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Formulas are derived within the framework of the Ginzburg-Landau macroscopic theory of 
superconductivity to describe the behavior in a magnetic field of superconducting samples 
in the form of hollow spheres or hollow cylinders. The critical magnetic fields of such 
samples are found. The limits of possible "superheating" or "supercooling" are deter
mined. Destruction of the superconductivity of a hollow cylinder by a current is also con
sidered. 

THE problem of the behavior of superconducting 
samples of various shapes in a magnetic field was 
solved within the framework of a local theory by a 
number of authors (see, for example, [1J). Re
cently, in connection with the problem of the quan
tization of the magnetic flux, the problem of a 
hollow superconducting cylinder in a magnetic 
field parallel to its surface was solved by Ginz
burg. [2] Formulas are obtained in the present 
work which describe the behavior of a hollow 
superconducting sphere or cylinder in a field per
pendicular to its surface; in particular, expres
sions are obtained for the magnetic moments of 
hollow superconductors. The problem of the de
struction of superconductivity of such specimens 
by a field and by a current is also considered. 

1. We begin with the equations of the macro
scopic theory of Ginzburg- Landau (see [1•3]) which 
is suitable for London superconductors close to 
the critical temperature Tc· The equation de
scribing the penetration of the field into the super
conductor is written in this case in the form 

rot rot A = -o-2A, (1)* 

where A is the vector potential of the magnetic 
field, 6 = o0/w, o0 is the penetration depth of a 
weak field in the bulky superconductor; we shall 
consider the quantity ..Y to be a constant. 

The solution of Eq. (1) has the form 
A= icpA ( r, 8) ( r 1 ::::: r ::::: r 2) for a hollow 
sphere in the spherical coordinates r, e, cp; here 

*rot = curl. 

In this case r 1 is the internal radius of the hollow 
sphere, r 2 is the external radius of the sphere, 
H0 is the value of the external magnetic field far 
from the sphere, H1 is the value of the field in the 
hollow interior of the sphere, and M is the mag
netic moment of the hollow sphere. 

In the case r 1 = 0, we get from (2) the well
known formulas for the field and the magnetic 
moment of a continuous superconducting sphere 
(see [1J). In the case ~ 1 » 1, D.= ~ 2 - ~ 1 » 1, we 
have 

that is, the field inside a hollow sphere with a 
thick wall is exponentially small, and its moment 
is identical with the moment of a solid sphere of 
the same radius. 

Finally, for a sphere with a thin wall, we find 
(for D. « 1, ~ 1 » 1 ) 

Hor~ ( 1 ) 
M = - -2- I - 1 + /;Jt./3 . (4) 

It is evident from Eqs. ( 4) that when ~ 1 D. » 1 a 
large thin-walled sphere behaves in a weak mag
netic field as a continuous bulky sample, even if 
its wall is a thin film, much less in thickness than 
the penetration depth o (in connection with this 
remark, see also[2•4•5J). If ~ 1 D. « 1, we get 
M = -H0d~ 1 D./6, that is, the moment approaches 
zero linearly with decrease in ~ 1 D.. 

We now obtain formulas applying to a round 
hollow superconducting cylinder, parallel to the z 
axis and placed in a magnetic field Ho parallel to 
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the x axis. We have A= izA(r, cp) (r, z, cp are 
the cylindrical coordinates, r 1 s r s r 2 ), 

A = 2H 6 h (£) K2 ((;,) + 1" (£,) K, (£) sin cp 
0 10 (\;2) Kz (£,) -1, (£,) K~ (~z) ' 

H _ 2ffo 
1 - £i[Io(sz)K2(£,)-/z(i;,)Ko(s2)] ' 

Here H1 is the field in the hollow part of the cylin
der, M is the moment of a unit length of the cylin
der, r1 =~tO is the inner and r 2 = ~ 2 6 is the 
outer radius; In, Kn are the well-known Bessel 
functions, and ~ = r/o. 

In the case ~ 1 = 0, the results of Silin [6] follow 
from ( 5). For ~ 1 » 1, 6. » 1 (a hollow cylinder 
with thick walls), we have 

M = - + r~ (I - :. ) If 0 , 

In the case ~ 1 » 1, 6. « 1, we get 

f Ho 
l 1 = 1 + £,6.;~ ' 

and, finally, for ~ 1 » 1, ~ 1 « 1, we have H1 
= Ho, M = - 1/4 Hod ~ t 6.. 

Finally, we write out the formulas for the field 
Ht and the magnetic moment M of a hollow cylin
der in a field parallel to its surface. Making use 
of the solution of Ginzburg [Z] (see also C7J), we find 

H _ [ n<Do 2Hoi;~ 2 J 
I- nri + Ko (si) lo (s•)- Ic (~!) Ko (£,) 

b = Halo (~l)- H,Io (~2). 
(7) 

Here n is a quantum number which takes into con
sideration the presence inside the cylinder of a 
magnetic flux, 4> 0 = hc/2e :::; 2 x 10-7 G-cm2 is the 
flux "quantum." For ~ 1 » 1 and 6. « 1 we get 
from (7) 

M = _ r~ £16. Ho- n<D0/nri 
4 2 1 + s,,6.f2 

(8) 

Let us consider the case in which there is no 
magnetic flux inside the cylinder ( n = 0) and the 
field H0 is produced by a solenoid wound on the 
cylinder so that the field H1 inside the cavity 

arises only because of the penetration of the ex
ternal field H0 through the lateral surface of the 
cylinder. Here, as is seen from (8), the field in
side the thin cylinder and its moment will be the 
same as for a bulky specimen if ~ 1 ~ » 1. As 
~16.- 0, of course, M - 0. 

2. For an analysis of the problem of the de
struction of the superconductivity of specimens by 
a magnetic field, it is convenient to employ the 
superconductivity theory of Ginzburg-Landau.D, 3J 
In this theory, a certain quasi-wave function 'It is 
introduced; under definite conditions, this function 
can be considered a constant. We shall consider 
these conditions to be satisfied. The value of 'It, 
which plays the role of the relative concentration 
of superconducting electrons, is found from the 
condition of a minimum difference 4> of the free 
energies in the superconducting and normal states. 
In our case, the quantity il> can be rewritten in the 
form (see [B]) 

(9) 

Here, V is the superconducting volume, M is the 
moment of the sample in the external field H0, 

and Hem is the critical magnetic field of the 
bulky continuous specimen. 

From an analysis of the dependence of 4> on 
'It and H0, one can draw a number of conclusions 
on the behavior of the superconductor in the mag
netic field. For example, we consider the case in 
which the destruction of the superconductivity by 
the field takes place through the action of a second
order phase transition. In this case, the value of 
'It- 0, and from the condition 84>/B-.Jt = 0 (which 
corresponds to a minimum free energy) we find 
the value Hc1-the critical fields for second-order 
transitions. By using concrete expressions for the 
momenta M from Sec. 1, we get: 

in the case of a hollow sphere with an internal 
radius r1 and external radius r 2 = rt + d: 

V 3 3 
Hc1 _ ~~- r2- rl. 
H - 2 r 5 bo 5 5' 

em r 2 - r 1 

d He;., -y,r-.So 
for -r-< 1 we have~= 2 r 3-; 

uo em r1 
(10) 

in the case of a hollow cylinder with radii r 1 and 
rz = r 1 + d, in a transverse field: 

H cl 2 "V2 .So d H 26 
-= ;for -~!we have~- 0 • 11) 
Hem -.!r2+r2 bo H f;• r 2 1 em 

in the case of a hollow cylinder where the external 
field is parallel to its surface and the "frozen" 
flux is absent ( n = 0), so that the field penetrates 
in the internal cavity of the cylinder only through 
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the lateral walls, 

Hcr ~;for-#-< 1 we have Hc1 = 2 y2~; (12) 
Hem 2 1 vo Hem ft 

finally, in the case in which the external field is 
absent outside the cylinder1 > but there is a 
"frozen" magnetic flux in the internal cavity in 
the direction of Hn, 

Hnct 26o-. ( r~-r~ 
Hem = 7 Y In (r2 / r1) ; 

l 

for ~ ~ 1 we have (13) 

We note that the critical fields Hct (10)-(13) for 
d/o 0 « 1 are significantly less in value than for 
the case of a plane film in which HctiHcm 
= 2/6<50/d. 

3. Although we found Eqs. (10)-(13) formally 
for the critical fields of a second-order transition, 
it must be kept in mind that actually a second
order transition can take place only under certain 
limitations on the dimensions of the specimen. In 
fact, from the condition a<I>/aw = 0, one can find 
the value of the magnetic field H ( lJ!) correspond
ing to an equilibrium transition. It is easy to es
tablish the fact that the condition which distin
guishes between first and second order transitions 
has the form (compare[t, 9]) 

(14) 

Equation (14) also gives a limitation on the 
dimensions of the specimen that is of interest to 
us. From (14) we find the critical dimension Lc: 
for a hollow sphere, 

_ ['~- 7/zr~r~+ 5/zr{]'/, V21 . Lc = 5 5 = - 2-b0 ,ford<rl we have 
r 2 ·- r l 

- lf6 Lc= Yr1d = 2 110 ; (15) 

for a hollow cylinder in a transverse field, 

in the case of a hollow cylinder in a parallel field 
(in the absence of a frozen field inside) the expres
sion for Lc is also given by Eq. (16); for a hollow 
cylinder in the absence of an external field, but in 
the presence of a frozen flux inside the cylinder, 

1>In this latter case, it is convenient to write immediately 
the expression for acl>/a'l' in place of (9), by analogy to what 
was done in Sec. 6 to obtain Eq. (36). 

- [ '~- ri 
Lc= 2ln (rd rt) 

ford<rlwehave Lc=Vr1d=b0 • (17) 

If the characteristic dimensions r 1 and r 2 of 
the samples are such that the value of Lc is less 
than the value appearing on the right hand side of 
Eqs. (15)-(17), respectively, then we have a 
second-order transition; in the opposite case, we 
have a first-order transition. It follows from Eqs. 
(15)-(17) that the conditions for observation of a 
second-order transition are difficult to achieve for 
hollow specimens, inasmuch as it is actually re
quired that the product r 1d ~ o~ be small, which is 
difficult to realize. We recall that in the case, for 
example, of a film in a field parallel to its surface, 
a second-order transition takes place when its 
thickness is sufficiently small, that is, for 
d < ..[5 oo. [9] 

Thus the destruction of superconductivity of a 
thin spherical or cylindrical film under the given 
conditions should take place via a first-order 
transition in contrast to a plane film of such a 
thickness where a second-order transition takes 
place. 

4. We shall now find the value of the critical 
magnetic field He in the case of a first-order 
phase transition and, correspondingly, the value of 'Ir 
for which an equilibrium transition exists. These 
quantities are found from the conditions [t, 9] 

<D = o, a<D;aw = o (18) 

with account of the exact expressions given above 
for the magnetic moments of the specimens. In a 
number of limiting cases, these expressions are 
simplified and we shall use the following formulas. 

In the case of a hollow sphere for r 1/ <5 0 » 1, 
d/o0 « 1 2> 

(19) 

for r1d » o5 we have HVH~m = 2d/r1. If now 
r 1/o0 » 1, d/60 ~ 1, then Eqs. (18) take the form 

H~ = 21f2(2-1f2)(r~-r~) [1- 36, cth 'l'd]-1 (20a)* 
H~ 3r~ r2'¥ lio ' 

~Actually, here and below it is further required that the 
condition r,/8 » 1 be satisfied or d/8 « 1, where 8 = 80 /'l'; 
that is, it is assumed that 'I' is not a small quantity. In the 
region of a first-order transition, as is seen from the formulas, 
'I' - 1, so that these conditions are equivalent. 

*cth = coth, csch = cosech. 



HOLLOW SUPERCONDUCTORS IN A MAGNETIC FIELD 1429 

H~ 8'¥ (1- '¥2) (r~- r~) 

H~m 9r~ 

[ Oo 'I'd d 'I'd J-t 
x ~ cth --x + -----ut csch2 ~ , 

f2T UO f2T Uv 
(20b) 

while the values of '~Fe and He ('~Fe) are found 
graphically at the point of intersection of the 
curves He (>IF), which are given by (20a) and (20b). 

Finally, in the case r 1/o0 » 1, d/o0 » 1 
(thick-walled sphere) we have 

112 3 3 _c -2'2-rl( 2~)2 - _1_~ 
2 - 3 3 1 + 2 ' 1fc - 1 8 · 

Hem S ~ '• 
(21) 

In the case of a hollow cylinder in a transverse 
field for rtfo 0 » 1, d/o0 « 1, 

(22) 

for rtdlo5 » 1, we have H~/H~m = d/rt. If 
r 1/o0 » 1, d/Do ,G 1, then Eqs. (18) take the form 

Hl, _ '¥2 (2- '¥2) (r~- ri) [ _ 2on 'l'd]-t 
2 - ., 1 'l' cth 0 ' 

Hem 2r;; r2 o 
(23a) 

H~_'¥(1-'¥2)(r~-ri}[~ 'I'd_!!__ 2 'Vd]-t 
2 - 2 ,,2 cth ~ + "' csch ~ , H r ~% ~ ~r ~ 
em 2 (23b) 

while the values of '~Fe and He ('~Fe) are found 
graphically at the point of intersection of the 
curves of He ( w) which are given by (23a, b). 

Finally, in the case r 1/o 0 » 1, d/Do » 1 (thick
walled cylinder), we have 

H~ _-_ r; - r~ ( 1 _, ~)2 1 bo 1l'c=1---. 
H~m 2r~ 1 rz ' 4 r 2 

(24) 

For a hollow cylinder in a parallel field (in the 
absence of a frozen flux) the equations (22)-(24) 
hold for all the cases considered; here only the 
right hand sides of the equations for H~ must be 
multiplied by 2. 

In the case of a hollow cylinder with a frozen 
field inside and in the absence of an external field, 
for the critical values of Hnc and >IF c we have 
Eqs. (22)-(24), where the right hand side of H~ 
must also be multiplied by 2; furthermore, the 
substitution r 2 - r 1 must be made in all formulas 
(in the factors d - d the substitution need not be 
made). 

We note that the expressions obtained for the 
critical field He in the case d/o0 « 1 lead to 
much smaller values than for a plane film where 
He/Hem= 2J6 Do/d. 

5. It is known [t,a, 9] that in the case of the first-

order phase transition the existence of a meta
stable normal state is possible in a field H0 < He 
("supercooling") and a metastable superconducting 
state in a field H0 > He ("superheating"). It is 
not difficult to determine the limits of the regions 
of "supercooling" and "superheating." The field 
Ret below which the normal state can generally 
not exist is determined by the condition 

a<D 1 aw I'Y=o = o, 
which leads to Eqs. (10)-(13). 

(25) 

The field Hc 2 above which the superconducting 
state with the given field configuration cannot 
exist a) is determined by the conditions 

from which the corresponding value of '1Fc 2 is 
simultaneously determined. 

(26) 

In the case of a sphere for r 1/ Do » 1, d/ Do « 1, 
we find from (26) 

nr2 2 ( 1 3 0~ ) . 
':r C2 = 3 - 2 ftd ' 

(27) 

for rtd/D5 » 1, we have H~dH6m = 16d2/81D5. If 
r 1/D 0 » 1, d/Do ,G 1, then the first of Eqs. (26) re
duces to Eq. (20b), while the second of Eqs. (26) 
takes the form 

H~2 _ 4 (3'1' 2 -1) (r~- ri) [~ 'I'd ___!!.___ 2 'I'd 
2 - 3 'l'" cth 0 + '¥2 csch ~ 

Hem 9r 2 '• o f2 uo 

d2 2 'I'd 'l'd]-1 + r.bo'l'' csch & cth 6o • (28) 

Finally, in the case r 1/ Do » 1, d/ Do » 1, we have 

(29) 

In the case of a hollow cylinder in a transverse 
field for r 1/ Do » 1, d/ Do « 1, 

2 2 ( b~) 1fe2=- 1-- • 
3 ftd ' 

(30) 

for rtd/D5 » 1, we have H~ 2/H~m = 4d2/27 D5. If 
r1/ Do » 1, d/ Do ,G 1, the first of Eqs. (26) leads 

3>1n fields exceeding Hc2 , a purely superconducting state, 
screening the external field and not permitting it inside the 
hollow, is thennodynamically inconvenient. Actually, the same 
specimen can undergo a transition to an intermediate state in 
which the field penetrates inside the cavity through the nor
mal parts; here the superconductivity is frequently maintained 
up to much higher values of the field. Thus, in particular, a 
hollow superconducting sphere will screen the field inside the 
cavity only for a sufficiently small external field. 
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to Eq. (23b), while the second of Eqs. (26) takes 
the form 

d2 'I'd 'l'd~-l + -' m csch2 --,.- cth -/j I . (31) 
(2VQT U(j I] -~ 

Finally, in the case r 1/o 0 » 1, d/o0 » 1, we have 

(32) 

The Eqs. (30)-(32) also hold for H02 and 'llc2 
of a cylinder in a parallel field for the two cases 
considered-the presence and absence of a frozen 
flux-with limitations similar to those given at the 
end of Sec. 4 at Eq. (24). 

We note that the fields H02 obtained above for 
d/ o0 « 1 are appreciably smaller than in the case 
of a plane film. 

6. Finally, let us consider the destruction of 
the superconductivity of a hollow cylinder by the 
current. If the total current I flows along the 
cylinder, then, as is not difficult to verify, the z 
component of the vector potential of the field in
side the walls of the cylinder has the form 

Az (s) =~HI Io (s) Kr(£,) + Ko (£) Ir(£,) (33) 
'I' I,(£,) K, (sz)- /!(£2) K!(£,)' 

where Iz ( ~) and Kz ( ~) are Bessel functions, 
~ = 'llr/o0, HI= 2I/cr2, and the distribution of the 
field is found from the formula H ( ~ ) = -BAz/Br. In 
the case ~ 1 = 0, we have Az(~) = -(ooHI/+) x 
I0 (~ )/I1 (~ 2)-the result of Silin.!llJ The current 
density inside the superconductor is jz 
= -(c/4o2)Az and, of course, the integral over the 
cross section J jzdS = I. 

If we write down the expression for the free 
energy of the superconductor with a current in the 
usual form (compare [t, 3] ), then the following 
equation for the function 'l1 ensues from it: 

(34) 

K is some constant. By requiring the vanishing of 
the derivative d>l!/dr at r = r 1 and r = r 2 (see 
[t, 3J), we get the following condition from (34): 

1¥ (1 - 1¥2) (r~ - ri) = + H-;;;.r 2H1 dAz (s2) I dl¥. ( 36) 

Here we shall assume the quantity 'l1 to be a con
stant. The expression (33) must be used for Az. 

It is easy to verify the fact that the relation ( 36) 
is nothing else than the vanishing of the derivative 
of the free energy a<I>/a'll = o. 

For ~ 1 » 1, ~ 2 - ~ 1 « 1, in particular, we get 
at once from ( 36) 

(37) 

where d = r 2 - r 1 is the thickness of the wall of 
the cylinder. The critical field Hie is determined 
from the condition dHI/d'll = 0, whence 

(38) 

This value of the critical field is twice as large 
as for destruction of the superconductivity of a 
plane film by a current, in correspondence with 
the result of Ginzburg.C10] 

7. A characteristic peculiarity of the expres
sions obtained above for the critical magnetic 
fields Rei is their smallness in comparison with 
the case of a plane film. In order to understand 
better the reason for such a difference, we shall 
consider the distribution of the field and current 
over the radius of the equator of a thin hollow 
sphere (in the case of a cylindrical film, similar 
formulas exist). Assuming r = r 1 + x, where 
0 =s x =s d, and assuming 'l1 ~ 1, d/o 0 « 1, 
r1/o0 » 1, we get from (2) 

1 + r xI 262 
H =H ' o 

eq 0 1 + r,d I 36~ ' 
• • cr, 1 + x2 I 26~ J = - I H --___ --=-, 

eq "' 0 8n6~ 1 + r,d I 36g 
(39) 

It is then evident that the screening current flowing 
along the film is practically constant over the 
thickness while the current in the film changes 
rapidly (for r 1d » o~) from a value ~H0 on the 
outer surface to the value ~o~H0/r1d « H0 on the 
inner surface, in spite of the fact that the film 
itself can be very thin, d « o0• Here the behavior 
of the hollow superconducting film is completely 
analogous to the ordinary solenoid in which the 
current flowing along it creates a magnetic field 
inside the solenoid; this magnetic field changes 
discontinuously in passing through the surface 
current. 

~' {- 1 + 1¥2 +A; I 26~l:fcm} rdr = 0, ( 35) Now the reason for the difference in the critical 
r, 

which it is convenient to transform to4l 

4>in this case the equation (curl curl A)z = -(;"2Az is used; 
this must be differentiated with respect to 'l' and later inte
grated by parts. 

fields mentioned above becomes obvious. In the 
case of a hollow film, there is a large jump in the 
value of the magnetic field inside and outside the 
cavity, just as would be the case for a continuous 
sample of the same dimensions. But, if in the case 
of a continuous sample, the non-uniformity of the 
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configuration of the magnetic field (which leads to 
a positive contribution to the free energy) is com
pensated by the presence of a negative difference 
of the potential energies ( F so - F no) V of the 
superconducting and normal states of the speci
men, then in the case of a thin film this negative 
contribution is much smaller inasmuch as there 
is only the volume of the external thin layer in 
place of the hollow volume V. Therefore, in a 
weak field H « Hem• the purely superconducting 
state of the hollow film is shown to be thermody
namically inconvenient. A plane film, as is well 
known, can exist in the superconducting state in 
fields much larger than Hem. 

What has been said above also applies to hollow 
samples for which d » o0, r 1 » d. In this case, 
as is seen from the formulas given above, 
He/Hem « 1 also. We note that in the work of 
Kontarev [11] penetration of the external magnetic 
field inside the cavity of thick cylindrical films 
was initially observed for H ~ t;2 Hem• i.e., in a 
field exceeding the equilibrium critical field He of 
a thin-walled cylinder as obtained above. In the 
light of what has been said, one must interpret this 
fact as the appearance of a metastable "super
heated" state which is observed with difficulty 
under ordinary conditions. 

In conclusion, we thank V. L. Ginzburg for his 
interest in the work and useful discussion. 
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