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A solution is obtained for the equations of motion of a particle in a straight helical-cubic
magnetic field. The method of solution can be applied to the study of an arbitrary helical

nonlinear field.

|--[.IHE motion of a particle in a helical nonlinear
field, in which the direction of the field gradient
(which is equal to zero along the axis of the motion)
rotates about the z axis with some pitch I pos-
sesses a number of interesting features. We con-
sider here a helical field with cubic nonlinearity,

a so-called four-cusp straight field. Such a field
possesses better focusing properties than a triple
field, and can evidently be employed in accelera-
tor technology. It is easy to carry over the method
of solution of the equations given below to the case
of a helical field of another type.

We shall first seek a particular solution of the
equations of motion which contain two free param-
eters—the amplitude and the phase of the fundam-
mental. This solution in represented in the form
of a Fourier series with frequencies dependent on
the amplitudes. All the frequencies and amplitudes
can be expressed by recurrence relations in terms
of the complex amplitude a; of the fundamental;
such a series converges well if a; is small enough.

Such a particular solution can be taken as the
zeroth approximation for finding the general solu-
tion by means of the usual perturbation theory,
with linearization in terms of small departures
from the particular solution.

The equations of motionin the four-cusp and, in
general, n-cusp-straight field are well known from
stellarator theory. For compactness of presenta-
tion, we introduce them again, starting out from
the assumptions (r = horizontal and z = vertical
displacement from the axis of motion)

rl<<l, 2l<Ll. (1)
We introduce the ‘‘helical’’ coordinates u, v, s:

u = r cosux 4+ zsinax, v = — r sinax -+ 2z cosax,

a = 2/l (2)

s = x,

By finding the metric tensor

Ox, Ox,

8up = (X =u, x,=v, x,=9),

dx, 0xg

we obtain the Lagrangian of the free particle:

L= —me? [l —c?{u? + o+ [a® (u*+ 0v?)
1182 —2a0us + 20uvs}h, (3)
The determinant |gjk|= -1 (i=1,2,3,4); there-

fore, the equations of the field in the helical sys-
tem are written in the form

OF*[0x™ = 0.
4)

It is not difficult to prove that, with accuracy up
to cubic terms (discarding terms of the order au
< 1, av < 1 relative to the fundamental ), we have

F® = Foy = Hy, = g (0°H ,/00%), (v® — 3vu?),

F8 = Fiy = Hy = — Yg (PHJ00%), (@® — 3uv?).  (5)
In other words, the field can be regarded as strictly
cubic in each plane x = const, if the length of the
helix period is much larger than the transverse
displacements of the particle. In this approxima-
tion, we get equations with constant coefficients as
is customary, by neglecting the terms (i/§)32,
(v/3)?, §/8%

u — 200 —a® 4 v (¥ — 3uv?) =0,

OF ;,/0x"! + OF ;| 0x'* + OFp / 0x4 =0,

(6)
V" 4 204" —a?v 4 7 (0® — 3vu?) = 0;

u' = dulds, 1 = ¢ (0®*H.I0v*)/HR. (7)

We introduce the complex variable ¢ =u + iv,
for which

Q" + 2iegp’ —a’e 4 19" = 0. (8)

If we introduce

=r 4 iz = el¥Xp = e (u -+ iv), 9)

then the equation takes the form

f L yevaxfrs — (10)

Whatever might be the character of the stability,
the stable solution for r and z can have only an
oscillatory character with frequencies dependent
on the amplitude of the oscillations. Such a par-
ticular solution of (8), with two arbitrary param-
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eters, has the form of an expansion in a Fourier
series:

@ = X @arar (v) exp [(— )%+ (2k 4 1) (1 4 v) ax], (11)
k

where it is convenient to regard v < 1 as a given
number, and the amplitudes a,k,(v) are functions
of v, in which agg,y— 0 as v— 0.
The amplitudes are found from the recurrence
relations:
o®via, = v (3aj2a; + 3aja; + 6ajaa; + . . ),
o® (4 + 3v)?a; = 1 (@ + 6ajaa; + 3ala; + . . ),

a? (4 4 5v)2a; = v (3aja? + 3aa; -+ 6ajaza; + . . ),
a8 + 7v)*a, = v (3aa; + 3a;a2 + . . ),

9 2k + 1% (I + V) @ oy = 703, £>1. (12)
We then find
ot (4 43V 27t 1] ®

lall4_ 3‘]’2 []-— a3(4+3‘v)6(4+5\’)2 _l_:,, (13)
B a;? 1874 | a1 | 8

@ = gty | war e ] ad)

3| al2a}
% = FE T aiG o T 19

etc. The phase of a; is arbitrary. In accord with
(13) and (9),

v==+Y,V3 7|a,| Y2 (16)
ro + izy =~ a, exp (£ Y, V31 |a, |2x/a?),
4 2=|a|? (r)® + (2) =% rlal |t (17)

It will become clear below that the general so-
lution for ¢ contains either v >0 or v < 0; super-
position of these two fundamental frequencies is
not possible. It is seen from the recurrence for-
mulas that all the series are satisfactorily con-
vergent, regardless of the sign of v for y|a|%/a?
< 1.

The general solution of Eq. (8) can be sought by
means of perturbation theory:

P=9, + Ag, Ap K @, (18)

This solution can be represented in the form

¢ = a,e” la (14v) x _]_ ase3ia (1+v) x + .. + " (bne_m (1+p) x
+ Cue—ia (1+2v-p.) x) - M (b:ne[“ (3+2v+p) x + Cmeia (8+4v-p.) x
+ . + n2 (bne—ia (1-v+2p) x -+ Cl2e—ia (1+3v-2p) x)

+ nz (bszela (3+v+2p) x + Cszeia (3+5v—2p.) x) + T (19)

where n < 1 is the smallness parameter, which is
of the order of | Ap/¢@,|; the expansion in terms
of it is carried out in a series of all amplitudes in
(19) (among these are the fundamental amplitudes

aq, ag, etc.). All the byj and c,;ij are of the order
of a;; all the bgj and c3; are of the order of aj,

etc; ¢ has four independent parameters in the two
complex amplitudes a; and byy. All the remaining
amplitudes can be expressed in terms of these two.

Substituting (19) in (8), we get in the first ap-
proximation in n equations that connect by, cyy,
b31, and Csq:

— iy, + 61a135C11 + 3'{a:2b;1 =0,
— (v —w)2cy + 6rayashy + 3va b = 0;
bay = 3varbu/(d + 2v + W% bs = 3varcn/(& + 4v —p)

(20)
This gives an equation for u:
e NMalt - Y N |*
[ W (4+2V+u)2][ (2v—4) +(4—|—4v—p.)2]
367t fan®

If uy is a root, then uy, = (2v —py) is also a root;
both enter in (19). Except for u; # uy we have a
multiple root u = v which does not affect the gen-
eral form of (19).%

Denoting u = ky|a;|%/a?, v~ Y,V3 y|a;|¥/a?,
we get an approximate equation for k for the case
v >0:

B—V3E —2k 4+ 2V3k—2=0. (22)
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Here ki = 1.659, k; = (V3/2) — k{ = 0.791. For
v~ Y,V3 y|la;|%/a?, we get other values of kj.

The series (19) is so constructed that the roots
4y and uy are contained in it simultaneously.

Thus there are two independent groups of solu-
tions (19), corresponding to stable r and z oscil-
lations. These groups can be classified according
to the frequencies:

(V’ “;)’ (_ v, HI)

Evidently there are no other types of solutions,
in any case with small amplitudes and with u, v
< 1. Attempts at construction of solutions with v
or u~ 1 (for example, v ~ =%, =%, -¥%,...)
lead to contradictions if y|a|¥a? « 1.

Stable small oscillations are close to motion
along the helix (17). For y|a;|%/a? <1 and |Ag |
< Y% l@,l, the total phase volume of the transverse
oscillations is

Q = Ar Az A% A9, < a?|a, |* cm?sr (23)

If we denote by B the distance from the equi-
librium orbit to that point where the field is

DThe author is grateful to V. C. Zakharov, who corrected
an error and who pointed out the existence of the multiple
root p = v.
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doubled:

Y (®Hu00%)y B3/Hy = 1, t = 1/RB®  (24)

then, for yla;|?/a?~ 1 (v ~ ¥,) we have o?
~ | a;|*/RB?. Therefore, assuming |a,| < B,

a~1/YRB, I =2r/VvRB, we have

Q < |a, |¥/RB* < B*R cm?sr. (25)

We note that if the period of rotation of the oc-
tupole lens producing the cubic field, is I, then the
real period of the cubic nonlinearity will obviously
be I/4 [this is the very reason why the frequency
4a appears in (10)]. The quantity I/4 must be
compared with the length of the period in linear
alternating focusing, which (for v ~ 1/4) is of the
order of TV Ra , where a = H/(9H/0R).

For a given value of the energy of transverse
oscillations

Ho=|¢ P—a|@4+ 5 (¢ +9),  (26)
4 .

in addition to stable small oscillations, an asymp-
totic increase of amplitude is possible (beyond the
hump of the dynamic potential well). This growth
takes place according to the law
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(p:Ae’.‘b, ’q):nzﬁ;

4V 2a 1 642 a3 1
B = V5 7-}- o 'rV?F_l—"" (27)
Y T F  32VZ ot \ 1 A s oo
A =VIA (g = ) w o)

The amplitude goes to infinity after a finite time,
as is always the case in nonlinear problems.

The analysis given here does not take into ac-
count many real effects, which can appear in an
accelerator with a helical field; such as toroidal
character, centripetal force, or perturbation of
the magnetic field. If these effects are small, then
the resultant solution can be used as a zeroth ap-
proximation.

The author must acknowledge his debt to M. S.
Rabinovich for valuable directions, and also to
A. G. Stadnikov and Kh. A. Simonyan for useful
discussions.

Translated by R. T. Beyer
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