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It is shown that straggling of heavy charged particles in any substance can be expressed by
a universal function of Y = E/I, where E is the particle energy and I the mean ionization
potential. Range straggling is calculated for a photographic emulsion.

].. When charged particles pass through matter
they lose energy to ionization of the atoms in the
matter. Owing to the random character of the ion-
ization process, particles having identical energy
have different ranges. The range scatter is char-
acterized by a variance

ok = ((R—R)?),

where R —mean range. The ratio of the square
root of the range variance to the mean, expressed
in per cent, is called, following Darwin(!], range
straggling. Range straggling imposes in principle
a limit on the accuracy with which the particle en-
ergy can be determined from its range.

For heavy charged particles passing through
sufficiently thick layers of matter, the scatter of
energy loss about the mean value can be repre-
sented by a Gaussian curve with half-width T' :o%;
= at = I'%. According to Bohr[?], a does not de-
pend on the particle velocity with a = 41Z%"n,
where Z is the particle charge and n is the num-
ber of electrons per unit volume.

Livingston and Bethe (3] gave a more accurate
formula, in which the binding of the electrons in
the atom was taken into account. Lewis[*] inves-
tigated the deviations from a Gaussian distribu-
tion. The energy-loss spread was investigated in
several papers[®-7],

Taking into account the Lindhard and Scharff
relativistic correction®], range straggling is
given by the formula
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where ¢ is the range straggling in percent, and 8
is the particle velocity. Barkas[®] calculated
range straggling for nuclear emulsion, while
Sternheimer calculated range straggling for Be,
C, Al, Cu, Pb, and air[®]. Both used the Bethe-

Livingston formula for the slowing-down of the
particles

dE __ 4nZ%'n []n (2m0232) —In(l—p)—p— le . ©

dx ~ mcp? Jj

where I — mean ionization energy of the atoms of
the medium and C — Bethe-Fermi correction
term. This formula does not yield a general ex-
pression for straggling in different substances,
because it can be integrated only numerically.
However, an estimate of the straggling in different
substances is frequently needed in experiments. It
is therefore desirable to have a simpler and more
general formula.

2. Using the relation E = Mc?(y—1), let us
modify (1) in the following fashion:
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where Mc? is the particle rest energy. Compari-
son with (2) shows readily that the first term gives
the nonrelativistic approximation and the remain-
ing terms are due to the relativistic effect.

We shall calculate the range straggling for a
proton (Z =1). For the other particles we can
use

@ @) = M/p" e, @), (4)

where u is the particle mass and (pp( B) the range
straggling for a proton at a velocity S.

As shown earlier ('], the range-energy ratio of
heavy charged particles in any substance can be
represented with good accuracy by

E = aR", (5)

where m is a universal constant in a certain inter-
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val of y = E/I. Using this relation we find, for ex-

ample that for y < 20
E

o () aE = () T,
0
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0

where

n=0~rJUa " m @—2m), &=1IUay'" m @3 —m).

If the range is in g/cm?, we obtain from the ex-
pression given in [1%] for the universal constant k
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The range straggling is then given, in accord-
ance with (1) and (3), by

&
n
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In the general case we obtain

Q=00+ Qr, Qo= CyimI ML By CmiTEm
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Table I
Yy m; k; +10-2 Y;
0<y<20 |0.635| 0.382 0
20 y<600 | 0,574 | 0.233 20
600 <y< 2700 | 0.656 | 1.006 | 600

The values of mj, ki, and yj are given in Table I
Equations (6) and (7) lead to the following con-
clusions. Since mj and kj are constants that do
not depend on the medium, the constants Cj, Bj,
and Aj in (6) are likewise independent of the me-
dium. In addition, as shown below, the third term
in (6) is smaller than 0.1% percent up to y ~ 1500.
Therefore the range straggling in the interval 0 <y
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Table II

Bar-

E,MeV |, % | %1, % | @, % ﬁa(s),%
1 | 2,32] 0.00 |2.32] 2,1
2 | 2,00| 0.00 |[2.00] 1,9
5 | 1.64| 0.00 |1,64| 1.66
10 | 1.55| 0.00 |[1.55| 1.53
20 | 1,45 | 0.01 |1,46| 1,42
50 | 1.28 | 0.03 [1.31| 1,29
100 | 1.17 | 0,05 |[1.22| 1:21
200 | 1.07] 0.09 |1.16| 1.13
500 | 1.00 | 0,08 |1.08 | 1.02

< 1500 is given by a universal function

¢ = F(E/I), (8)

i.e., the range straggling of particles of energy E
in a substance having an average ionization poten-
tial I is equal to the straggling possessed by a
particle with energy E, = (I;/I)E in a substance
with average ionization potential I,.

3. Owing to the universality of the function
F(E/I), range straggling can be calculated for any
substance. We have calculated F(E/I) for a nu-
clear emulsion, using the values of m and k given
in Table I. The result is shown in Table II. For
comparison, this table lists also the results ob-
tained by Barkas. We see that the numerical
agreement is sufficiently good.

The author is grateful to I. M. Gramenitskil and
V. P. Zrelov for valuable discussion and to V. M.
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