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A new method of detecting various correlations in the azimuthal angular distribution of jet 
particles is proposed. The method is more efficient than the one described previously. [2•3] 

The effect of the momentum conservation law on the distribution of various random quanti­
ties is investigated. Azimuthal isotropy and independence of the emission angles of the sec­
ondary particles have been verified for 85 jets produced in photographic emulsions by singly­
charged cosmic-ray particles with a mean energy of ..... 25 BeV (nh + ng :s 5, ns:::: 8). It is 
shown that the main cause of the violation of these conditions is the momentum conservation 
law. Apparently, the mesons have no tendency to be complanar. Finally, 117 interactions 
between singly-charged cosmic-ray particles and heavy emulsion nuclei have also been in­
vestigated (nh + ng :::: 8, ns :::: 10 ). An azimuthal asymmetry of jet particles has been ob­
served for nh + ng > 15. 

THE azimuth angle distribution of jet particles is 
relevant for the study of the interaction of fast par­
ticles with nucleons and nuclei. Kraushaar and 
Marks, [iJ assuming a two-center model of nucleon­
nucleon high-energy collisions, predicted a corre­
lation of type a) (see Fig. 1a) in the azimuth-angle 
distribution. The tendency of the mesons to be 
complanar may be due both to a large intrinsic mo­
mentum of the centers, and to a deflection from the 
direction of the primary particles. A correlation 
of type b) (see Fig. 1b) may occur when a single 
center, which does not propagate in the direction 
of the primary particle, is produced. There exist, 
of course, other reasons for correlations in the 
multiple-particle production in nuclear interac­
tions. 

We have investigated [2•3] 16 jets produced in 
the emulsion by singly-charged cosmic-ray par­
ticles, measured in the laboratory of J. Pernegr 

b 

a 

FIG. 1. Possible cor• 
relations in the azimuth­
angle distribution of sec· 
ondary particles (track of 
the primary particle is 
perpendicular to the plane 
of drawing). 

(Czechoslovakia). The median energy of the pri­
mary nucleons, determined according to the 
Castagnoli formula, [4] was 110 BeV, the number 
of secondary shower particles ns varied from 14 
to 42, and the number of strongly ionizing par­
ticles was nh + ng :s 5. It was shown by an orig­
inal method that, at least for several of the jets in­
vestigated, there exists (with a probability close to 
unity) an azimuthal correlation which cannot be ex­
plained by the momentum conservation law. 

In the present article we investigate new ex­
perimental material using a more powerful method 
than the one proposed earlier. 

1. METHOD OF ANALYSIS 

In addition to the azimuth angles <Pi ( i = 1,2 ... , 
ns; 0 :s <Pi :s 211") of the secondary shower particles, 
counted from a certain axis, let us consider the 
azimuth angles Eij ( 0 :s Eij :s 1r) between the i -th 
and j -th particles in the plane perpendicular to 
the direction of the primary particle. We con­
struct the following random quantities 

ns 

~k = ~ cos (ke,j)IV ns (ns - 1) = {[~ cos (kcp) r 
i~j i=l 

+l~sin (kcr)J-ns} jVns (n, -1), k = I. 2 (1) 
l=--=1 

(where the factor 1/v' ns ( ns - 1) is introduced for 
normalization). From Eq. (1) it follows that: 
1) the /3k are independent of the axis chosen as 
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the reference for the angles cpi; 2) a correlation 
of type a) leads to an increase in {3 2 but does not 
affect considerably {31; 3) a correlation of type b) 
leads to an increase in both {31 and {32; 4) the f3k 
are bounded and can assume values in the interval 

Assuming azimuthal isotropy, i.e., a uniform 
distribution of the angles 'Pi within the interval 
( 0, 27T ), and assuming statistical independence 
of the ns angles 'Pi, we can show that the mathe­
matical expectation and the standard deviation of 
the f3k equal, respectively, 

(3) 

For the random quantities 

- 1 n 

~k = n L; ~k" (4) 
i=l 

averaged over n showers with arbitrary ns (not 
necessarily equal), we have 

(J ("[3;,) = 11 -vn: (5) 

The quantities {31 and {3 2 are uncorrelated and, for 
large ns, independent; they can be written in the 
form 

r-~k~lx2 -1 
!-"' ...._., 2 2 ' (6) 

where the quantity x~ has a x2 distribution with 
two degrees of freedom. From Eqs. (2) and (6) it 
follows that the conditions of Lyapunov's theorem [ sJ 
are satisfied for any sequence of jets. According 
to this theoEem, for a large number of jets n the 
quantities f3k can be assumed to be normally dis­
tributed. It is therefore easy to indicate a confi­
dence interval 1> which contains i3k with probabil­
ity close to unity. If even one of the obtained val­
ues of ifk falls outside this interval, we can assert 
that the azimuthal isotropy and the independence 
of the angles 'Pi are violated at least in a part of 
the investigated jets. 

Assuming that the angles 'Pi are statistically 
independent and arbitrarily distributed, the mathe­
matical expectation of f3k is 

v (~k) = Y n5 (ns - 1) [v2 (cos kcp) + v2 (sin kcp)l ;:> 0. (7) 

For any symmetrical distribution of the azimuth 
angles we have v({31) = 0. If we write the distribu­
tion density in the form 

1 
p (cp) = Z:rt (1 +a cos 2cp), O<a<J. (8) 

!)Its limits can be taken as -2/,fri and +2/yn. 

we obtain the following formulas for the mathemat­
ical expectation and the variance of {32: 

a2 
'\/ (~ 2) = Y lls (ns - 1) 4 , 

According to (8), the orientation of the plane of 
preferential particle emission does not vary from 
one experiment to another. If it is different for a 
series of trials but the relative positions of the 
secondary particle tracks in the jets are the same 
as before, then the distribution of f3k, which de­
pend only on E:ij. remains unchanged and Eqs. (9) 
remain valid. 

In order to compare the efficiency of the above 
method and of that used earlier, [2•3] we calculated 
the mathematical expectation of the normalized 
quantity 2> 

' jl 2 n5 -1 
CXm = (cxm- 1) ~ m _ 1 ----;z;-, m = 2, 3, 4, ... 

(10) 

For the distribution (8) we obtain the following for­
mula, averaging over the different orientations of 
the plane of preferential emission: 

--,- -.r a2 m" . 22:rt 
v(cxm)=yn5 (n5 -l) V V sm-

8 2:rt2 m-1 m 
(11) 

The value of v ( afn) attains a maximum for m = 7, 
but even then it is 2.3 times smaller than v({32 ). 

To find the efficiency of the method we have to 
calculate the detection probability of some effect 
as a function of n and ns. In the calculations it 
was assumed that all n showers have the same 
multiplicity and the same distribution density (8). 
Assuming a normal distribution of the quantity 
~2 > 2/ln according to the Lyapunov theorem, 
and using Eqs. (9), we can easily calculate the 
probability of finding a ~2 > 2/fll (in such a case 
the effect can be said to be detected ) . In Table I 
the probabilities are given for a= 0.2 and 0.4, 
and for different n and n8 • 

The f3k criterion is useful for the dectection 
of not only azimuthal correlations of type a) or 
b), but, for example, also pair correlations which 
may occur as a result of the decay of short-lived 
particles into two charged particles. Let us as­
sume that the angles 'Pi (i = 1,2 .... , ns) are iso­
tropically distributed, that the first ns - l angles 
cp i are independent, and that the remaining angles 
can be expressed through the first ones according 

2lThe quantities am are random variables used to detect 
azimuth-angle correlations in [2•' 1. Assuming that the azimuth 
angles are isotropic and independent, we have v(~) = 0 and 
a(a::U) = 1. 
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Table I 

n 

ns 

I I I 25 50 100 

,'j - - -
0.16 0,25 0.42 

10 - - 0.16 
0.47 0.71 0.92 

15 - 0.19 0.31 
0.74 0,93 1.00 

20 0.19 0.30 0.48 
0.89 0.99 1.00 

Note: Only the probabilities greater than 0. 15 are 
given. In each position, the upper value corresponds 
to a • 0.2, and the lower one to a • 0.4 [see Eq. (8)]. 

to the formula 

500 

0.17 
0,97 
0.55 
1,00 
0.87 
1.00 
0.98 
1,00 

(jln 8-Z+t=(jlt. i= 1,2, . .. ,l, Z<.ns/2. (12) 

In that case, the mathematical expectation of f3k is 

'V (~k) = 21 (13) V n5 (n5 -1) 

2. EFFECT OF THE MOMENTUM CONSERVA­
TION LAW 

The momentum conservation law affects the 
statistical independence of the angle 'Pi· It is 
therefore important to find out how it changes the 
distribution of f3k if nothing else affects the azi­
muthal isotropy and the independence of the angles 
'Pi· For this purpose, we analyzed the tables of 
"random stars" [GJ that imitate pp collisions at 
10 BeV. We calculated the values of f3k for each 
of the 124 stars with ns = 4, and obtained the fol­
lowing values for the mathematical expectations 
and variances of f3k: 

v (~1) = - 0.48 ± 0.06; o2 (~ 1) = 0.45 ± 0.08; 

'V (~2) =- 0.06 ± 0.08; o2 (~2) = 0.92 ± 0,14. 1(14) 

We see that the momentum conservation law lowers 
the mathematical expectation and the standard de­
viation of /3 1 as compared with (3). The decrease 
is especially strong when neutral particles are ab­
sent and the ns secondary charged particles have 
the same transverse momentum. The transverse 
momentum conservation can then be written in the 
form: 

V-----n;-
~1 =- --. n5 -1 

(15) 

The quantity on the right-hand side represents the 
smallest possible value of /3 1• As mentioned in 
Section 1, /3 1 and /32 can be considered independent 
if ns is large and the angles 'Pi are isotropic in 
azimuth and statistically independent. From among 

a number of trials corresponding to the above situ­
ation, the momentum conservation law selects the 
events satisfying (15). Since 131 and 132 are inde­
pendent, the distribution of 132 in the selected trials 
will remain unchanged. 

This discussion leads to the natural assumption 
that for large ns the momentum conservation law 
does not affect the distribution of 132, even if its 
effect on /3 1 is as large as possible. 

The result (14) permits us to assume that for 
the 85 jets with ns ~ 8 investigated in the follow­
ing we can neglect the effect of the momentum con­
servation law on the 132 distribution. 

3. EXPERIMENTAL DATA 

In area scanning of 37 Ilford G-5 plates, irra­
diated in the stratosphere during the 1955 Italian 
expedition, we found and measured 85 jets pro­
duced by singly-charged cosmic-ray particles 
which satisfied the selection criteria 

(16) 

No limitation as to the energy were made in se­
lecting the showers. Some of the measured jets 
could have been produced by neutral particles, 
since one of the secondary particle tracks could 
have been erroneously identified as the track of 
the primary proton. The fraction of such show­
ers was, however, very small since the experi­
mental value jj1 was negative for all jets. Jets 
with bad geometry were not measured. For each 
jet the accuracy of angle measurements was fully 
satisfactory to obtain a precise azimuth-angle 
distribution. 

We determined the primary-particle energy E 
for each jet using the Castagnoli formula, and cal­
culated f3k according to Eq. (1). Results of the 
analysis are given in Table II. The small value 
of jj1 has led us to conclude that the azimuthal 
isotropy and the statistical independence of the 
angles cp 1 do not hold for the 85 jets analyzed. 
The values of /3 1 and /32 are in a good agreement 

Table II 

Shower Quantity I ii characteristics tiit¥ii' 

nh + ng..;: 5 
s..;: n5 ..;:22 ~1 -0,24 2.2 

E..;: 6600 BeV 

___ £_:_~_8~eV ~2 l -0,04 I 0.4 

Note: I .8kiVn is the difference between the quantity (4) 
and its mathematical expectation in terms of standard de­
viation (5). E is the median energy. Maximum energy was 
found to equal 6600 BeV. 
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with the assumption that the main reason for their 
violation is the momentum conservation law, which 
lowers the mathematical expectation of {31 but does 
not affect the distribution of {32 for ns 2::: 8. The 
distribution of 85 showers with respect to {3 1 and 
{32, which confirms this assumption, is shown in 
Fig. 2. 

J 4 5 fiji 

FIG. 2. Distribution of 85 jets with respect to {31 (solid 
line) and {3 2 (dotted line). The curve represents the density 
distribution of the quantity (6), 

If there were a clearly expressed tendency of 
the mesons to be complanar, h would be positive. 
It should be noted that the value Ji2 = -0.04 found 
for 85 jets is compatible with the assumptions 
made in deducing Eqs. (9) only if a< 0.16, since 
the difference v ( Ji2 ) - a( Ji2 ) is greater than - 0. 04 
for any a > 0.16. If we divide the showers into 
groups according to energy E and multiplicity ns, 
the value of j32 for each group differs from zero 
by not more than 1.1 standard deviation (5). The 
reason for this large difference between our jets 
and those measured in Prague and mentioned in 
the beginning of the article is not clear. 3 > 

In order to study the interaction of cosmic-ray 
particles with heavy nuclei of the emulsion, we in­
vestigated 117 jets produced by singly-charged 
particles, which satisfied the following selection 
criterion 

(17) 

In 21 plates out of 37 we did not use any energy se­
lection criterion. In the remaining 16 plates we 
measured only the jets with a sufficiently narrow 
angular distribution of relativistic particles about 
the direction of the primary particle in the labora­
tory system. 

The 117 showers were divided into two groups, 
according to the number of strongly ionizing par-

3) Applying the new method to showers measured in Prague, 
we obtained lf, = -0.13 and fJ, = +1.11 for n = 16, which con· 
firms our earlier conclusion.[ 2 • 3 J 

ticles nh + ng. The results for these groups are 
given in Table III (rows 1 and 2) and in Fig. 3. To 
find the variation of the azimuth-angle distribution 
of the secondary particles with the primary proton 
energy, out of 50 jets with nh + ng > 15 we selected 
the showers with large values of the Lorentz fac­
tor Yc of the center-of-mass system, obtained ac­
cording to the Castagnoli formula (row 3, Table III). 
The values Ji1 given in rows 2 and 3 of Table III in­
dicate the existence of clear-cut correlations in the 
azimuth-angle distribution of secondary particles, 
which cannot be explained by the effect of the mo­
mentum conservation law. The values of Ji1 and j32 

agree with the assumption of an asymmetrical den­
sity distribution 

Shower 
characteristics 

8.,;;;; nh + ng ·< 15 

10.,;;;: n5 .,;;;35 

il5 =14 

Yc<10.0 

Yc = 3.5 

n = 67 

15 < nh + ng.,;;;; 35 

11.,;;;; n 5 .,;;;41 

;:;s =20 

Yc-<,8.6 

Yc=2.7 

n =50 

nh + ng > 15 

y c > 2. 7 

ns =21 

Yc =4.1 

n =25 

Table III 

I 

-0.:23 +0.02 

(1.9) 

+0.59 -0.04 

(4.2) 

+0.661 +0.09 

(3.3) 

a 

-

0.35±0.06 

0.36:±t~~ 

' ~1 

1-0.o:l 
I 

+0.02 

+0.10 

Note: ns and Yc are median values. The numbers in brack­
ets denote the value of [ ,8 [Vn > 1. 

,...--, .--- .. 
'-----..! '---:--1 

J 5 

~1 

+0.11 

+0.54 

(3.9) 

+0.60 

(3.0) 

FIG. 3. Distribution of jets with respect to (3,. The solid 
histogram refers to 65 jets with nh + ng = 8-15, the dotted 
one to 50 jets with nh + ng > 15. The curve represents the 
same as in Fig. 2. 
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p (<p) = 2~ (1 +a cos <p), O<a< 1, (18) 

and the statistical independence of the emission 
angles Cfli ( i = 1,2, ... ns) of secondary particles. 
Equations (9) describe the mathematical expecta­
tion and the dispersion of (3 1 and v((32 ) = 0. Using 
Eqs. (9) and assuming that the parameter a is the 
same for all showers, we found the value of a from 
the experimental values of i31 (see Table III). 

As mentioned in the beginning of Section 3, the 
large value of ji1 for jets with nh + ng > 15 may 
be due to an incorrect identification of the primary 
particle track. With increasing Lorentz factor Yc. 
the probability of mistaking the track of a second­
ary particle for the primary proton track decreases 
and the spurious azimuthal asymmetry should be­
come smaller. The values of (31 and a do not de­
crease, however, with increasing y c (compare 
rows 2 and 3 of Table III). To confirm that the 
effect is not spurious, we determined for each jet 
the half-angle 8112, and calculated (31 separately 
for the particles with angles of emission 8 < 81; 2 

((31) and with 8 > 81; 2((3'{ ). It can be seen from 
Table III that the azimuthal asymmetry effect is 
due to the particles of the wide cone, which is not 
compatible with the assumption that the primary 
particle was wrongly identified. 

The effect is apparently due to intranuclear 
cascades in non-central collisions of fast par­
ticles with heavy nuclei. 4 > For decreasing nh 

4lWe call a collision non-central if the center of the nucleus 

does not lie on the prolongation of the trajectory of the primary 
particle. 

+ ng, the contribution of secondary interactions 
inside the target nucleus to the azimuth angle dis­
tribution of secondary particles decreases, 5> and 
can even become smaller than the effect of the 
momentum conservation law. However, from the 
absence of an azimuthal asymmetry we cannot 
conclude that there are no secondary interactions 
producing jet particles, since only the nucleons 
of the target nucleus which lie on the prolongation 
of the primary-particle trajectory take part in 
these interactions. 
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