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The asymptotic form of the amplitude determined by an n-th order Regge pole is given. 
Assuming analyticity of l ( s) near s = 0 and using the unitarity condition, it is shown that 
the total cross section does not increase more rapidly than the logarithm of the energy. 

THERE seem to be no special reasons in quantum 
field theory which exclude the possibility of the ex­
istence of higher order Regge poles. The multi­
plicity of the pole can be the consequence of the 
coincidence of several trajectories or of the inter­
section of several trajectories at some momentum 
transfer s. The asymptotic form of the amplitude 
A( s, t) for t- oo determined by an n-th order 
Regge pole is 

A (s, t) z f (s) tt<s> (In w-1. (1) 

If this possibility is taken into account, Froissart's 
theorem [!J implies that l ( 0) s: 1 and the order of 
the pole n s: 3 for l ( 0 ) = 1. 

This result can be strengthened if we assume 
beforehand that the elastic scattering amplitude 
has the asymptotic form (1). The total cross sec­
tion for the process is then, by the optical theorem, 
equal to 

f 2 (s) = Imf (s). (2) 

The magnitude of the elastic cross section 

0 

o, = ~ dQ f/ A (s,t) J2 = 1 ~.n ~ ds I A (s,t) /2 (3) 
-I 

can be estimated for t - oo with the help of (1). 
For smalls we have l(s) ~l(O) +ys, where 
y > 0, as shown by Gribov and Pomeranchuk. [ 2] 

Then the main contribution to the integral at the 
upper limit comes from the region 

-1/2 ylnt;;;;;;; s < 0. (4) 

With increasing t this interval becomes as narrow 
as we please and the leading singularity will not 
change within this interval. If the multiplicity of 
the pole at s = 0 is due to the intersection of sev­
eral trajectories in this point, then it is easily seen 
that the value of the integral (3) can only decrease 

if we regard all trajectories as coinciding with the 
lowest one in the interval (4). 

Thus the elastic scattering cross section into 
small angles and, hence, the total elastic cross 
section can for t- oo be no less than the follow­
ing expression: 

o1e = 8ny-I J f (0) 12 f21(o)-2 (lnt)2n-a, (5) 

Since the total cross section is, a fortiori, no less 
than a1e, it is clear that l ( 0) s: 1 and n s: 2 for 
l(O)=l. 

This result can also be obtained in a somewhat 
different manner. By the unitarity condition the 
imaginary part of the partial wave amplitude sat­
isfies the condition 

0 < Imfz (t) < 1. (6) 

Assuming that for small l the main contribution to 
the integral determining fz(t) comes from the re­
gion close to (4), we find that in this case 

fz (t);:::::; y-I f (0) fi(0)-1 (In t)n-2 . (7) 

With the requirement (6) for t - oo we obtain the 
previous result. 

In contrast to the proof of Froissart, these con­
siderations are not based on the absence of anoma­
lous singularities and are therefore also applicable 
to nuclear processes. [ 3] Both proofs fail for reac­
tions involving massless particles, since the for­
ward scattering amplitude becomes infinite. [3] 

The case of a constant total cross section l ( 0 ) 
= 1, n = 1 has been investigated by Gribov. [(,S] If 
l ( 0) = 1 and n = 2, the total as well as the elastic 
cross sections increase logarithmically: 

at = 16nf2 (0) In t; Cite = 8ny-1 If (0) /2 In t. (8) 

The partial amplitudes for l « ..; yt In t are con­
stant and equal to f( 0 )/y, and for l » ..fYt In t 

1398 



LIMITATIONS ON THE ASYMPTOTIC VALUES OF CROSS SECTIONS 1399 

they decrease exponentially with increasing l. 
This form of the partial wave amplitude corre­
sponds to the scattering from a sphere whose ra­
dius increases with energy ~ ,r::yiilt and whose 
transparency remains constant, in contrast to the 
case considered by Gribov. 

Applying the condition (6) we find that f2 ( 0) :S y. 
Setting y r::::: '/50 IJ.2, [GJ we obtain an upper limit for 
the total cross section: at ;;;; !J.-2 ln t. 

We note that the discussion of the case of loga­
rithmically increasing cross sections given by 
FryeC7J is in error. 
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