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It is shown that straggling of heavy charged particles in any substance can be expressed by 
a universal function of Y = E/I, where E is the particle energy and I the mean ionization 
potential. Range straggling is calculated for a photographic emulsion. 

l. When charged particles pass through matter 
they lose energy to ionization of the atoms in the 
matter. Owing to the random character of the ion
ization process, particles having identical energy 
have different ranges. The range scatter is char
acterized by a variance 

o~ = < (R- R)2 >, 
where R -mean range. The ratio of the square 
root of the range variance to the mean, expressed 
in per cent, is called, following Darwin [l], range 
straggling. Range straggling imposes in principle 
a limit on the accuracy with which the particle en
ergy can be determined from its range. 

For heavy charged particles passing through 
sufficiently thick layers of matter, the scatter of 
energy loss about the mean value can be repre
sented by a Gaussian curve with half-width r: ai; 
=at= r 2• According to Bohr[2J, a does not de
pend on the particle velocity with a = 47TZ 2e4n, 
where Z is the particle charge and n is the num
ber of electrons per unit volume. 

Livingston and Bethe [3] gave a more accurate 
formula, in which the binding of the electrons in 
the atom was taken into account. Lewis [4] inves
tigated the deviations from a Gaussian distribu
tion. The energy-loss spread was investigated in 
several papers [5- 7]. 

Taking into account the Lindhard and Scharff 
relativistic correction [SJ, range straggling is 
given by the formula 

E 

2 - (' (d£f3 1- 132/2 ~ 
c; R - a J dx l 1 - (32 dE, (1) 

0 

where q; is the range straggling in percent, and {3 

is the particle velocity. Barkas [9] calculated 
range straggling for nuclear emulsion, while 
Sternheimer calculated range straggling for Be, 
C, AI, Cu, Pb, and air[8J. Both used the Bethe-

Livingston formula for the slowing-down of the 
particles 

~; = 4:~::.n [In (2mtp2) -In (I- ~2)- ~2- c], (2) 

where I -mean ionization energy of the atoms of 
the medium and C - Bethe-Fermi correction 
term. This formula does not yield a general ex
pression for straggling in different substances, 
because it can be integrated only numerically. 
However, an estimate of the straggling in different 
substances is frequently needed in experiments. It 
is therefore desirable to have a simpler and more 
general formula. 

2. Using the relation E = Mc2 ( y- 1 ) , let us 
modify (1) in the following fashion: 

E E 
" (' (dE )-a ct (' (dE )-3 

U'R = a ~ dx dE + Mc2 ~ dx EdE 
0 0 

E 

1 ct (' (dE )-3 

+ 2 M 2c4 .) dx £2dE' 
0 

(3) 

where Mc2 is the particle rest energy. Compari
son with (2) shows readily that the first term gives 
the nonrelativistic approximation and the remain
ing terms are due to the relativistic effect. 

We shall calculate the range straggling for a 
proton ( Z = 1 ) . For the other particles we can 
use 

1P (~) = (M/fl)'1• IPP (~). (4) 

where J-L is the particle mass and lfJp ( {3) the range 
straggling for a proton at a velocity {3. 

As shown earlier [U J, the range -energy ratio of 
heavy charged particles in any substance can be 
represented with good accuracy by 

(5) 

where m is a universal constant in a certain inter-
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val of y = E/I. Using this relation we find, for ex
ample that for y < 20 

where 

E 

a(' (dE )-3 dE = _5I:_ (_!_)2/m (3-2m)fm 
jdx 'Y]a Y ' 

0 

E 

~ \ (dE)-3 Ed£= _1 _ __c:_ (_!____ \2/m t (3-m)/m 
Mc2 J dx Mc2 ~ , a } Y ' 

0 

fJ = I 2 (IIar11m m2 (3-2m), s = I (IIar11m m2 (3 - m). 

If the range is in g/cm2, we obtain from the ex
pression given in [!OJ for the universal constant k 

a. 4ne4Nok 
T] = m 2 (3- '2m)' 

~ = 4ne4N0k I 
~ m2 (3 -m) · 

The range straggling is then given, in accord
ance with (1) and (3), by 

cp = Cy(l-2m)/2m + JAyl/2m, 

where 

C = 100 [ 4ne4Nok ]'/a 
m2 (3-2m) ' 

A _ C (3-2m) 
· - 2Mc2 (3-m)· 

In the general case we obtain 

(6) 

where 

c, (3-2m;) 
A,=-- , 

2Mc• (3-m;) 
[ 

4ne4Nok1 ]'/, c, = 100 2 • m, (3-2m;) ~ 

Table II 

E,MeVI q>,,% I '~'1,% I q>,% I t~~r;, 
1 2,32 0.00 2.32 2,11 
2 2,00 0.00 2:oo 1,94 
5 1-64 0.00 1.64 1-66 

10 1.55 0.00 1:55 1-53 
20 1,45 0.01 1,46 1.42 
50 1.28 0,03 1-31 1.29 

100 1.17 0,05 1-22 1:21 
200 1.07 0.09 1.16 1:13 
500 1.00 0,08 1.08 1.02 

< 1500 is given by a universal function 

cp = F (E/1), (8) 

i.e., the range straggling of particles of energy E 
in a substance having an average ionization poten
tial I is equal to the straggling possessed by a 
particle with energy E 0 = (I0 /I)E in a substance 
with average ionization potential I0• 

3. Owing to the universality of the function 
F ( E/I), range straggling can be calculated for any 
substance. We have calculated F(E/I) for a nu
clear emulsion, using the values of m and k given 
in Table I. The result is shown in Table II. For 
comparison, this table lists also the results ob
tained by Barkas. We see that the numerical 
agreement is sufficiently good. 

The author is grateful to I. M. Gramenitski1 and 
V. P. Zrelov for valuable discussion and to V. M. 
Sidorov for help with the work. 
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