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The collective states of atomic nuclei excited during the absorption of quadrupole y quanta 
are considered in the shell model approximation. It is shown that in heavy nuclei the residual 
interaction causes the appearance of two groups of states of distinctive energy and absorption 
probabilities for quadrupole y quanta. The group of states displaced upwards from the posi
tion of the zero-order approximation levels form the so-called quadrupole resonance of the 
nuclear photodisintegration. The states displaced downwards play an important part in form
ing the effective quadrupole charge of a nucleon. The intensities of transitions into the speci
fied states exhaust almost all the quadrupole nuclear transitions. In light nuclei the two states 
are less clearly displayed. The mean energies of the specified groups of quadrupole transi
tions are estimated for all the nuclei considered. 

RECENTLY, considerable interest has arisen in 
the quadrupole resonance of the y quanta absorp
tion cross-section of atomic nuclei [1- 4]. This 
question was first discussed by Migdal [s] and by 
Danos and Steinwedel [GJ. 

In the present paper quadrupole resonance is 
studied from the viewpoint of shell model of the 
nucleus taking into account the effective pair in
teraction between nucleons. The magic nuclei 0 16, 

Ca40, Pb208 and the "almost magic" Zr90 will be 
discussed as examples. 

In shell-model terms, quadrupole resonance is 
caused by the transfer of nucleons from the shell 
with principal quantum number N to the shell with 
principal quantum number N + 2. In the zero-order 
approximation-i.e., when the effective particle
hole pair interaction is neglected-the majority of 
states due to such nucleon transfer will be in the 
energy range "'2liw i.e., for example, for Pb208, 

at "'18 MeVC7J. 
When the effective pair interaction is taken into 

account, it can lead [S] to the formation of two 
states "1111 and "1112 with distinct energies and radi
ative properties, one of which ( "1111 ) is displaced 
downwards from the position of the levels in the 
zero-order approximation, while the other ( "1112 ) 

is displaced upwards. The example of the dipole 
resonance shows that the energy difference be
tween these states can be very significant. [9] 

For a coherent effect to be present (separation 
of the states "1111 and "1112 ) in the considered case 
of states 2+, it is necessary that a quadrupole 
contribution be present in the effective pair in
teraction [ 10•11]. 

Qualitative consideration [SJ, under the assump
tion of degeneracy in energy of the zero-order 
states and of a quadrupole-quadrupole pair inter
action, shows that the separated states "1111 and "1112 

exhaust all the quadrupole transitions, and that 
they can be obtained, apart from normalization, 
by acting on the ground state of the nucleus I 0) 
with the operators Q1 and Q2 1>: 

(1) 

Here ep and en are certain constants which are 
automatically obtained when solving the qualitative 
problem specified above. It is simplest, however, 
to determine them from the orthogonality condi
tion for the states "1111 = Q1 I 0) and "1112 = Q2 I 0 ). 
In a real case, when the interaction is not quadru
pole-quadrupole and the zero-order levels are not 
qegenerl!te, the states generated by the operators 
Q1 and Q2 .will not be eigenfunctions of the com
plete Hamiltonian. The part of the interaction 
which is not quadrupole-quadrupole will partially 
redistribute the intensity of the quadrupole transi
tions over other states of the system. 

It is, however, important to note that this part 
of the interaction does not lead to a coherent effect 
in the intensity distribution of the quadrupole tran
sitions [11], and cannot consequently change the 
range of positions of the levels into which quadru
pole transitions proceed with considerable proba-

1>When the isotopic spin is a good quantum number 
eP = en= ¥2, Q, and Q2 give the transitions without and with 
change of isotopic spin, respectively. 
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bility. In a real case, therefore, instead of two 
levels exhausting all quadrupole transitions, we 
shall have two relatively sharp groups of levels, 
over which the quadrupole transitions will be dis
tributed. The energy of these groups of levels can 
be approximately found by averaging the complete 
Hamiltonian of the system with respect to the 
states 'Itt and w2 [tO]. We have 

£1 =('I'll HI 'l'l)/('l'lJ 'l'l), 

£2 = <'l'2J HI 'l'2)/('l'21 '!'2)• (2) 

Here H = H0 + V ph• where H0 is the Hamiltonian 
of the zero-order approximation, and Vph is the 
particle-hole interaction operator; ( 'lti I 'lti) is the 
norm of the wave functions 'Itt and w2• 

So far we have tacitly implied that the complete 
Hamiltonian is approximately diagonalized in the 
basis of the particle-hole functions. However, 
when a residual interaction between the nucleons 
is present, the eigenfunctions of the Hamiltonian H 
will in general be superpositions of particle-hole 
states and two-particle two-hole states (two nu
cleons go over into a neighboring shell ) . States 
of the latter type do not contribute directly to the 
intensity of quadrupole transitions, but can signif
icantly redistribute them between the various lev
els of the nucleus. However, taking these states 
into account does produce coherent effects, and 
consequently does not significantly change the 
mean energy of either group. These states are 
not, therefore, taken into consideration. 

We note yet another point. In evaluating (2) we 
did not include the entire choice of particle-hole 
states. The fact is that when a nucleon in the last
filled shell is excited, the nucleon can proceed di
rectly into the continuous spectrum. For our ap
proach it is, however, essential that the nucleon 
should be within the limits of the nucleus for a 
sufficient length of time (so that the particle ex
periences a sufficiently large number of interac
tions with holes). Therefore, all states which do 
not have a clearly displayed single-particle reso
nance were excluded. It was considered that they 
give a continuous background in the behavior of 
the absorption cross section. 

As in the majority of nuclear spectra calcula
tions, we took oscillator functions as the single
particle wave functions. Such a choice of single
particle functions is reasonable in the study of 
resonance processes, because inside the nucleus 
an oscillator function is close to the function of 
a smeared-out potential well. The effective inter
action was taken as V12 = g ( 1- a- aat • a 2 ). The 
values of g and a were taken to be the same as 
in the calculations of the dipole levels. [SJ The 
values resulting from calculations made on o 16, 

Table I 

Nucleus 0" Ca40 Zr" 

LlV1, MeV -7.0 -9.2 -11.7 -14.0 

LlV2, MeV 4.1 5.3 5 . .6 7.1 

Ca40, Zr90, and Pb208 for the changes of energy 
~ Vt and ~ V2 of the states 'Itt and w2 due to the 
residual interaction are given in Table I. 

Thus, the energy splitting of the states 'Itt and 
w2 increases with increase of A, reaching for 
Pb208 the value of ~ 21 MeV. An important con
dition for the formation of the groups of levels 
specified above is, of course, that the energy in
terval over which the zero order levels are dis
posed should be small compared with the splitting 
of the states 'Itt and w2• Estimates show that in 
the heavy nuclei the majority of zero-order levels 
are contained in an interval of order ~ 3 MeV. In 
the heavy nuclei, therefore, the separate groups of 
levels should definitely be formed. In light nuclei 
of the type otG and Ca40, firstly, there is a very 
large splitting of the zero order levels, and, sec
ondly, there is a small number of states displaced 
by the effective interaction. Therefore, for these 
nuclei the concept of the states "lllt and w2 is very 
poor. 

As already remarked, the groups of nuclear 
levels corresponding to 'Itt and w2 exhaust almost 
all quadrupole transitions. The group of states 
corresponding to w2 form a quadrupole resonance 
in the photon absorption cross section and corre
spond to quadrupole polarization oscillations of the 
neutrons relative to the protons. 

The formation of the state w2 has an important 
consequence for ( y, n) reactions. During the quad
rupole absorption of a y quantum, protons and neu
trons can be emitted (and because of the Coulomb 
barrier for protons, neutrons will be emitted pref
erentially). For sufficiently energetic photo-neu
trons it is, therefore, natural to expect angular 
asymmetry similar to the asymmetry for protons 
(due to the interference of the dipole and quadru
pole photo-neutrons). Such an asymmetry has, in 
fact, been observed experimentally. [t2] 

The state 'Itt is also of great interest; it is very 
important for detecting the effective quadrupole 
charge of a nucleon. [ta] This state corresponds 
approximately to "in-phase" oscillations of neu
trons and protons (for example, surface oscilla
tions of the nucleus). 

To find the absolute energies Et and E2, it is 
necessary to know the position of the levels in the 
zero order approximation. At present, however, 
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there are poor experimental and theoretical data 
on this question. Rough estimates using results 
of [7 • 14] give for Pb208 and Zr90, respectively, 
Eo~ 18 and 21 MeV, so that E1 ~ 4 MeV, E2 ~ 25 
MeV for Pb, and E1 ~ 9 MeV, E2 ~ 27 MeV for 
Zr. The value of E2 for the heavy nuclei agrees 
reasonably with the quadrupole resonance ener
gies observed experimentally in the cross sec
tions for the ( y, p) reactions in Pb [15] and W [16] 

The state w1 has not yet, however, been found 
in any of the nuclei considered. The distinctive 
feature of the state w1 by which it can be observed 
in experiment is the large value of the reduced ma-

Nucleus 

Ql6 

Ca40 

Table II 

Type of 
transition 

is-+ id 
ip,;,-+ if,;, 
iPs;,-+ if,;, 
iPs;,-+ if•;, 

ip -->if 1 2p 
id'!t _,. ig,;, 
1d,;,-+ 1g,;, 

2s-+ 2d 
id,;,-+ ig,;, 

I Transition 
energy, MeV 

44-50 
-25 
-25 
-3i 

33-39 

19-20 

23-27 
-28 

trix element of the quadrupole transition from this The authors thank V. V. Balashov and V. G. 
state to the ground state (it is easy to see that this Neudachin for valuable discussion. 

reduced matrix element is equal to the correspond- 1 Yu. K. Khokhlov, JETP 32, 124 (1957), Soviet 
ing matrix element of the state "W2 ). In recent ex- Phys. JETP 5, 88 (1957). 
periments on inelastic scattering of electrons [17] 2 s. Fujii and 0. Sugimoto, Nuovo cimento 12, 
by Pb208, this state was not observed in the range 513 (1959). 
of excitation energies up to "'6 MeV. Our estimate av. G. Shevchenko and B. A. Yur'ev, JETP 41, 
of E1 is, however, a poor approximation, because, 142 (1961); 42, 707 (1962); 43, 860 (1962), Soviet 
first, the zero order level is not known with good Phys. JETP 14, 1015 (1962); 15, 492 (1962); 16, 
accuracy; second, the state w1 contains a percep- 609 (1963). 
tible contribution of the wrong excitation with re- 4 Neudachin, Shevchenko, and Yudin, Yadernye 
spect to the center of gravity ( 0.1 in the square reaktsii pri malykh i srednikh energiyakh (Nuclear 
of amplitude), and taking this fact into account Reactions at Small and Medium Energies), AN 
should lead to some increase of E1; third, the en- SSSR 1962, p. 495. 
ergy of the state w1 is rather more critical to the 5 A. B. Migdal, JETP 15, 81 (1945). 
type of force and to the amplitude of the pair inter- 6 M. Danos and H. Steinwedel, Z. Naturforsch. 
action than is the energy of the state "W2. Great in- 6a, 217 (1951). 
terest therefore attaches to further searches for 7 A. Schroder, Nuovo cimento 7, 461 (1958). 
this state at somewhat larger energies ( E* ~ 6 MeV). 8 N. P. Yudin, Dissertation, Moscow State Uni-

In the nuclei 0 16 and Ca40 the zero order lev- versity, 1962. 
els are split over quite a wide energy range. Using 9 Balashov, Shevchenko, and Yudin, JETP 41, 
Tyrren's data, [18] on the binding energy of nucle- 1929 (1961), Soviet Phys. JETP 14, 1371 (1962). 
ons in the deep shells, and assuming an energy sep- 10v. v. Balashov, JETP 42, 275 (1962), Soviet 
aration between unfilled shells of"' 7-8 MeV, we Phys. JETP 15, 191 (1962); Nuclear Phys. (in press). 
obtained the estimates given in Table II for the 11 v v Balashov and v. M. Chernov JETP 43, 

16 40 . . ' 
zero order level positions for 0 and Ca · . 227 (1962), Soviet Phys. JETP 16, 162 (1963). 

It is apparent that, owing to the large spread of 12 Borrell, Ferrero, Malvano, and Molinary, 
energies, states including all quadrupole transi- Nuclear Phys. 31, 53 (1962). 
tions will not be formed. It is important to note, 13 s. Fallieros and R. A. Ferrell, Phys. Rev. 
however, that a large contribution to the qu~ru-16 116, 660, (1959). 
pole sum will be provided by states grouped m 0 14 Ross, Mark, and Lawson, Phys. Rev. 102, 
nuclei in the 25 MeV region, and in Ca40 nuclei in 1613 (1956). 
the 19-20 MeV region. Correspondingly strong 15sorokin, Shevchenko, and Yur'ev, JETP 43, 
quadrupole absorption of quanta should be expected 1600 (1962), Soviet Phys. JETP 16, 1127 (1963). 
in the "'21 MeV region in o16 nuclei and in the 16 Shevchenko, Yur'ev, and Levkin, JETP 44, 
"'15 MeV region in Ca40 nuclei (states with T = 0). 808 (1963), Soviet Phys. JETP 17, 547 (1963). 
Other levels with significant probability for quad- 17 Crannell, Helm, Kendall, Oeser, and Yearian, 
rupole transitions will be spread in the ranges Phys. Rev. 123, 923 (1961). 
27-35 MeV and 44-50 MeV (016 ), and 24-30 MeV 18Tyren, Hillman, and Maris, Nuclear Phys. 7, 
and 33-39 MeV ( Ca40 ). For more accurate speci- 10 (1958). 
fication of the position of the states of interest to 
us and the transition intensities, additional insight Translated by K. F. Hulme 
into the single particle levels of nuclei is required. 33 


