, g2 , g3 , g4 • If we make an orthogonal trans
formation bA' = qjb~, qVik = Ojk• then 

(A.2) 

Contracting Eq. (A.2) with rzz' EijkZ and usmg Eq. 
(A.1), we easily find that 

i.e., the g 1 undergo a rotation in four-dimensional 
Euclidean space. For arbitrary initial gz we can 
always find a rotation II qj II after which, for ex
ample, g 1' = g2' = g3' = 0, and g4' = (g1 + g~ + g§ 
+ ga) 112 , so that a bk breaks up into two blocks: 

' {g~eiik• if i, j, k =/= 4, . 
!:tt·k= 

1 o in all other cases 

This means that b~, b~'; and bt form a triplet of 
interacting fields and bt is a singlet which does 
not interact with the triplet. 
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