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The density of the interaction Lagrangian is constructed for gravitational, spinor and electro
magnetic fields. The effective cross sections for annihilation of fermion pairs into two gravi
tons or into a photon and a graviton, and also the Compton effect of a photon on a fermion with 
transmutation into a graviton, are calculated on the basis of the quantization of the weak grav
itational field. 

1. INTRODUCTION 

IN our previous work, [1] a calculation and an 
analysis of the differential and total effective 
cross sections of the process of pair annihilation 
of spinor particles into two transverse quanta 
( gravitons ) of the linearized gravitational field 
was carried out. 0 Use was made of the interac
tion Hamiltonian introduced in the works of 
Gupta: [1o,u] 

(1) 

In the present work, the form of interaction of 
the gravitational and spinor fields is made more 
precise. It follows from this development that the 
use of Eq. (1) in the calculation of the different 
effects gives insufficiently complete results for 
the following reasons. 

a) In the derivation of the density of the inter
action Lagrangian, Gupta probably started from 
the Lagrangian of the spinor field in curved space, 
and from the non-compactness of the Lagrangian. 
In the calculations of the S matrix, it is necessary 
to take under the integral sign the Hamiltonian 

l)The hypothesis of mutual transmutations of ordinary mat
ter and the gravitational field, suggested by lvanenko in 1947, 
was used by Ivanenko and Sokolov[2 •'] in the calculation of 
the mutual transmutations of scalar particles into gravitons. 
The transmutations of photons and gravitons was considered 
by PiYr,[•] and also by Korkina[•] on the basis of the linear 
gravitational theory of Birkhoff, as developed by Borgardt. 
However, the Birkhoff theory, which is constructed on the 
basis of a series of postulates, is in our view too artificial 
and represents a step backward in comparison with the Ein
stein theory (even in the special formulation of Gupta). The 
mutual transmutations of neutrinos and gravitons were con
sidered by Wheeler and Brill [••7 ] and by Kobzarev and 
Okun•.[•] Recently, the transmutation problem has been con
sidered by FeynmanJ•) 

density (1), which will lead to additional terms be
cause of the expansion of r-i in powers of fK. 
A similar inaccuracy is contained in [2•3•12], but 
because of the specific nature of the scalar field 
it does not change the order of the cross section 
of gravitational annihilation of two scalar particles. 

b) In the calculation of processes of second 
order and higher in fK on the basis of perturba
tion-theory methods, the matrix element of the 
process contains additional terms of the same 
order, brought about by the nonlinearity of the 
gravitational field. [s] 

c) For a correct description of the interaction 
of the spinor and gravitational fields it is necessary 
to use the tetrad formalism, [13] without the use of 
which it is impossible to obtain the complete Ham
iltonian or Lagrangian of the interaction. 

2. THE DENSITY OF THE INTERACTION LA
GRANGIAN OF SPINOR AND GRAVITATIONAL 
FIELDS 

The density of the Lagrangian of the spinor field 
in curved space has the form 

where V' J.L denotes covariant differentiation. The 
covariant derivative of a spinor can be written only 
with the help of the tetrad formalism: [13] 

vr-'P' = a'Y!axr-- ~ ~r- (a, ~) r (a) r (~) '¥, 

vr-'lT = aW!axr- -+ W ~r- (a,~) r (~) r (a), (3) 

where f).J.L( a, {3) are the Ricci rotation coefficients 

~P. (a, ~) = ~p..vahv (a) h" (~). (4) 

Then (2) takes the form 
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X= -i -v=il-iWy (a) h~" (a)~+ i a'P· r (a) h~" (a) W 
ax~" ax~" 

+2m'¥"'¥ + --f- W (r (I,) r (a) r (~) 

- r (~) r (a) r (I,)) Wh~" (A) hv (a) ha (~) .1\J.,VO]. (5) 

We expand (5) in a power series in JK, and 
limit ourselves to terms of order not higher than 
K. The quantities entering into (5) are expanded in 
a series of the form 

(6) 

(the initial formula for the determination of hJ..LV 

was developed by Gupta; EJ..LV is the metric of flat 
space-time), 

(7) 

By making use of the definitions of hJ..L( a) and 
hv( a) 

g!J.V = h\J. (a) hV (a) and gi,J.V = h\J. (a) hv (a), 

we find 

h~"(a) = e~"(a) + {- V x (ew.e~" (a) - 26re"' (a)) h"'' 

+ hx (12e,(a)et-v8£lp - 4e,(a)e[Jv8t-p + Bv (a) e,[JBt-p 

- 4e,_(a)e,,_e{lp) h 'ilh'-P + 0 (x312), 

(10) 

(11) 

where EJ..L( a) and Ev( a) are determined by the re
lations 

The Ricci rotation coefficients 

,1 = .!:_ ( ogp.a- i)gi,J.V - ogav ) + h (T) aha (T) (12) 
p.,va 2 \ axv OX0 ox~" v ax~" 

are found by means of the expansions (9) and (11): 

Here we do not write down explicitly terms of 
order K, which contain ha{3Eaf3• since these terms 
are not needed. 

In what follows we shall use the notation of flat 
space, taking x0 = ix0. Then all the indices can be 
written as subscripts [ y( a) E 7 ( a) = y 7 ]. The 
zero order of the expansion (5) is identical with 
the ordinary Lagrangian of the spinor field in flat 
space. 

For a complete description of the interaction 
of the gravitational and spinor fields, it is neces
sary to take the Lagrangian density of the sum of 
the spinor field in curved space and the gravita
tional field: 

(14) 

where 2 1 is the first order term in the expansion 
of (5) in a power series of ..fK and is of the form 2> 

a> ViZ (h + 1 h) ( ·m o'I' + . ai¥ m) .,(,1 =- !J.V -etJ.v - tcry\J.- t-0 y\J.cr 
4 2 axv XV 

+ Vx mh'¥1¥. (15) 
2 

The difference of this expression from (1) is oc
casioned by the series expansion of the factor V-g 
[item a) of Sec. 1]. Use of the tetrad formalism 
does not give additional terms in the first-order 
expansion. 

The density :£2 -the expansion of (5) of order 
K -has the form 

(16) 

The second line is due to the more accurate ac
count of the interaction of the spinor and gravita-

2)The gravitational vertex contains in the general case the 
mass, in contrast with the conclusion reached in [•]. 
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tional fields obtained on the basis of the tetrad 
formalism [item c) of Sec. 1]. 

2grav is the first order expansion of the La
grangian density of the gravitational field 

CJJ' -I-./- ~'" (r"- rll r"- rll ) ~ = - X r - g g I'-ll va. - !J-V all (17) 

and was calculated by Gupta [H] [item b) of Sec. 1]: 

(18) 

3. TWO-GRAVITON ANNIHILATION OF A PAIR 
OF SPINOR PARTICLES 

By making use of the results of Sec. 2, we cal
culate by perturbation theory the effective differ
ential cross section of the annihilation of a pair of 
spinor particles into two gravitons. The calcula
tion is carried out in the center of mass system. 

The S-matrix of the process of order K has the 
form 

S = i ~ T [22 (x)l d4x- ~ ~~ T [2I (xi) 2I (x2) 

+ 2I (x2) 2I (xi) + 2I (xi) 2rp (x2) 

(19) 

Contributions of the terms of the S matrix to the 
matrix element can be graphically represented by 
means of the Feynmann diagrams a-e. Part of 
the matrix element described in diagrams b and 
c (corresponding to the Hamiltonian interaction 
(1)), was calculated in our previous paper. [t] 

The total matrix element of the process is 
found in the form 

F = ix u; (PI) {- kih~Jh~2J (piki)2 (pikJ 
32k~ (2n)2 (p1k1) (p1k2) 

- iklkgh~1 )h~2) (pik2) + 2k~ (piki) (pik2) h~2)h~I) 

+ 4h~)hr;) (piki) (plkJ k~ 

- 4k~h(2)h(I) + k'f/t~2)h~1)k'I (piki) (pik2) + 2k~h(2)h(I)k_I 

where the following notation is introduced: 

h<i> - h(i)p"-pll. 'h<i) = h<iJr Pll. 
- ll{j 1 lt (XI-' a: lt 

(20) 

u17( Pt ) and Uv' ( P2) are factors corresponding to 
the antiparticle and the particle in the initial state. 

After tedious calculations, which correspond to 
taking the trace of the matrix element, summation 
over the polarizations of finite gravitons and gath
ering of like terms, we get 

d _ x• [ 2 2 2 8 + 4 • 2 8 a - '128 (4n)•pka p m cos p sm 

+ ~ (m2 - p2 sin2 8 )2 

3p2m4 COS2 () + m2p2 (m2- p2 sin2 6) pB sin8 () J 
+ m2 + p2 sin2 6 - (m2 + p2 sin2 6)2 dQ ' 

e 

I I 
1 k,/ I 
1 I I 
tk /lkz 
I II 
I II 
~~~ 

h i 
I 

z 
h 

m 

(21) 

' 
k 

;y 
I 

n 
0 

p 

-- Fermion line---- Graviton line~ Photon line 

where p is the momentum of the fermion, e is the 
angle between the direction of motion of the initial 
particles and the momentum of the graviton. 

In the classical case, when k5"' m 2 » p2, this 
formula takes the form 

(22) 

that is, the radiation of gravitons is equally prob
able in all directions. 

In the ultrarelativistic case, in which p2 "' k~ 
» m 2, we have 

x2 k2 

do ur = 128 (8~)' (3 sin2 26 + 2 sin4 6) df:1.. (23) 

There will be no radiation of gravitons in the di-
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rections of propagation of the initial particles. 
From (21), it is easy to obtain a similar for

mula for the annihilation of two four-component 
neutrinos ( m = 0) into two gravitons. [S] 

4. LAGRANGIAN DENSITY OF INTERACTION OF 
SPINOR, GRAVITATIONAL AND ELECTRO
MAGNETIC FIELDS 

In Eq. (5), in the presence of an electromagnetic 
field, an added contribution appears that is brought 

. about by the replacement of the ordinary deriva
tives of the wave functions by the expressions 

This contribution has the form 

(24) 

Expanding this expression in powers in fK, we 
get 

eA~''Yr~''¥- ~ e Vx '¥ (r~'A~'h + 2y"h"~'A~') 'I'+ 0 (x). 
(25) 

The Lagrangian density of the electromagnetic 
field in a gravitational field has the form 

are arbitrary, then it is easy to see that such a 
process is possible only for antiparallel polariza
tion of the colliding particles. For identical polar
ization, the particles can annihilate with production 
of a photon and a graviton. Let us construct the 
matrix element of such a process, using the La
grangian interaction density (27). In the general 
case, the matrix element of the process can be 
represented by means of the diagrams f-k. If 
the calculation is in the center-of-mass system, 
the contributions of the diagrams f, i, and k 
mutually cancel one another. 

The matrix element of the process has the form 

(28) 

where 

v = ( p1k2 ) - ( p1k 1 ) is the square of the matrix ele
ment, and averaging over the spins of the initial 
particles and summing over the spins of the final 
particles, we obtain the differential effective cross 

:t =-T y- g g~L'Ag•PF >..pF~'. = _ T p PpP + {- yx(e~'Xh•P section of the process of photon-graviton annihila-
tion: 

(26) 

We write down the expansion in powers of fK of 
the Lagrangian interaction density of the three 
fields, neglecting terms of order higher than efK. 
By taking into account (25), (26), and (14), we get 

+ + VxFp.pFp-,hvp- + VxF11.F~/z +-} VxmW'I'h 

+ ~ Vx (h11• + + el'/l) 

( - a'¥ a'¥ ) -.1 -
x -i'YrP.ax, + iax,rl'-'1' +.r xf(3h)+O(x), (27) 

where fK f( 3h) are terms containing the product 
of three gravition functions. 

5. PHOTON-GRAVITON PAIR ANNIHILATION OF 
SPINOR PARTICLES 

In addition to the process of two-graviton pair 
annihilation of spinor particles, a transformation 
of this pair into a photon and a graviton is possible. 
In calculation of the cross section of two-graviton 
annihilation, averaging was carried out over the 
spins of the initial particles. However, if one does 
not do this and assumes that the initial particles 

da= -- I+ sin2 8 e2x p3 sin2 6 [ 
4 (8n)2 ko (k~ - p2 cos2 6) 

+ 0 dQO 
sin• 6 (k2 - 2p2 sin2 6) J 

k~- p2 cos2 6 
(29) 

In the classical case p2 « k~ ~ m 2, we have 

d - e2x ( v )3 0 2 e (I I 2 0 2 ) dQ 
acl - 4 (8n)2 c sm -r sm 8 . (30) 

Because of the factor sin2 e, the maximum of ra
diation of gravitons and photons will be observed 
at e = rr/2. There will be no radiation in the direc
tions of the momenta of the initial particles. 

In the ultrarelativistic case (p2 ~ k~ » m 2 ) we 
have 

dour= 4 ~~:)" (I +cos2 6)dQ, (31) 

i.e., the cross section of the process ceases to de
pend on the energy of the particles, while the radi
ation of gravitons will be strongest in the direc
tions of the momenta of the original particles. In 
the ultrarelativistic case, the spins of the particle 
and antiparticle will be oriented in a single direc
tion, which gives evidence of the necessity in such 
a case of using Eq. (31) and not (23). 
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There is interest in making a comparison of the 
total cross sections of the processes of two-gravi
ton and photon-graviton annihilation of two spinor 
particles. 

1. Classical case. The total cross section of 
two-graviton annihilation has the form 

ac1 = r~cj2048 nv, rg = xm, (32) 

in contrast with the result of our previous paper, 
where acl ~ r~cv-i( E/mc2 ) ( E is the nonrelativ
istic energy ) . 

Since, in calculation of the number of acts of 
annihilation, the cross section of the process is 
multiplied by the velocity v, the number of anni
hilating particles does not depend on v and is pro
portional to m 2• 

The total cross section of photon-graviton an
nihilation has the form 

, 13rerg(v)3 _ e2 (33) 
<lc[ = 480:rt c ' re- mc2 • 

2. Ultrarelativistic case. The total cross sec
tion of the two-graviton annihilation 

x2k~ r~ I ko )2 
<l ur = 768 :rt = 768 :rt \mc2 

(34) 

increases in proportion to Iq. The cross section 
of the two-graviton annihilation becomes of the 
order of the cross section of two-photon annihila
tion for kocr ~-../ re/rg mc2• For electrons, 3> 
kocr = 102i mc2• The total cross section of the 
photon-graviton annihilation is 

a' ur = r,r g/48 n = 1 ,26 .JQ-68 em 2 (35) 

depends neither on the energy nor on the mass of 
the colliding particles. The cross section of two
photon annihilation becomes of the order of the 
cross section of photon-graviton annihilation for 
the same energies as in the previous case: 

(36) 

6. THE COMPTON EFFECT OF A PHOTON ON A 
SPINOR PARTICLE WITH REPLACEMENT BY 
A GRAVITON 

The matrix element of the process of a Compton 
effect of a photon on a spinor particle with replace
ment by a graviton can be represented graphically 
in the form of diagrams 1-p. We shall consider 
the case in which Ei » koi• Ei » k02 ( Ei is the 
initial energy of the fermion, koi is the energy of 
the photon, k02 is the energy of the graviton ), then 

3lin our previous paper, an error was made: it was stated 
that k0 "' 1012 mc 2 • 

the matrix element has the form (the principal 
contribution is made by diagrams m and n ) 

ie -y;; -+ (p1kz) h (p~ e~)- (p1k1) ~ (37) 
F u (p) u~, (Pl)· 

= ( 4:rt)2 V k01k02 v 2 (p1k1) (p1k2) 

The differential effective cross section of the proc
ess has the form 

(38) 

After squaring Eq. (37), averaging over the initial 
and summing over the final spins, we obtain 

_ e2xp6sin48sin2 cp ko2 [p!(k2-k1)] 2 dQ, (39) 
da - 8 (4:rt)2E1 (E2 - p 1 cos 8) ko1 (p1k1)2(P1k2)2 

where cp is the angle between ki and Pi• e is the 
angle between k2 and Pi· 

In the relativistic case, where E ~ Ei ~ E2 ~ Pi 
~ p2, setting ki ~ k2 ~ k, we get 

(40) 

however, it must be noted that a difficulty appears 
for k that is similar to the case of pure electro
dynamics (the infrared catastrophe), associated 
with the inapplicability of perturbation theory 
methods in this case. 

Equations (39) and (40) also hold for the reverse 
process-the Compton effect of a graviton by a 
fermion with transformation into a photon. If it is 
assumed that a significant quantity of gravitational 
waves (gravitons) exists in outer space, then the 
effect of transformation of gravitons into photons 
described above must take place upon interaction 
of fluxes of gravitons with matter. 4 > 

In particular, this effect must lead to additional 
radiation of photons from outer space by objects 
having velocity components normal to the radius 
vector from the earth to the given object (owing 
to sin4 (} in the numerator). If this effect could 
be measured, then it, together with the Doppler 
(radial) red shift, would permit us to obtain a 
complete estimate of the velocity and direction of 
motion of cosmic objects. 

The author thanks D. D. Ivanenko and V. I. 
Rodichev for discussion of the results and for 
valuable advice. 
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