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It is shown that by making use of derivatives with respect to particle momenta the contribu-
tion of a boson Regge pole to the amplitude for scattering of particles with spin may be repre-

sented in an explicitly factorized form.

RECENTLY Gell-Mann[!? and Gribov and Pome-
ranchuk[?) have shown that the residues of differ-
ent amplitudes at the Regge pole satisfy simple
factorization relations. This gives rise to impor-
tant relations between scattering cross sections
for different processes at high energies.

The factorization of the residues at the Regge
pole when the spin structure of the amplitude is
taken into account has been considered in a num-
ber of papers (see, e.g., [¥5)). In particular,
Gribov and Pomeranchuk[3] have remarked that
the factorization of the residue makes it possible
to write the contribution of each Regge pole to the
scattering amplitude as if it came from the Feyn-
man diagram corresponding to the exchange of a
‘‘reggeon,’’ and they obtained asymptotic expres-
sions for the Green’s function of the ‘‘reggeon’’
and the vertex parts. The expression for the
vertex part proposed in (3] contained, however, a
dependence on the momenta of particles belonging
to an ‘‘alien’’ vertex. This circumstance upset the
simple interpretation of the contribution from the
Regge pole as corresponding to the transition ini-
tial state — reggeon — final state.

In the work of Gribov and the authort*] the con-
tribution from the Regge pole was expressed in a
form in which none of the vertices contained
‘‘alien’’ momenta. However, just as in (3], that
representation was valid only asymptotically for
large values of cos 6.

Here we consider a representation of the con-
tribution from the Regge pole to the amplitude for
the scattering of particles with spin, which is
valid for arbitrary cos § and which takes explicitly
into account the factorization property of the resi-
dues. Use of this representation makes it possible
to avoid the usual awkward procedure-of ‘‘reggeiza-
tion”’ (see, e.g., [57) and may be useful in the
study of the analytic properties of scattering am-
plitudes.

Let us consider the process a; + a, — aj + ay
where a; and aj are some particles and a, and
aj; are some antiparticles. We assume that the
spin of every particle equals a half and that the
masses are arbitrary. We denote the particle and
antiparticle momenta by respectively py, p{, Py
and p;. As independent vectors we choose the fol-
lowing combinations of 4-momenta:

P = (ps+ pd), = @) + ),
QPL = (py — P2)‘L —(p1 + Pz)pL (’nf — m2)/t,
Q, =@, —p), — O, + P, (m2z —m2t,
and as independent invariants
t = (py+ ps)?, cosb=—QQ/V FQ™

For the process under consideration the contri-
bution of the Regge pole to the scattering amplitude
has the form

—@j )+ 1)(A"+BD")
X (A + BD) [P; () (—cosB) & P; 1) (cos8)Im/2sinmj(f) (2a)

(1)

for the Regge pole with parity ( —1)j and
—(2j (&) + 1) (A7, +B'1;D") X (Axs + BysD) [P; ) (— cos 6)
+ Pj(t) (cos )| 71/2 sin mj(t) (2b)

for the Regge pole with parity (—})j+1, where A,
B, A’ and B’ are functions of t; D = YMD#’ D’
- IDI s
Yuu
D, = 0/0Q, — Q%Q, (Q9/0Q) — t*P, (PI/3Q),

D, =0/0Q, — Q™" Q. (Q'9/0Q") — ™ P, (P3/0Q"):;

Ty and YM' are two sets of Dirac matrices refer-
ring respectively to the initial and final states; the
signs = refer to the pole signature. For brevity
we have omitted in Eqgs. (2a) and (2b) the spinors
u(py, py)s V(=py, po), Wlp{, pi) and v(-ps, p3),

it being understood that each of the brackets

(A + BD ) is multiplied by the spinors of the initial

(3)
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or final state depending on which set of Dirac ma-
trices is involved in the bracket in question.

To justify the Eqs. (2a) and (2b) we consider the
functions

<j’ m, llnr l".lv ”2)

2 Yy —
= [ "0 (= pay o) & (P1 B Yim (), (4g)
,m, 2| n, py, 2mymy (¢ — (my + ma))
<o, 20, ”2>&_[ e ]
x0 (= P2, Ba) Tut (P1, 1) D, Y (), (4b)

<j,m, 3|, py, pyd

2m1m2

= [1——_(”71__—72)2]1/‘ v (— P2 a) Ts (P1, W) Yim (n), (4¢)

2”11”12 (l —_ (m1 — m;,-)z) ] /h —

Y v("“pzyllz)
(4d)

Ky m, 410, py, P) = [
X YsTpld (pl’ l"'l) D}LY]'m (n)

for integer values of j.

Since the coefficients in front of the spherical
harmonics Yjp, (n) are invariant with respect to
spatial rotations and depend on the variables of the
initial state only it follows that the functions (4a)

— (4d) describe the initial state of a system with
angular momentum j, z-component m, and definite
parity. The parity of the states (4a) and (4b) is
equal to (—1)J, of the states (4c) and (4d)

— (=1)"', The functions (4a) — (4d) are orthogonal
and normalized in such a way that

ZS'Z_‘;;:— <]’ m, a[n, (30 p’2> {n, My, p2[i! m, (1.') = 611"

Bl

Let us note that the appearance in Eqgs. (4a) —
(4d) of derivatives with respect to particle mo-
menta is due to the requirement that the functions
(4a) — (4d), and consequently the vertices of the
type A + BD and Ayg + B'ysf) in Eqgs. (2a) and
(2b), be independent of the particle momenta in the
final states. Indeed, in order to construct inde-
pendent spin combinations one must make use of
the matrix Yus but the product of Yu by the mo-
menta of their ‘“‘own’’ particles (p; and p,) re-
duces to a mass as a consequence of Dirac’s equa-
tion and does not give rise to new invariants.

The form of the derivative D, [ Eq. (3)]
chosen by us corresponds to the exclusion from
the conventional derivative 8/9Q,, of the longitu-
dinal and time components. With this choice of
differentiation particles remain on their mass
shells so that no ambiguities are produced in dif-
ferentiation of the invariants.

In going over to nonrelativistic notation the de-
rivative D, goes into Vy (where n is a unit vec-
tor in the direction of the relative momentum of
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the particles in the initial state), and the functions
(4a) (4d) go over respectlvely into XzO' nleJm(n)
X2°' VnXiYjm (n), x2X;1Yjm(n) and
X30-(n- V)Xx1Yjm(n) [where x; and x, are two-
component spinors corresponding to u(py, uy) and
V(—py po)]. The first two are triplet states and
correspond to combinations of states with j =1
+ 1, that appear in the spherical vectors.[8J The
third and fourth are respectively singlet and triplet
states with j = 1.

In order to obtain an expression for the contri-
bution of individual Regge poles to the scattering
amplitude we write the latter in the form

<l’1', P«;’ }L;]Fll‘l, M1, ”2)

4
=D D i, m oS L (@) <G,m, el |n, py, g
jm «, a’=1 (5)

Applying to Eq. (5) the usual Sommerfeld-
Watson transformation, making use of Eqs. (4a)
— (4d), and taking into account that the residues of
the partial amplitudes f]a "o (t) factorize at the
pole we obtain for the contribution of an individual
pole the expressions (2a) and (2b). It follows from
the normalization condition of the functions (4a),
(4b) that the coefficients A, A, A’ and B’ in
Eq. (2a) are related to the residues ry/, (t) of
the amplitudes f,’, (t) as follows:

2mymg

A=ty e

o ) 2mymy (¢ — (my + my)) 17
] @, BZ[ TGF D ]'l”

| 2mamy (8 — (m1 —+ mg)?) Ve
B= l. G+t ] b,

_—
my My

- [t—(m;+m;)z

aa’ =ry, bb' =ry, ab’ = ry, a'b = r,,.

(6)
The analogous relations for the coefficients in

Eq. (2b) may be obtained from Eq. (6) by the re-
placement of m; + my, by m; — m, and of the
states 1 and 2 by the states 3 and 4.

We have considered here the factorization of the
scattering amplitude in the case when the spin of
every particle is equal to a half. The distinction
between particle and antiparticle made by us is not
essential since the replacement v(—p, u)
= Cu(p, u) allows one to replace any of the anti-
particles by a particle and vice versa.

The factorization at the boson Regge pole of
amplitudes for other processes may be carried
out in an analogous manner. The vertices for each
specific pair of particles coupled to the ‘‘reggeon”
are easily found from considerations of invariance.
The factorization of the amplitude at a fermion
Regge pole is somewhat more complicated and will
be considered separately.
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