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The interference of the decays of K~ and K~ mesons in a K0 beam into 7!"+ + 7!"- + y is con
sidered. It is shown that the circular polarization of the photons, which appears in this case, 
depends on the magnitude and sign of the mass difference between the K? and K~ meson and 
on the phase difference of the final-state pion-pion interaction. The angular and energy dis
tributions for photons and pions are obtained. The angular correlation between the production 
planes of the positron-electron pair and the pion pair in the decay mode K0 - 7!"+ + 7!"- + e+ + e
is also analyzed and an estimate of the internal conversion coefficient is given. 

l. It is well-known that with respect to the weak 
decay interaction the neutral K meson behaves like 
a mixture of the particles K? and Kg, which have 
respective lifetimes 71 and 72 ( 71 « 72 ), masses 
m1 and m 2, and the CP-parities + 1 and - 1. 
Therefore the matrix element .At of K0 decay will 
contain two terms corresponding to the decay of 
the K? and Kg components of the K0 beam, respec
tively: 

(1) 

This fact leads to interesting interference phenom
ena[1-6] which depend on the mass difference ~m 
= m 1 -m2 and on the time t elapsed since the gen
eration of the K0 meson. One such effect is the 
polarization of photons emitted in the K0 - 7!"+ + 7!"
+ y decay. The dependence of the angle between 
the vector of transverse polarization of the photon 
and the normal to the decay plane has been investi
gated in the paper of Bar shay and Iso [GJ. We con
sider the corresponding effects for the circular 
polarization of the photons produced in the same 
process, as well as the correlation of the emission 
planes of the electron positron pair and the pion 
pair in the K0 decay with internal conversion of 
the photon. 

In order to describe the polarization we utilize 
the Stokes parameters ~j (j = 1, 2, 3 ), which can 
be obtained from the polarization density matrix 
p [7]: 

Gi = Sp (pt), 

P1.p. = .fit(I.).At(p.)* /hi.At(")l2 , A, f-l, V = 1, 2. (2) 
v 

Here the decay matrix element .At for the K0 

- 7!"+ + 7!"- + y decay is written in the form .fit(ll.) 

= .AtaE~>; the index II. corresponds to the two or-· 
thogonal unit vectors € <1 > and € <2 > of the photon 
polarization, and 7j are the Pauli matrices. Sep
arating in the matrix elements Ml/1..) and M~/1..) the 
phase factors due to the final-state interaction of 
the two pions M(/1..) = N<A.>ei01 M(/1..) = N(ll.)eio2 

' 1 1 ' 2 2 ' 
and introducing the notation 1/7 = 1/71 + 1/72, 
o = o2- 61, T = t~m + o, we obtain 

va<l-l va<P.l* = ~ {e-11~'Ni1.l Ni~'-l + e-t;~,N~~-) N~v-l 
+ e-112~ [cosT (Ni1.l Nt> 

+ N~1.l Ni~'->) + i sin T (N~1.l Nf~'-l- Nf1.l N~~'-l)]}. (3) 

2. It follows from CP-invariance that the photons 
emitted in the K? and K~ decays are essentially of 
type E1 and M1, respectively, the E1 radiation 
being produced mainly by internal bremsstrahlung 
(we neglect direct E1 emission) and the M1 radi
ation being produced mainly by direct emission. The 
corresponding gauge-invariant matrix elements 
for the K~7ry-decay have the form 

where e2 =a= %37 , G = 10-5/M2, M is the nucleon 
mass, P± and k are the 4-momenta of the 7!"± 
mesons and the photon, while L1 and L2 are quan
tities with the dimension of a length, determined 
by the virtual strong interactions as well as by the 
final state pion-pion interaction. Note that GL13 

equals the experimentally known constant of radia-
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tionless K~-decay. For a rough estimate of L2 we 
consider the simplest perturbation theory diagrams 
containing a baryon loop ( cf. Appendix). Since both 
matrix elements in (4) are antisymmetric with re
spect to the interchange p+ ~ p_, the final states 
of pion-pion scattering correspond to a spin J = 1 
and isospin T = 1. 

From an analysis of the S-matrix on the basis 
of unitarity and T-invariance and from the vanish
ing (as a consequence of CP-invariance) of the 
matrix element for the decay Kg- 1r+ + 1r- it fol
lows that the phase 62 of the matrix element N 
is equal to the phase shift 611 in the J = T = 1 
state. In general, the phase 61 does not coincide 
with 611 and remains unknown. The influence of 
the pion-pion interaction on the amplitude of radi
ative K decay has previously been taken into ac
count by means of the method of dispersion rela
tions [9] and on the basis of a resonance model 
with an intermediate strongly interacting B 
mesonC8J. The correction to the K27Ty-decay 
amplitude due to pion-pion interaction in the J 
= T = 1 state, corresponding to internal brems
strahlung, is small and cannot be larger than 
10-20% (according to an estimate by I. G. Ivanter 
on the basis of [9J). From the work of ChewC8J 
it also follows that the resonance with J = T = 1 
only weakly influences the internal bremsstrahl
ung and for the direct emission it can make itself 
felt, probably, only in the K~ mode. We will ap
proximately consider that the contribution of the 
pion-pion interaction does not change the ampli
tude of the K~ decay and that it can increase the 
K~ amplitude by a factor of two. Accordingly, 
and on the basis of an estimate of L1 in terms of 
the experimental value of the probability for the 
Kg decay, w (K~- 1r+ + 1r-) = 0.78 x 1010 sec-1, 

and in estimating L2 on the basis of the results 
obtained in the Appendix, we will in what follows 
use the following values: 

L1 = 110.6 M, x = L23 I L~3 = 4n, n = I, 2, 3, 6 

(values of n equal to 2 and 6 correspond to a pos
sible doubling of the K~-decay amplitude because 
of pion-pion interaction). 

3. For the calculation of the Stokes parameters 
~j we choose €(1) and €<2> in the form 

e<2> = [ ke(l) l I I k I (5)* 

and we go over to the rest system of the K0 meson. 
Then Eqs. (2)-(4) yield: 

~ 1 = - 2~~1a 1a2e-112' cosT, ~2 = - 2~~1a1a2e-112T sin T, 

~a=~~~(- a~e-1/T, + a~e-1/T'), 

(6) 

The beam of photons turns out to be totally polar
ized ( ~ ~j = 1 ), its circular polarization being 

J 
determined by the parameter 

!: _ - 2 (a1 I a,) e-112"' sin (tl1m + 6) 
"' 2 - 1 + (a1 / a2)2e-I/To ' 

(7) 

where 1/r0 = 1/r1 -1/r2; ~ 2 depends on the mag
nitude and sign of ~m and on the relative phase o, 
and reaches its maximum absolute value I ~ 2 1 = 1 
for (ada2 ) exp(-t*/2r0 ) = 1, which corresponds 
to t* "" 2 x 10-9 sec. 

The circular polarization ~ 2 can be measured 
experimentally by scattering photons on the polar
ized electrons of magnetized iron. For the case 
when the photon incidence angle J. with respect to 
the electron spins is small (i.e., cos 8 "" 1) and 
their energy w is large compared with the elec
tron mass me, the energy of the scattered pho
tons w' satisfying the condition 1 -cos 8 » me I w 
is independent of w inside a large interval of scat
tering angles e [1o]. In this case ~ 2 is related to 
the angles ,J and e by the formula 

~2 =(I -R) cos81(1 + R) cos tt, (8) 

where R is the ratio of the measured scattering 
probabilities for the two opposite orientations of 
the spins of the iron electrons. 

As can be seen from Eq. (7), owing to the strong 
time dependence of the circular polarization, the 
values of ~ 2 which are large enough to be meas
ured are obtained in a relatively narrow interval 
around t*. By using the angular distribution and 
the estimate of the possible values of K, obtained 
in Sec. 4 below, we can obtain the dependence of 
the quantity ~g = I ~dsin T I on t and w. Figure 1 
represents the curves ~g(t) computed in the ap
proximation w « m/2 for w = 10 MeV. The same 
curves determine the variation of ~g with w (in 
semilogarithmic scale) for t = 2 x 10- 9 sec. For 
comparison the graph of sin T for m = 1 x 10- 10 

sec- 1 is also included (since we do not know of the 
phase o we have, for clarity, chosen the phase 
such that sin T = 0 for t = 1 x 10- 9 sec). 
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FIG. 1. The dependence of 
the reduced circular polarization 
~~ = \ ~2/sin T\ in the K~7TY decay 
on t (for w = 10 MeV) and on w 

(for t = 2 x 10-• sec); the curve 
sin T = sin (tl1m + o) is shown in 
the lower part. 

4. From the formula for the probability of the 
K~rry decay 

I .Jl 12 dsp dsp d3k 
dw= (2nts~ 2m2w:2w_Z.w f>4(P-p+-p_-k) (9) 

( w± are the energies of the rr± mesons) it is easy 
to obtain the expression for the angular distribution 
of the pions (in the rest system of the K0 meson). 
Using Eqs. (3), (4), and (6) and denoting the cosine 
of the angle between the directions of emission of 
one of the pions and the photon by z, we obtain 

dw _ c:tG2 (1 - z2) {L -se-lf-c, m41-12 (' -,f(X2=1}3 (x0 - x)3 dx 
dz - 256ll3!-1 2 M 8 J (2x0 + z -,r x2 - 1 - x)4 

_ . ~ V(x2 -1)3 dx } + L se-ti"' 
1 (2x0 + z V x2 - 1 - x)2 (xo- x) (x- z V x2 - 1)2 ' 

(10) 

where fl. is the pion mass, x = w±/f.l., and x0 

= m/2J1. is the maximum energy of the pion. Since 
the integration in (10) leads to very involved ex
pressions we represent the angular distributions 
graphically in Fig. 2 (separately for the K~ and 
K~ components ) . The curves have been obtained 
by means of approximate graphical integration, 
and in order to insure convergence for x - x0 

= 1. 7 8 a cut-off has been imposed on x for x 
= 1.75 (corresponding to Wmin = 10 MeV). 

FIG. 2. The angular distribu
tions of the photons (relative to the 
direction of emission of one of the 
pions) in the decays K~ -> rr+ + TT-

+ y (El) and K~-> 17+ + TT- + y (Ml) 

In analogy with the angular distribution, we 
obtain for the energy spectra of the pions and 
photons 1 > produced in the K~1ry-decay, in the rest 
system of the K0 meson: 

1lThe energy spectrum of the photons produced in K~7TY 
decay [the first term in Eq. (12)] has been obtained by ChewJ•] 

dw c:tG2u. { -s 1-14m4 -,r (x2 - 1 )3 (xo - x)2 
- r L e-t;-c, -'-~o-7--~~~;-=-

dx - 128n11m2 2 6M8 (x0 - x + 1/4xo) 

L-se_11,, [ x -1/2xo In x -1/2xo + -,fX2=1 _ -,r x2 -1]}, 
+ 1 Xo-x x-1/2x0 - -,fx2 -1 Xo-x 

(11) 

(12) 

where w0 = (m2 -4J1.2 )/2m is the maximal photon 
energy. For t ~ 1.25 x 10-9 sec, the spectra are 
dominated by the second term in the curly brackets 
of Eqs. (11) and (12) (internal bremsstrahlung), 
and for t ~ 2.5 x 10-9 sec -by the first term (di
rect emission), whereas the direct emission pro
duced by the K~ component corresponds to spectra 
with sufficiently large maxima at w± = Xf.l. ~ 145-
150 MeV and w ~ 115-120 MeV, respectively. 

We note that the spectrum of the pions emitted 
in the K~ decay, as described by Eq. (11), differs 
somewhat from the 1r± spectrum produced by in
ternal bremsstrahlung in the radiative K+ -decay, 
as obtained by Good[ii] (Good's curve yields val
ues by 20-30% lower in its principal part). On 
the other hand the formula obtained by Chew [B] for 
the spectrum of internal bremsstrahlung photons 
for the radiative K+ decay differs from the sec
ond term in Eq. (12) by having the factor 
% (m/2 - w )/w in front of the logarithm in place 
of (m/2- w- J.Nm)/w. 

The integration of the second term in Eq. (12) 
in the calculation of the total probability for the 
K~7ry decay cannot be carried out to the end in 
terms of elementary functions. Therefore we find 
the result approximately, and in addition we as
sume a lower limit Wmin = E « w0 for the inte
grals that diverge as w - 0. The integration 
yields 

c:tG2 {5.i·l0-7C2se-t;-,, 
w = 128n3m 

+ 1.16 [In ': - 1.65] L16e-11''}. (13) 

Hence, for t = 0, L1 1 = 0.6 M, and L2 1 = 1.37 M 
(or 0.95 M) ( cf. the Appendix) we obtain for the 
total probabilities of the Kf- JT+ + rr- + y and K~ 
- JT+ + rr- + y modes: 

J -1 w1 = 0.5 [In (m/e) - 1.65 ·108 sec , 
w2 =3.6·102~2 sec- 1 orw2 =4·10~2 sec-1 , (14) 

where {3, which is equal to 1 or 2, is a coefficient 
determined by the final-state pion-pion interaction. 
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It follows that the ratio of probabilities for the ra
diative and ordinary decays of the K~ meson for E: 

~ 65 MeV is wtfw0 ~ 0.3 a ~ 2 x 10-3• 

5. Let us now consider the radiative K~7r decay 
with internal conversion of the photon into an elec
tron-positron pair. The matrix element has the 
form [compare with Eq. (4)] 

, ( eG ) _3 [(2p+ + k)y (2p_ + k)y J 
!v 1 = -vz 4:n:eL1 2(p+k) + k' - 2(p_k) + k' Ly, 

N 2 = (eG!y2) 4:n:eL;3M-4EafMP+aP-~Lyk3 ; 

Ly = k-2u (k_)yyV (kJ. (15) 

For the differential probability w of the K0 - 1r+ 

+ 1r- + e+ + e- process we obtain 

dQ'd<udl;,dcp 

= a'G'Q'r3(Q•)ikl {L-r.e-l/<,q_r2)(1 + 2cos2m) 1k6'tMn•" 
3·211n5m3k2 2 ' "' "' " 

_J_ L-6 -1/<1 (1 -1;.2) (3- 2 cos2 cp) w2 + 21;,2 (m- w)2 k2/Q2 

I 1 e [w• -l;.'k'r' (Q')J2 

3 3 112 w I k 1 m• }. + L~ L; e- ·~cosT (1- s2) sin 2cp M•[w'-1;.'k'r'(Q')J · 

Here 

Q2 = (p + + p y' y2 ( Q2) = ( Q2 - 4j.J.2)/ Q2' 
/'-.. s = cos (Rk), R = p+ - p_, 

(16) 

and cp is the angle between the planes of emission 
of the pion pair and the electron-positron pair. 

For small ?;, when the second term in the de
nominator of the second term of (16) is negligible, 
the probability of the K~ decay has an angular de
pendence of the form f1 ( cp ) = 3 - 2 cos2 cp = 3 sin2 cp 
+ cos2 cp, and the probability for K~ decay has the 
angular dependence f2 ( cp ) = 1 + 2 cos2 cp = 3 cos2 cp 
+ sin2 cp. Thus, f1 ( cp ) is obtained from f2 ( cp ) by 
means of the substitution 2> sin2 cp ~ cos2 cp. An 
approximate numerical estimate of the total decay 
probability leads to the result 

·- •a• ~w-. ~ _a __ {L-s -r/o, I 5. I o-s (I J_ 2 2 ) 
·' ~ ·~• " 2 e . I cos cp t•'[ -·n m 

(17) 

(the coefficients of the terms in this formula are 
of the correct order of magnitude). Comparing 
Eqs. (13) and (17) one obtains for the conversion 
coefficient for the case of K~ decay the estimate 
w/w ~ 0.6%. 

2lThe presence of such an angular correlation has been 
noted by ChewJ•] 

APPENDIX 

Since there is no theory of strong interactions, 
the matrix elements for the K0 - 1r+ + 1r- + y de
cay cannot be calculated. However, for a rough 
estimate of these matrix elements one can treat 
the decay by means of perturbation theory, con
sidering diagrams with baryon loops 3>. We as
sume that the momenta of the particles that leave 
the loop are considerably smaller than the mo
menta and masses of the baryons inside the loop, 
and we retain only the first nonvanishing terms 
in the expansions of the corresponding integrals 
in powers of the momenta of the outgoing par
ticles. The baryon weak interaction current will 
be written in the form 

Ja = f [pya (1 + Ay5)A +PYa (1 + Byo)n]; 

/ 2 = G!V2, A = 1, B = 1.25. (A.1) 

The decay mode 4> K~- 1r+ + 1r- + y is described 
by Feynman diagrams of the kind represented in 
Fig. 3 (the first diagram contains two closed fer
mion loops, the second one contains one loop which 
intersects itself; the remaining diagrams are ob
tained from these two by permuting the external 
lines in all possible ways). The contribution to 
the element N2 appears only in the third order of 
the expansion, N2 being expressed in terms of di
vergent integrals of two kinds: 

(A.2) 

FIG. 3. Feynman diagrams describing the direct photon 
emission in the decay K~ _, 77+ + 77- + y; the plus and minus 
signs denote respectively positive and negative pions, and 
the small circle represents the weak interaction. 

The function R2(h', h") has the form of a sum 
~i Vi Cih i where the sum goes over all diagrams, 
the Vi are numerical coefficients, C = AB ± 1 

3)Similar estimates of the matrix elements for different 
modes of decay of K mesons have been given in the papers of 
Oneda, Pati, and Sakita (cf., e.g., [12]). 

4>We recall that it is not necessary to compute the matrix 
element N 1 of the K~ _, 77+ + 77- + y decay, since the corres
ponding constant GL"~ can be obtained directly from the ex
perimental probability of the K~ _, 77+ + 77- decay. 
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or AB, and h are integrals of the type h' or h11 • 

In order to estimate the absolute value and the 
sign of the integrals h in R2, we compare the 
probabilities for the various decay modes ( Krr 3, 

Krr2• KJ.l 3, KJl 2 and also rr - Jl + v) calculated in 
terms of diagrams with appropriate baryon loops 
(we assume everywhere g~ ~ 14 and gk ~ 1) 
with the experimental data. As a result one obtains 
for R2 the rough estimate: 0.1;:;. R2 ;:;. 1.0. For our 
calculations we select two values: Rz = 0.6 and R2 

= 0.2. Comparing Eqs. (A.2) and (4) and also com
puting the constant GL13 (to which corresponds a 
value R1 = -0.05) from the experimental rate of 
K~rr decay, we obtain 

L 1 = 110.6 M, n = I, 3 (A.3) 

(The second value of n corresponds to R2 = 0.2 ). 
The author is sincerely grateful to L. B. Okun' 

for posing the problem and for constant interest 
in this work. 
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