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A study is made of the manner in which the hypothesis of Regge poles in quantum field theory
accords with the threshold singularities of inelastic processes in the s channel (but not in
the t channel). Some additional new consequences of the Regge-pole hypothesis, bearing on
the asymptotic behavior of inelastic processes, are derived.

IN recent papers[ﬂ there has been intensive study
of the hypothesis of Regge poles (hereafter called
RPH) in quantum field theory, which is based on
the rigorous results of Regge[z:| in quantum me-
chanics. A specific feature of the case of quantum
field theory, which has no analog in the case of
quantum mechanics, is that the region? t =< 0,

s = 4u?, for which the basic results of the RPH
are derived (for example, the asymptotic behavior
for s —wl1]), is, according to crossing sym-
metry,[‘lj the physical region of the s channel, and
consequently in this region the scattering amplitude
A* (s, t) must have the appropriate threshold be-
havior caused by inelastic processes in the s
channel.

We shall here study precisely this specific
feature of the RPH in quantum field theory, which
is due to crossing symmetry. Some consequences
of this feature have been considered earlier.[5]

1. According to the RPH the invariant ampli-
tude A* (s, t) for the scattering of spinless parti-
cles can be represented in the form[1:3]2)
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where Ik (t) are the Regge poles, assumed in ac-
cordance with the basic hypothesis to exist in the

YWe adhere throughout to the usual notation, as adopted,
for example, in a paper by Gribov; Blin particular, s and t
are the usual Mandelstam variables.

AWe here assume everywhere that the sum over k is a
finite sum, i.e., that the number of Regge poles in the region
l. <Rel <ly is finite.

analytic continuation of the amplitudes f;t(t) into
the half-plane Rel >, < 0, gfk(t) are the residues

of ff(t) at these poles, and l; is determined by
the position of the nonpole singularities (for ex-
ample, essential singularities) of fli(t) that lie
farthest to the right in the I plane. In writing
Eq. (1) we have assumed for definiteness that

0 >1ls > —1, but this assumption does not in any
way limit the generality of the conclusions of this
paper.

For Rel > Iy > I, where Iy is some finite
number ® determined by the asymptotic behavior
of A* (s, t) in the variable s — «, we havel3] the
relation

O =2\ A0+ 25) =

(2)

So

where A((s, t) =Im A*(s, t), and sy = 4u?® is the
threshold of the elastic process in the s channel.
According to the ‘““optical’’ theorem,t4] 4

ImA* (s,0) = A, (s,0) =V s> — 4p0 (5)

= DA (5,0 = V& =2 3 o (5), (3)
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Afm) is the contribution to the imaginary part of
A" (s, 0) [i.e., to the total cross section o(s)]of
all possible processes in the s channel; A{O)(s, 0)
is the contribution of the elastic scattering process,
A{D (s, 0) is that of the first inelastic process,

IThe existence of a finite [y for all t[] is a consequence
of the Mandelstam representation.[*]

By this we are confining ourselves to forward scattering
only (t = 0), but the argument can easily be extended to the
general case t # 0.
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and so on; sp=4p’ <s;<Sy<...<Sy <...are
the thresholds of the corresponding inelastic proc-
esses. It is important to emphasize that in the
indicated definitions it is not assumed at all that
only a finite number of inelastic processes in the
intermediate states are taken into account. The
threshold behavior of A{M) (s, 0)—i.e., its be-
havior in the neighborhood s ~ sy, + 0—depends
on the details of the process in question, and in
any case it is characterized by a discontinuity of
the derivative apAfm)(s, 0)/0sP of some finite
order p.

It is natural to require that for t < 0, s = 4?
the expression for A* (s, t), Eq. (1), written in
accordance with the RPH, should correspond to
the threshold features which we have indicated for
the inelastic processes (4).

2. According to the separation (3), we repre-
sent fl*(t), on the basis of Eq. (2), in the form
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Then, according to Eq. (1), we also have
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In writing Egs. (5) and (6) we have assumed that
the RPH is valid for each partial amplitude
ff (m)(t) and we do not have to deal with ‘‘collec-
tive’’ Re§ ge poles caused by an infinite number of
the ffc MJ)(t). This a priori possible case will
also be considered in the following paragraphs.
According to Eq. (6), the contribution to
A=(M) (5 t) and, consequently, also to Agm) (s, 0)
from the Regge poles is a continuous function of s
for s = 4;;2, and consequently threshold singulari-
ties at s = sy; can be caused only by the integral
term. It is not hard to realize that for this it is
necessary to impose certain conditions on the
asymptotic behavior of fi (m) (t) on the lines

m
P oo (1= 55

1 =1c+ily for |1y| — . It follows from Eq. (6)
that for sp; — « this all in fact reduces to prob-
lems in the theory of Fourier integrals in the com-
plex region of semifinite functions [Afm) (s, 0)],
which have been studied in detail earlier in papers
on the quantum theory of decay.[ 6] Here we con-
fine ourselves to the remark that the RPH in quan-
tum field theory must be supplemented with hypoth-
eses about the asymptotic behavior of ££(m)(t)
on the lines I = I + il, for |l;| — o, and shall not
write out in detail, as can be done on the basis of
L], the necessary and sufficient conditions that the
asymptotic behavior of fli(m) (t) must satisfy. We
remark that if we were to rewrite the basic formula
(1) without the use of the RPH, i.e., by choosing
the line I = Iy, where Iy is determined in ac-
cordance with Eq. (2), then it would not be neces-
sary to impose any additional conditions on

££(m) (t), since then, as can be shown, Im A*(s, 0)
would automatically coincide with A, (s, 0).

3. As can be seen from Eq. (6), for s = sy the
quantity Im A+(m) (s, 0) is made up of a nonzero
part caused by Regge poles and the imaginary part
of the integral term. According to Eq. (4), how-
ever, Im A*(m) (s, 0) = A(M) (s, 0) = 0 for s = spy,,
and consequently the 1mag1nary part of the integral
term, which is also not zero, must cancel the con-
tribution to the imaginary part of A*(m) (s, 0)
from the Regge poles. It is quite obvious that the
contribution from some (a finite number) of the
Regge poles cannot exactly cancel that from the
other Regge poles, as Eq. (4) requires, for s < sy,
and sy, — «. From this it follows directly that it
is actually only the integral term that can cancel
the contribution from the Regge poles. In turn we
can conclude from this that when considered in the
entire I plane ff(m) (t) cannot be a function with
a finite number of pole singularities (Regge poles).
This is an indirect argument in favor of the exist-
ence of essential singularities of f'zt (t), which
have been found by Gribov and Pomeranchuk.t*-

It follows from Eq. (6) that for Eq. (4), i.e., for
the threshold behavior of the inelastic proces-
ses, to hold, it is at any rate necessary that for
s = sm the contribution to the imaginary part of
A+(m) (s, 0) from the Regge pole /i be equal in
absolute value to the contribution to the imaginary
part from the integral term. For sy — «, how-
ever, we have
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where B is a bounded constant which does not de-
pend on m. We may say that the existence of such
a constant independent of m is a direct conse-
quence of the boundedness of all the fik(t) on the
line I =1, + il, and the one-signed nature of all
the glf{m). Consequently, in order for Eq. (4) to

be satisfied it is necessary than the following re-
striction on the residues 8;(m) = &;(m) (s ) hold
k k

for sy, — oo

/ _l(m)
gl‘(zm) (Srn) < CSmC k )

(9)
where C is a bounded constant which does not de-
pend on m.

4. Besides the case considered above, we log-
ically admit also the case of ‘‘collective’’ Regge
poles, i.e., the case in which each (M) pas no
singularities, and in particular no R?egge poles, to
the right of a certain line Re l > I < I, but the
infinite set of fli(m) (t),

i )= 2 ™ M < oo, (10)
m=M

has a Regge pole [ (M). We shall show, however,
that this logical possibility is actually forbidden.
In fact, when we carry through arguments analo-
gous to those of the preceding section (actually the
proof requires rather refined arguments, which we
omit here), we arrive at the requirement that the
residue at a ‘‘collective’’ Regge pole decrease as
we increase M, since then sy — «. By hypothe-
sis, however, the residue at a ‘‘collective’’ pole
must not change with increasing M (sy, ), owing to
the very definition of a ‘‘collective’’ Regge pole.

This contradiction shows that in the framework
of the assumptions we have made the hypothesis

that a ““collective’’ Regge pole exists is illegitimate.

From this it follows that we can discover the Regge
asymptotic behavior by studying any allowed in-
elastic channel of the reaction. This underlines
once more the correctness of the assumption made
in [J that in the framework of an exact theory of
the spectral method of quantum field theory all
particles are elementary, since the Regge behavior
by no means involves effects from all possible ele-
mentary particles. An important result in this con-
nection is that of papers by Arbuzov and others (el
and by Levy,l%] who obtained the Regge behavior

in the framework of ordinary models of quantum
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field theory with a fixed number of elementary
particles. )

5. Let us consider the conclusion usually drawn
that according to the RPH the total elastic cross
section goes asymptotically (s — «) to zero, and
that for s — « the total cross section is due to all
of the inelastic processes. !’

Actually, as can be seen without difficulty from
Egs. (5), (6), this does not follow from the RPH at
all, because we can imagine a case free from in-
ternal contradictions in which fl*‘o) (t) has in its
analytic continuation a Regge pole (vacuum pole)
at I, =1, and all the amplitudes fi(m) (t)

(m =1, 2, ...) have their singularities to the left
of I =1. The only rigorous conclusion from the
RPH is that as s — « the diffraction peak in the
neighborhood of t ~ 0 indeed becomes narrower,
so that for s — « the derivative of the elastic dif-
ferential cross section with respect to angle be-
comes infinite in the forward direction (because
this conclusion does not depend on the ‘‘source’’ of
the Regge pole, i.e., on which of the ££(m) phave it
as a pole), but the conclusion that therefore

og(s — =) = 0 is an assumption in addition to the
RPH. If we assume, as is usually done,[!J that
this assumption is correct, then the results we
have obtained yield new consequences of the RPH.

First, as follows from Sec. 4, within the frame-
work of the assumptions that have been made the
vacuum pole, like Regge poles in general, cannot
be a ‘‘collective’’ pole. Consequently, the cross
.section of any of the possible inelastic processes
(because we do not understand how in this case
one can single out just one inelastic process) must
asymptotically approach a constant different from
Zero.

Second, as follows from Eq. (9), the asymptotic
cross sections oy, (s — «) of inelastic processes
must satisfy the following restriction

-1

O (5 = 00) < Csnt (11)

According to the result found by Gribov and Pome-
ranchuk[3J an extremely important singularity is
lc = —1, and therefore

Om (s = 00) < Cspe. (12)

As for the results of Azimov,['!] it may be that
the Mandelstam representation is actually valid
only for the part of the scattering amplitude that
does not have in its intermediate states particles
with large values of the spin, and then all conclu-
sions about the asymptotic behavior are not to be
taken literally, but play the role of natural boun-
dary conditions of a given approximation (cf. a
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preprint by Mandelstam[!J). If, in accordance
with [“], the real singularities farthest to the
right lie to the right of I, = —1, then, according
to Eq. (11), they can in principle be detected in the
study of the asymptotic behavior of inelastic proc-
esses.

6. We have presented above some new conse-
quences of the hypothesis of Regge poles in quan-
tum field theory, which in principle admit of ex-
perimental test, if one believes at all in the possi-
bility of testing by experiment asymptotic
(infinitely high energy) theoretical predictions.[1?]
In this connection it would be useful to develop
arrangements for the following experiments:

a) a study of the asymptotic behavior of inelastic
processes, for example the process p+p — p

+ p + nm along with the study of the elastic process
p+p— p + p, for an additional test of the RPH;

b) a study of the asymptotic behavior of various
inelastic processes for the purpose of determining,
by Eq. (11), the positions of the farthest-right real
singularities of the fli(m)(t).

I am grateful to Professor P. Matthews for
sending me a preprint of his paperl!J before its
publication, to V. N. Gribov for the opportunity to
become acquainted with his workl5] before its
publication and for a discussion of researches on
the hypothesis of Regge poles in quantum field the-
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