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A theory of the scattering of intensity-modulated light is proposed for the case in which the
“atom of the scatterer has closely spaced excited states. The theory provides a description
of experiments in which a resonance increase of the depth of modulation of the scattered
light has been observed when the frequency of the modulation was equal to the Zeeman

splitting of the excited term.
1. QUALITATIVE DISCUSSION

A recent paper by Aleksandrov[!] describes a
very interesting experiment in which interference
of closely spaced states of an atom is manifested.
The light from a cadmium lamp (1§, — %P, tran-
sition) was scattered by cadmium vapor which was
in a weak magnetic field. The incident light was
modulated in intensity owing to modulation of the
power supply of the lamp, and was polarized in
the plane perpendicular to the magnetic field. The
magnetic field splits the upper term 2P, into a
Zeeman triplet. The alternating component of the
intensity of the light scattered at a fixed angle was
observed as a function of the magnetic field. It
was found that this component has a resonance
maximum near the value of the magnetic field for
which the frequency corresponding to the energy
difference between the ¢ components of the triplet
(m = +1) is equal to the frequency of the modula-
tion of the incident light. It must be emphasized
that the Zeeman splitting is many orders of mag-
nitude smaller than the Doppler width of the line.

This work is closely related to the experiments
on the ‘‘crossing of levels,’’ in which, with con-
stant intensity of the incident light, it has been ob-
served that there is a resonance change of the in-
tensity of the scattered light as a function of the
magnetic field.[%3] Here the resonance is at the
value of the magnetic field for which two Zeeman
sublevels belonging to different excited states of
" the atom coincide.

In the present paper a theory of the scattering
by an atom of light of variable intensity is pro-
posed which takes into account the possibility of
interference of the excited states. In particular
this theory enables us to get a shape for the reso-
nance curve which corresponds to Aleksandrov’s
experiment.
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We first give a qualitative argument for the
simplest example of a three-level system (see
the figure). It is assumed for simplicity that the
transitions 0 — 1 and 0 — 2 are electric dipole
transitions, and that wiy, wgy > wyy. To each tran-
sition one can assign a corresponding oscillator
with the respective natural frequencies wj;, and
wqy and the dampings vy /2 and v,/2. The scat-
tering of light can be regarded as radiation from
an oscillator executing forced vibrations under
the action of the incident wave. The field of the
incident wave is represented as a sum of har-
monics. Then the motion of each oscillator is a
superposition of harmonic vibrations, and the
phase of each vibration is determined by the phase
of the corresponding harmonic of the driving force.

Suppose that the incident light has a broad spec-
tral composition, so that the spectral density re-
mains practically unchanged over a range of fre-
quencies of the order of wy;. Each oscillator is
intensely activated by those harmonics of the light
which lie in a spectral interval of the order of vy
near its resonance frequency.

Let us first consider the scattering of light
whose intensity does not depend on the time (the
experiment of the crossing of levels). If wyy > vy
+ vy, then the oscillators 1 and 2 are excited by
different harmonics of the incident light. The
phases of the various harmonics are independent
of each other (see below). After being averaged
over the phases the square of the sum of the dipole
moments of the two oscillators reduces to the sum

195



196

of the squares of the separate moments. Therefore
the intensity of the scattered light will be equal to
the sum of the intensities from the oscillators taken
separately. If wyy = 0, then both oscillators are
excited by the same harmonics, so that it is not

the intensities, but the amplitudes for the scattered
light that are added. If w;, is of the order of v,

+ vy, then some of the exciting harmonics will be
common to the two oscillators; for these harmonics
the amplitudes will add, and for the others, the in-
tensities. Thus as wyy is varied the intensity of the
scattered light must show a resonance behavior
near wy; = 0 with a resonance width of the order

of vy + 7.

Let us goonwiththe discussion of the scattering
of light whose intensity varies harmonically with
the time with frequency 2. It will be shown below
that in this case the phases of the harmonics w
and w’ = w + Q in the incident light are no longer
independent. The variations of intensity of the in-
cident light can be interpreted as beats of these
correlated harmonics. Therefore the vibrations
of the two oscillators will interfere not only when
they are excited by the very same harmonics, but
.also when they are excited by two different har-
monics with frequencies differing by €. The in-
terference manifests itself in the occurrence of
beats at the frequency €. That the amplitude of
the beats will show a resonance behavior as a
function of wyy is obvious from the following ar-
guments. The first oscillator is excited by har-
monics in a band of frequencies near w;, with
width of the order of y;. The harmonics corre-
lated with them are located in a shifted band at
the frequency interval @ from the first set of
harmonics. The interference, which means the
amplitude of the beats, will be largest when there
is the most overlapping of the shifted band with
the absorption band of the second oscillator.

Up to now we have not considered the vector
properties of the dipoles corresponding to the
transitions w;y and wy,. If, for example, these
transitions are the o components of a Zeeman
triplet and the incident light is propagated along
the magnetic field, then one is excited by a right-
hand-rotation and the other by a left-hand com-
ponent of the electric field vector. Interference
of the light radiated by the two oscillators will
occur only when the phases of the left-rotating
and right-rotating components in the exciting
light are correlated. There is such a correlation
if the incident light is plane-polarized. '

2. THE CORRELATIONS IN MODULATED LIGHT

Let us now establish the correlation properties
of the light which were used in the foregoing dis-
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cussion. We expand the electric field strength
E(t) of the wave at a given point in a Fourier
series

T
g et E (1) dt.

0

E(t) =S| Eo e, E,=-1 )
For convenience the expansion is made for a large
finite interval 0—T, so that the frequency values
are w=2mT ! (n=0,%1,£2,...). The transi-
tion to infinite T and the corresponding Fourier
integral can be made without difficulty by the sub-
stitution T~! = (27) !dw.

The correlation properties of the light are de-
termined by the correlation function

Sp.v ((D, (0,) = <E:u,oy Evm’>- (2)

The angle brackets denote averaging over the en-
semble of radiating systems. The indices u and v
denote either rectangular or circular components
of the field. If S,,(w,w’) is not zero, this means
that the phases of the corresponding harmonics are
correlated. It is obvious that

T T
Sk*v ((1), (0,) = T_zg d‘fg d‘l,"Sw (1:, 1;’) e iaTpie’T
0 0

Spy (1, V) = <E, (1), Ey (T)). @)

If the intensity of the light does not depend on
the time, then S,w( 7, T') depends only on the dif-
ference 7—7’, so that

Sp.v (T, 1:,) = [Cva (T - T’), (4)

where I= E? is proportional to the intensity of the
light. In this case S;,(w,w’) is different from
zero only if w = w’:
T
Sy (@, ©) = 84 wIQps (©); Puv (@) = T-lg et g, (1) dr.
0 (5)
The function ¢, (w) characterizes the spectral
composition of the radiation. If the width of the
spectral distribution is Aw, then the function
@ I-tV( T—1') decreases rapidly when 7 differs from
7/ by more than about (Aw )71, If the intensity re-
mains practically unchanged over a time of the
order of (Aw)~! (in our case Aw is the Doppler
width of the line), then Eq. (4) can be generalized
in an obvious way to the case of varying intensity b,

(6)

[here it is quite immaterial whether we write I(7)
or I(7)].

Spv (1, v) = 1 (v) @uv (T — 7')

DWhen the modulation of the light is caused by a modula-
tion of the number of emitting atoms it can be shown that in-
dependently of the width of the spectrum Sy(7,7) = [T~ 7"
KT + 0T = DI @up(T~T"). If Ap > Q, this is the
same as Eq. (6).
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For harmonically modulated light
I =1y(l+ ecosQi) (7)
and in this case, according to Eq. (3),

% € (60)’, o-0Q + 60)', o)+ﬂ)] .
(8)

This formula indicates that there is a correlation
between the phases of the harmonics w and w’
=w + Q.

Let us now turn to the correlation of the right-
polarized and left-polarized components E, = Ex
+iEy and E_ = Ex —iEy. It is obvious that S,_
= 8xx —Syy —i(8xy + Syx). For unpolarized light
Sxx = Syy and Sgy = Syx = 0, so that S,_ = 0. For
light polarized along the x axis we have Syy = Sxy
=8yx = 0, so that S, = Sxx = 0.

Spy (@, 0') = I@, (@) [80, o +

3. THEORY OF THE SCATTERING OF LIGHT OF
VARYING INTENSITY

According to the correspondence principle the
emitted field is determined by the dipole moment
of the transition

d (o) = widvy dr.

Here i and y, are the respective wave functions
of the initial and final states. If the initial state
contains the excited states 1 and 2 with the ampli-
tudes cy(t) and cy(t), then

d@= C; (&) dyp + C; (9) dy.

The intensity Ig(t) of the light scattered in a
given direction can be expressed in terms of the

density matrix p of the atom in the following way:

I (t) = K [py (8) | di 12+ pas () | dy P+ 2 Re pyy (£) dipdbe].

)

Here K is the ratio of the emitted intensity to the
square of the dipole moment of the emitting atom.
The quantity d* is the operator for the component
of the dipole moment of the atom which is in the
plane perpendicular to the direction of emission.

The Hamiltonian which determines the density
matrix is

#=H+V,

where H is the Hamiltonian of the atom and V is
the interaction with the field of the incident wave.
For simplicity we shall treat the field classically.?
We shall take into account the interaction with the

AThe results are not changed by a quantum treatment of
the electromagnetic field.
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zero-point oscillations, which leads to the flmte
11fet1me, by adding an imaginary term to i (H
= Ho -1, il'; both T and H, have only diagonal
elements: Hmm = €m — iYm/2).

The equation of motion of the density matrix is

iﬁf.’m_n = 2 (ggmkplm — Pmk%;k)-

k
In the first nonvanishing approximation in the per-
turbing field we have

(10)
(11)

mi’m =k (0 — 1) P21 T VaoPor — P20 Vor,

mi’zo = F (03— iT20) P20 + Voo,

where hwy, = €5 — €1, Va1 = Yo(yy +v1). The equa-
tions for pyy, py1, and pyy; are analogous to Eq. (10),
and those for pgy, py1, and py; to Eq. (11). In Eq.
(11) we have set pyy = 1; V is the operator for the
energy of interaction of the atom with the electric
field E in the perturbing beam.

Let the incident light be propagated along the
z axis and polarized in the plane XOZ. Then

V({¢) = —dE .

Substituting the solution of Eq. (11) (and of the
analogous equation for pyy) in Eq. (10) and aver-
aging over the ensemble of emitting systems, we
get the following equation for py:

iYo1) a1 T Far (). (12)

Por = — i (0y —

Here
t

For () =102 d;‘odglgdt's (¢, ') [e-itonixa)t=) | ghlowting ¢-11],
° (13)

where S(t,t’) is the correlation function defined
by Eq. (3) (the indices u, v, which are equal to x,
have been omitted ).

We can use the expression (6) for S. Then, be-
cause of the sharpness of the function ¢, we can
[for t > (Aw)~!] take the lower limit of the in-
tegral to be minus infinity. Also, for Aw > v,
wyy We can set Y10 = Y20 = 0, Wy = Wyp = Wy in the
exponents in Eq. (13). In this way we arrive at the
following expression for F:

[ee]

Po, = S et (1) dr. (14)

—o0

Fou (f) = Fi2daydy, [ () P,

Because ¢ (t) is an even function the quantity ¢ w,
is real.
Let us introduce the notations

dyodg = % (ax + iby) | dog | | dog |, Poy = fa T+ igur
(15)
From Eq. (12) and Egs. (14) and (15) we get the

equation
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721 + 27y 1621 + ((‘)gl + '1'21) far

= ';‘ [(wg1bx + Tmax) I () + axi O 52 qq, | do | [ doz | ,

(16)

and an analogous equation for g,; which is ob-
tained from Eq. (16) by the substitutions fy; — gy,
ax == by, wy — —wy. If we write Eq. (9) in the
form

Is@) =1y () + Lo () + 1 () } (17)

and write dl{todlétz = 1/2(3“ - lbu ) I d01 ” doz !, then by
using Eq. (16) we can get the following equations
connecting the intensity of the scattered light with
that of the incident light:

Ty + 2vauloy + (03 + 18) I = Al + BI,  (18)
fn+ vl = Cud,  Tog+ tolge = Cool.  (19)
Here
A = Cy, log (@b — ab,) + 7o (@uax + b,05)],
B = Cy, la,a, + b,b,],
Cor = 2| dos [* | doy [* @, (27)72K,
Con = | don P | don I B 2qu K. (20)

If the transitions 1— 0 and 2 — 0 are the o
components of a Zeeman triplet, the magnetic field
is along the z axis, and the observation is made in
a direction perpendicular to the field, then
—dy = d (ex + iey),

—dly = dy = A7,

dy = d (ex — iey),
_df(; = dgo = d7
where ex and ey are unit vectors along the axes
in question and ¥ is the angle between the direc-
tion of observation and the x axis. In this case
%(:21 =Cyp = C;; = C = K|do |* 2R)2 u,,
A = — 2C 7y cos 29 + @y sin 291, B = — 2C cos 2v,
Tar = T2 =T1 =17

The formulas (18) and (19) describe the light
scattered by one atom. To get the total intensity
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of the scattered light we must sum the solutions
of Egs. (18) and (19) over all the atoms of the
scatterer, taking the Doppler effect into account.
If wyv/c < vy, then Egs. (18) and (19) will also
hold for the total intensity, and the summation
changes only the constant C.

The quantity I,; is due to the interference of
the excited states of the atom. Equation (18) en-
ables us to interpret the effect observed by Alek-
sandrov as forced vibrations of the ‘‘oscillator’’
I;(t) under the action of the harmonic ‘‘driving
force’” I(t). If I(t) = Ip(1 + € cos Qt), then

Iy (8) = Alo/(")gl + 1%

— &Cl, [(0g — Q) + 2] " cos (Q + %), (21)
where x = 2 — tan~! [(Q —wy)/v].

In Eq. (21) it has been assumed that y << wyy, Q2.
The first term, associated with the constant part
of the intensity, describes the effect of ‘‘crossing
of levels.”’

If the scatterer is irradiated with a pulse which
is short in comparison with the lifetime of the
atom, it can be seen from Eq. (18) that as the fluo-
rescence dies out it will pulsate with the frequency
wqq. The possibility of such an effect has been
pointed out in a paper by Podgoretskii. (4]
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