SOVIET PHYSICS JETP

VOLUME 18, NUMBER 2

FEBRUARY, 1964

MODULATION OF SCATTERED LIGHT BY PARAMETRIC RESONANCE

E. B. ALEKSANDROV, O. V. KONSTANTINOV, V. I. PEREL’, and V. A. KHODOVOI

S. I. Vavilov Optics Institute
Submitted to JETP editor April 9, 1963

J. Exptl. Theoret. Phys. (U.S.S.R.) 45, 503-510 (September, 1963)

The resonance scattering of light on cadmium vapor in a magnetic field has been investigated
theoretically and experimentally. The magnetic field, which splits the excited state into a
Zeeman triplet, is modulated at a frequency . The scattered light is found to be modulated
at frequency © and harmonics of this frequency. The depth of modulation and the mean inten-
sity of the luminescence exhibit resonance peaks when the frequency difference between the

o-components of the triplet is a multiple of Q.

1. INTRODUCTION

.A.N experimental and theoretical description of
the interference between two different energy states
of an optically excited atom has been given in (1]
and (2], In that work the resonance scattering of
plane-polarized light by cadmium vapor in a weak
magnetic field was studied. The Zeeman splitting
of the excited state was much smaller than the
Doppler width of the line. It was found that the
depth of modulation of the scattered light exhibits

a resonance peak when the modulation frequency

of the incident light is equal to the frequency differ-
ence between the o-components of the Zeeman
triplet.

In the present work we report on the theory and
associated experiments concerning a related effect,
the interference between two excited states pro-
duced by modulating the energy spacing between
the states (cf. also [3] and [4]),D

As in [11 and [27, we have studied the reso-
nance scattering of light on cadmium vapor in a
weak magnetic field. A diagram showing the lev-
els in cadmium (even isotopes) is shown in Fig. 1.
The number 2 denotes the state characterized by
m = 1, the number 1 denotes the state character-
ized by m = —1. The exciting light is plane-
polarized and propagates along the magnetic field
so that the m = 0 level is not excited and can be
neglected in the analysis. In contrast with the
conditions of the experiment reported in (1] and
(2] in the present case the incident light is at a

DA similar experiment has recently been carried out by
means of modulated electron excitation. This work will be
published in Optika i spektroskopiya (Optics and Spectros-
copy).

FIG. 1. Diagram of the 5'S, and 5°P,
energy levels of cadmium in a magnetic
field.

fixed intensity. However, the magnetic field that
splits the excited state is modulated in such a way
that the frequency difference between the two o-
components of the Zeeman triplet w,; varies ac-
cording to the relation

0y = Oy -+ 0;sin Qf. (1)

Under these conditions the intensity of the light
scattered at a fixed angle is found to be modulated
at frequency 2 and at multiples of this frequency.
The depth of modulation and the mean intensity of
the scattered light exhibit resonance peaks when
wy = n2, where n=0,1,2,..., i.e., when the fre-
quency of the transition between the levels m = +1
is a multiple of the frequency at which the magnetic
field is modulated.

In addition to the experiment on scattering of
modulated light 1] and the experiment described
here, modulated luminescence has also been ob-
served in a double-resonance experiment (5], I
the latter case the variable magnetic field was
perpendicular to the fixed field and produced tran-
sitions between sublevels of the Zeeman multiplet.
In all three experiments the modulated lumines-
cence was produced as a consequence of the for-
mation of a coherent superposition of excited states
in each atom of the scattering object; under these
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conditions the phases of the excited states are the
same for all atoms. These states have somewhat
different energies and, consequently, radiate op-
tical harmonics at different frequencies, which are
capable of producing regular beats. From a formal
point of view the criterion for coherent superposi-
tion of any two states a and b is the existence of
a nonvanishing off-diagonal element of the density
matrix pgp. 6] As shown in our earlier work[?]
the quantity pgp can be interpreted as the displace-
ment of some oscillator with a characteristic fre-
quency wgp = h~!'(€y —€) and a damping equal to
half the sum of the level widths of a and b.
Forced oscillations of this oscillator are produced
by the external periodic driving effect and the am-
plitude exhibits a resonance if the frequency of the
driving force is close to the characteristic fre-
quency wgyp. In double-resonance experiments
this driving force is the transverse variable mag-
netic field in combination with the fixed optical ex-
citation. In scattering of modulated light the coher-
ent superposition of states with m = +1 arises
because the light is plane-polarized. The excita-
tion of the oscillator pg,}, is due to the periodically
varying intensity.

In the experiment described here the character-
istic frequency of the oscillator p,; is varied pe-
riodically and a parametric resonance is produced.
A qualitative interpretation can also be given in
terms of two-quantum transitions, in the spirit of
the work reported by Aleksandrov. (1] The coher-
ence of the m = +1 states is due to the fact that
they can be excited by the same harmonic of the
incident light; for example, if the m = —1 level
is excited directly by a given harmonic the m
= +1 level is also excited by a radiofrequency
harmonic. We wish to emphasize that in itself the
radio-frequency field in the present experiment
does not cause transitions between sublevels of
the excited state. The plane polarization of the
exciting light provides complete correlation of the
phases of the left and right-handed components of
the light contributing to the excitation of the m

= +]1 states.

All three of the effects described above can be
used to determine the magnetic moment and the
lifetime of the excited state. It will be shown be-
low that the parametric resonance and scattering
of the modulated light exhibit the feature that the
position and width of the resonance curve are not
affected by increasing the variable field (in this
sense there is no saturation effect).

2. THEORY

The intensity of the light scattered by an atom
having two nearby excited states (Fig. 1) is related
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to the density matrix of the atom as follows: [2]

I, ) =K [Pnld}fo |2 + Pzzldgzlz + 2 Re pyidiodis . (2)

Here, K is a factor that relates the intensity of the
dipole radiation with the square of the dipole mo-
ment of the radiator; d* is the operator that gives
projection of the dipole moment on a plane perpen-
dicular to the direction of observation. The density
matrix p is given by the following expressions: 2]

(6]
(4)

P.u = —q1pu+ Fu, !322 = — {Pgy + Fa,
Pa1 + i01P9; = — TPy + Fay.

Here we assume that the widths of levels 1 and 2
are the same and equal to . If the incident wave
propagates along the magnetic field and is polar-
ized in the XOZ plane the quantity F is given by

(5)

where 1= (E?) is proportional to the intensity of
the incident light (E is the electric field of the
wave), Ip w, is the spectral density of the incident
light at frequency w) = w, =~ w; (it is assumed that
the width of the spectral distribution of the incident
light Aw > wy;), N is the number of scattering
atoms. The angle brackets mean averages over
the Doppler distribution of scatterer frequencies
wy. The solution of Eq. (4) with the initial condi-
tion pyy(0) =0 is

an - Nh_zdfn()dgn <(Pwn> [,

t t

Pa1 (f) = leS e =1 exp {— { S @y (') d"v"} ar'.
0

i

(6)

We introduce a new variable of integration t’
=t — 7. Then, at large values of the time yt > 1
(for which transient effects disappear) the ex-
pression for p,(t) becomes

[ t
pas (f) = Fyr § v exp {—i § om0 (1) dt'} dv.  (7)
0 t-<
In the more or less trivial case where Q << vy
we can write
t
S 0y (T)dt" = 0, @) T,

t-t

and thus obtain

Par () = For [1 + iogy (£)]7. (8)

Here, the change in p,y(t) is a simple conse-
quence of the intersection of levels with an adia-
batic change in wy;(t).

In the general case Eq. (7) can be written

[ee]
Pay (&) = Fy\duve Gop =
)

1 . Q . Q
X exp[—z—’ﬂsm—r Sin—-

Q 2 2 ©)

(zt-r)}.
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We expand the second exponential in the inte-
gral in Eq. (9) in Bessel functions, making use of
the relation

e-izsine — 2 (__l)k ez‘k«:Jk (Z)

(10)
k=—00
We then obtain the Fourier expansion
Por (t) = Fyy Z Bk, (11)
k=—00
where
B, = (_l)k \ drt & Contv) Te-ikQ/2 ], (%“j‘ sin %1;) . (12)
0

The Fourier coefficients Bi are obtained from the
well-known formula

Te (2asin%>=e"k“-")/2 SV Jen (@) Jn (@) €7,

n=—00

which yields the following convenient expression
Be=1i* Y Jin (g) Jn (g) 7 + i (o —nQ))  (13)

It is evident that all harmonics of the scattered
light have resonance peaks when @ is a multiple
of the modulation frequency €.

We now rewrite Eq. (2), which gives the inten-
sity of the scattered light, in the form

I () = 11 + 12 + 121- (14)

Then, using Egs. (3), (5), and (11) we have »
I, =1,=Clly, (15)

I, = —CI2Re {em > Bke"km}. (16)

k=—o00

Here, the Bk are determined by Eq. (13); ¢ is the
angle between the direction of observation and the
X axis; C= NK|dy|* (P wy) (2h0)7% It is assumed
that the line of observation is at right angles to the
magnetic field. The interference term I,; exhibits
a resonance when the spacing between the levels
wy is a multiple of the modulation frequency of the
magnetic field Q. This term contains varying com-
ponents at the frequency 2 and its harmonics.

We consider in greater detail the dc component
and the first harmonic in I;. We will assume that
Q > vy and that wy, & > 0. In each case we con-
sider only the resonance terms. We start with
Eqgs. (13) and (16).

1. The dc component (k=0)

19 =—2c1 3 2 (;i) [x — nQ)?

n=0

+ 217" cos (—2¢ + %n)

E. B. ALEKSANDROV,
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[ee]
()
= —2CI nZ=o T (&)

+ (0 —nR)?17 [ycos 2y + (o —nR)sin 2],  (17)
where
Xn = arctgL_nQ, (18)*
T

It is evident that the dc component exhibits reso-
nances when wpg =0, @, 2Q and so on. The reso-
nance at wyg =0 (n = 0) with w;/Q « 1 describes
the well-known effect of level crossing. (7] The
strength of the dc component of the scattered light
at the resonances depends on the angle y between
the direction of observation and the plane of polar-
ization of the incident light.

2. The first harmonic (k = +1, —1 )—modulation
of the light at the field modulation frequency

I = —CI 2 Re 2 (Be'® 4 B_je- ),

a) The resonance at wg =0 (n=0), i.e., zero
magnetic field

— vsin2 2
[(211)————401.]1 (%I_)JO(%> Tsulle)—l-_i—wﬁ;;{cos wcoth
H
[} o1\ sin ( — 2¢ + %o)
:—4CIJ1 (ﬁ)Jo(-&)W COSQt. (19)

In this case the amplitude of the first harmonic of
the scattered light depends on the angle .
b) Resonances with wyg = @, 2Q etc.,

2 J2, A d2 ol . cos(—4p42x) 17
(1) n+1 n-1 n+1 Y n-1 Xn)
19 =2cr 3 J, [ e }

n=1
x sin (Qf + @y), {(20)
where

J —J
®, = arc tg [JL‘I—L“

ot g (— 29+ )] -

The phase x, is determined by Eq. (18). The ar-
gument of the Bessel function is the quantity w;/S.

For weak modulation, in which case w;/Q <« 1,

(21)

[ee]
2n-1 sin (Qf — 29 + y,)
19 =201 () ! R AL
21 ngl (zg ) nl(n—1)! 3/ 2 + (Y —op)p
In this case the amplitudes of the resonances in the
scattered light are independent of .

3. EXPERIMENT

1. Description of the apparatus. The experiment
was carried out with Cd vapor at 200°C. We inves-
tigated the luminescence at A = 32614 (the 5°P,

— 518, transition). A general diagram of the appa-
ratus is given in Fig. 2. The linearly polarized

*arc tg = tan™'; tg = tan.
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FIG. 2. Block diagram of the experimental apparatus.

light from an rf cadmium lamp excites the reso-
nance luminescence in the Cd vapor in the con-
tainer, which is a Wood’s horn. The luminescence
is detected at right angles by a photomultiplier
(FEU-46A). The signal from the photomultiplier
is applied to a resonance heterodyne receiver,
tuned to the frequency being observed. The am-
plified signal is then detected and applied to a
synchronous detector and then to a recorder or
voltmeter. The radio-frequency magnetic field is
produced by a solenoid mounted on the horn. The
solenoid is powered by a GSS-6 generator and a
power amplifier. An additional modulation is ap-
plied in the latter (30 cps) to modulate the radio-
frequency voltage applied to the solenoid. The 30-
cycle modulation from a 3G-12 oscillator serves
as a reference signal for the synchronous detec-
tor. A fixed magnetic field of the required strength
and direction is produced by a system of Helmholtz
coils.

2. Results. First harmonic. The modulation
frequency of the field is fixed at 1030 kc/sec. The
receiver is tuned to this frequency. In order to
obtain the resonance curve the magnetic field which
determines the splitting of wy is varied slowly.
Resonances are observed when wgy /9=0,1,2,3,4
as predicted by Egs. (19) and (20). The region of
small depth of modulation of the magnetic field was
investigated in detail.

At a low variable field (w;/Q <« 1) the strong-
est resonance occurs when wy = 2. Equation (21),
which gives the variable component of the scat-
tered light, then becomes

wp sin (Qf — 2¢ -+ x1)
e l/-'l’2 + (Q — o)

The resonance is expected at a field H = 0.245 Oe
(the Landé factor is 1.5). In Fig. 3 we show a
typical recording of the resonance curve. The time
constant of the recorder is 3 sec. To compare the
experimental line shape with the theoretical line
shape we use Eq. (22) to compute I{}> for various
points on the experimental curve. All the quanti-
ties obtained this way agree to within 5%. The

1;11) =CI (22)
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mean value of v is 4.1 X 10° sec™!, corresponding
to a lifetime 7 = 2.4 x 1075, The latter value is in
good agreement with the value of T given for cad-
mium in the literature (cf. [8]). In analyzing the
results account was taken of the nonlinearity of
the detector at low signal amplitudes (approxi-
mately up to 10% of the level in Fig. 3).

1

" ;
92 424 43 H0e

FIG. 3. Resonance line shape. The receiver is tuned to
the field modulation frequency 1030 kc/sec.
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FIG. 4. The dc component of the radiation at resonance
as a function of the depth of modulation of the field.

As predicted by the theory the intensity of the
signal is independent of the angle between the di-
rection of observation and the plane of polariza-
tion of the exciting light.

The linear behavior of the variable component,
of the intensity If}’ as a function of the amplitude
of the variable field [ Eq. (22)] was established
taking account of the amplitude characteristics
of the detector.

Resonances at wy /2 =0, 2, 3,4 appear at rela-
tively high amplitudes of the variable field. A care-
ful investigation at high modulation values is hin-
dered by two factors. The first is the need for
careful shielding of the detector from the direct
effect of the modulation voltage. The second is
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the excitation of atomic transitions between sub-
levels of the excited state caused by a spurious
perpendicular component of the variable field.
These transitions are especially strong when
wy /9 = 2, in which case the frequency Q coin-
cides with the frequency of the transition from
the m = +1 sublevels to the m = 0 sublevel
(double resonance). This effect was established
directly by observation of the polarization corre-
sponding to the m-component in the scattered light.
3. Mean intensity (dc component). In this case
the severe shielding requirements are relaxed and
the experiment is simplified considerably; the sig-
nal from the photomultiplier is applied directly to
the synchronous detector. The resonance at wy
= Q was investigated in detail. The theory pre-
dicts a dependence of signal amplitude on w;/Q
corresponding to the square of the Bessel function

of order one. This dependence is observed (Fig. 4).

The solid curve is the function J%(wi/ Q) normal-
ized to the signal peak. The experimental points
are a good fit to the theoretical curve and a dis-
crepancy is observed only when w;/Q =~ 4. This
discrepancy is explained by the residual double-
resonance signal caused by the spurious transverse
field component. The double-resonance peak lies
at twice the value of the field H and is strongly
broadened because of saturation.

The dc component exhibits one additional char-
acteristic effect that has been discussed above,
the dependence of the intensity on the angle between
the plane of polarization of the light and the direc-
tion of observation; in this case we fix the value of
the constant field (wy = const) and the depth of
modulation. According to Eq. (17) the angular de-
pendence should be of the form I{}’ ~ cos 2y. In
Fig. 5 this function is shown in polar coordinates
together with the experimental points. A similar
dependence is observed for the zero-field reso-
nance at frequency £ in accordance with Eq. (19).

4. The theoretical analysis shows that the gen-
eral pattern of the effect is extremely complicated
and diversified. In order to verify the theory we
have undertaken to verify experimentally only cer-
tain specific features of the effect, in particular,
those that distinguish it from double-resonance
effects. In addition to observing the phenomena
described above we have observed resonances at

E. B. ALEKSANDROV, et

al.
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FIG. 5. Polar diagram of
the signal magnitude cor-
responding to the dc com-
ponent as a function of the
angle between the direction
of observation and the plane
of polarization of the excit-

ing light.

harmonics when the receiver was tuned to fre-
quencies 2, 3, and 4 times the modulation frequency
of the magnetic field.

In conclusion we wish to indicate the attractive
possibility of combining resonance scattering of
modulated light with parametric resonances. In
this case, when the field modulation frequency
and the light modulation frequency are not the
same the scattered light contains difference fre-
quencies in addition to the fundamental and har-
monics of the modulation frequency. This effect
will be treated in a subsequent communication.
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