
SOVIET PHYSICS JETP VOLUME 17, NUMBER 6 DECEMBER, 1963 

INVARIANT PARAMETRIZATION OF LOCAL OPERATORS 

A. A. CHESHKOV and Yu. M. SHIROKOV 

Institute of Nuclear Physics, Moscow State University 

Submitted to JETP editor December 22, 1962 

J. Exptl. Theoret. Phys. (U.S.S.R.) 44, 1982-1992 (June, 1963) 

A general method is developed by means of which the matrix elements of local operators of 
arbitrary tensor or spinor dimensionality, taken between states with either one or several 
particles of arbitrary masses and spins, can be expressed in terms of invariant form-factors. 
Such an invariant parametrization is necessary for the study of various dispersion relations, 
and also for the realization of a previously indicated program [1] for the study of the struc­
ture of elementary particles and of the limits of applicability of present ideas about the 
structure of space-time. 

l. In present relativistic quantum theory a large 
part is played by the matrix elements of various 
local operators (fields, currents ) , taken in the 
Heisenberg representation between states of free 
(in the infinite past or future) particles. Each of 
these matrix elements can be parametrized, i.e., 
expressed in terms of a finite number of invariant 
functions, called form-factors. There has hitherto 
been no general method for this sort of parametri­
zation. While in the simplest cases of spins 0 and 
% the parametrization can be done with primitive 
methods, without a general method it is practically 
impossible to construct, for example, the matrix 
element of the energy-momentum tensor operator 
for: the photodisintegration of the deuteron or the 
matrix element of the electromagnetic current for 
a nucleus with spin o/z. Yet this sort of parametri­
zation is necessary for the theoretical study of 
processes of production and scattering of elemen­
tary particles by means of dispersion relations 
and the associated methods. A general method of 
parametrization is also necessary for carrying 
out a previously indicated program [ 1] for the 
study of the structure of elementary particles and 
the limits of applicability of present ideas about 
the structure of space-time. 

The purpose of the present paper is the para­
metrization of matrix elements of local quantities 
of arbitrary tensor dimensionality, taken between 
states with either one or several particles of ar­
bitrary masses and spins. The basis is the tech­
nique used by the writers for the parametrization 
of the scattering matrix. [2] It has been necessary, 
however, to develop this technique much further, 
since when we go over to the parametrization of 
local operators there are two additional difficul-

ties which were not present in the analogous prob­
lem for the scattering matrix. The first is that 
in the parametrization of matrix elements of local 
operators one must deal not only with timelike 
four-momenta, but also with spacelike ones. The 
second difficulty is connected with the possible 
tensor or spinor indices of local operators. 

In Section 2 we carry out the parametrization 
of the matrix elements of a scalar local quantity 
between one-particles states with arbitrary spin. 
In Section 3 the results are extended to the case 
of a local quantity of nontrivial tensor dimensional­
ity (the vector and the second-rank symmetric 
tensor are considered). In Section 6 we give the 
parametrization of matrix elements of local oper­
ators for a system of particles. 

2. The motion of a free particle is described by 
a state vector 

1 p, x, j, m, a), (1) 

where p, K, j, m are respectively the momentum, 
the mass, the spin, and the projection of the spin 
on the z axis, and a represents the other possible 
invariant characteristics of the particle (for ex­
ample, the charge). We adopt for the state vectors 
(1) the normalization 

(p, x, j, m, aJ p', x, j, m', a') = bmm•63 (p- p') ba.a:. (2) 

The invariant index a is unimportant for the pres­
ent work and will be omitted hereafter. 

Because of translational invariance we have for 
a local operator A ( x) of any tensor dimensionality 
the relation 

(p, x, j, mJA (x)J p', x, j, m') 

= e-i(p-p'>x(p, x, j, miA (0)1 p', x, j, m'), (3) 
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so that it suffices to carry out the parametrization 
of the operator A ( 0 ) . If the operator A ( x ) is a 
scalar and the spin of the particle is zero, the one­
particle matrix element can be expressed in terms 
of one invariant form-factor f(t), which depends 
on the invariant t: 

< p,x I A (0) lp', x) = f (f)/ (2:rt)3 V 4PoP~, (4) 

t = - (p- p')2 :::== (Po- p~)2 - (p- p')2' 

Po= YP2 + X 2 • (5) 

The factor ( 4p0p0 )112 in the denominator of Eq. (4) 
appears owing to the choice of the normalization 
in the form (2). 

The parametrization of a scalar operator for a 
particle with spin differs from the simplest para­
metrization (4) in two respects. First, the number 
of form-factors is larger, being j +1 for integer j 
and j + Y2 for half-integer j. (If we do not take 
parity conservation into account, the number of 
form-factors is 2j + 1.) Second, the matrix ele­
ment of the operator A(x) will contain the oper­
ator D (a, {3, y) of a certain three-dimensional 
rotation of the spin. The appearance of this three­
dimensional rotation (first introduced in [ 3]) is 
due to the fact that the Lorentz transformation 
for the spin depends on the momentum of the par­
ticle (cf. e.g., [3, 4J). Therefore in a matrix ele­
ment of the operator A ( 0) which is nondiagonal 
in the momentum the spin rotations for the right­
hand and left-hand spin indices are different. Fig­
uratively speaking, the right-hand and left-hand 
spin indices "sit" on different momenta. There­
fore to get the invariant parametrization it is nec­
essary to "set" both spins on the same momentum, 
and this brings in the three-dimensional spin rota­
tion in question. 

The transfer of the left-hand spin index from the 
momentum p to the momentum p' is accomplished 
by the transformation 

(p, x, j, miA (0)1 p', x, j, m') 

= ~ D~m" (p, p') < p, x, j, m" I A (0) I p', x, j, m'), (6) 
m" 

where Dkm"(p,p') is the matrix for the three­
dimensional rotation ( cf. [s]) with the Euler angles 
a, {3, y given by 

t {[(Po+x)(P~+x)-pp'Jrx+r1/2 } 
a=arc g , , 

[(Po+ x) (p0 + x)- pp'] ry- r x- r2 

f r 2 + r 2 I 
~ = arc cos 1- , x Y , l, t (Po+ x) (p0 + x) (p0p0 - pp' + x2) J 

{ ryrz- rx [(Po+ x) (p~ +x)-pp']) 
r=are~, , f 

1 rxrz+ ry[(P0 +x) (p0 +x)-pp'J (7)* 

*tg =tan. 

(r = [p x p'] ) . For spin % the matrix D112 is cal­
culated in [3] and is given by 

D*'/, = (Po+ x),(p~ + x)--: (pa) (p'o-) 
1 

, (S) 
{2 (Po + x) (p0 + x) [PoP0 - pp' + X2]} 1• 

where a is the Pauli matrices. 
In the matrix element in Eq. (6) the left-hand 

and right-hand indices are already "sitting" on 
the same momentum, so that, for example, the 
quantity Om"m is a scalar under Lorentz trans­
formations. For the same reason the spin opera­
tor r ( p' ) written to the right of the rotation 
Dj(a{3y) (cf. [s]) 

r (p') = xj + p' (p'j)/(p~ + x), fo (p') = p'j, 

(9) 

behaves like a four-vector. Furthermore, to com­
plete the invariant parametrization of the one­
particle scalar matrix element, it is necessary to 
list all of the linearly independent scalars which 
can be formed from the unit operator and the vec­
tors P~-t• p~, rl-'(p'). Since p~rl-'(p') = 0, the lin­
early independent scalars under rotations (i.e., the 
scalars and pseudoscalars) will be the 2j + 1 quan­
tities {pl-'r ~-t<P') }n, where n = 0, 1, 2, ... , 2j. 
Furthermore the even values of n correspond to 
scalars, and the odd to pseudoscalars. To each 
linearly independent scalar operator there will 
correspond an invariant form-factor fn(t), so 
that the formula for the parametrization of the 
operator A( 0) can be written in the form 

(p, x, j, m I A (0) 1 p', x, j, m'> = (2n)-3 (4p0p~r·;,~ D~m" (p, p') 
m" 

2i 

X ~ (m" I {ipll'- (p')t I m') f n (t), (10) 
n=O 

where n runs through the even values from 0 to 2j 
for a scalar operator, and through the odd values 
for a pseudoscalar operator. 

We emphasize that the use of the operator r 1-' (p) 
instead of r 1-' ( p' ) gives nothing new, since, accord­
ing to [3], these operators are connected by the 
relation 

rl'- (p)D (p, p') = D (p, p') {fp. (p') + _[Jl'- + P~, p)'., (p')} (11) 
xz- P)P"A ' 

and since the operator r 1-'(p) [ r 1-'(p' )] is covariant 
only if it stands on the left (right) of D ( p, p' ) . We 
note that according to Eq. (11) 

P/ l'- (p) D (p, p') = - D (p, p') pl'-r l'- (p'), (12) 

so that for real form-factors all of the terms in 
Eq. (10) are real. 

3. The extension of the parametrization (10) to 
the case of an operator which has a tensor dimen-
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sionality is not difficult if we use the fact that from 
the variables p, p', m, m' we can form only one 
axial vector r 1-'(p') and three independent vectors 

where 

Kp. = Pp.- p~. K2 = - t, 
K' = p + p' K2 = - u u + t = 4 X~ (13) 

1-L I.L p.' p. ' • 

From these vectors we must form all the inde­
pendent expressions that have the tensor dimen­
sionality of the operator in question, and substitute 
them in Eq. (10) on the right of the matrix D(p, p' ). 
Thus the parametrization of a vector operator 
J /J.(x) can be written in the form 

(p, x, j, mJJp.(x)lp', x, j, m'> 

= exp (- iK)h) "'vi "(p ') <m" IF K' 
3 • '/ ..:::.J mm • P 1 P. 

(2n) (4PoPo) ' m" 

+ F2 {fp. + (Kp.lt + K~lu) Pvfv> + iFaKp. + iF4Kp.J m'), 

(14) 

where 

(15) 
n 

and the summation over n is restricted by parity 
conservation (if it holds) and by the fact that each 
term can contain not more than 2j factors r w 
Therefore in F 1 and F 4 the summation goes over 
even n in the range 2j 2:: n 2:: 0, in F 3 over even n 
in the range 2j- 1 2:: n 2:: 0, and in F 2 over odd n 
in the range 2j -1 2:: n 2:: 0. By means of Eq. (11) 
one can verify that the coefficient of each form­
factor in Eq. (14) is a Hermitian operator. If J/J.(x) 
is the operator of a conserved current, it satisfies 
the conservation law 

(16) 

In this case F4 = 0 in Eq. (14) and the quantities 
ft,o(O), f3,o(O), crF1, 0(0) are respectively the 
charge, the magnetic moment, and the mean 
square radius of the charge distribution. 

In analogy with this, we can parametrize the 
matrix element of a second-rank symmetric ten­
sor T Jl.V ( x ), which for definiteness we shall take 
to be the energy-momentum tensor, in the follow­
ing way: 

(p, x, j, m I Tp.v (0) I p', x, j, m') 

- 1 "'V Di " (p ') m" I T (0) I m' · - (Z }"(4 ')'/, ..:::.J mm , P ( p.v ), 
n PoPo m" 

(17) 

-r (0) = ]:__ G K' K' + G rT + G (KT' + r· K') p.v 2 1 p. v 2 p. v 3 p. v p. v 

+ iG4 (K~ Rv + RP. K) + iGs (r~ Rv + R.p.r) 

+ Ga (tfJP." + Kp.Kv) + G1 (tfJ..,."- K..,.Kv) 

+ iGs (K~tr~ + r~Kv) + iG9 (K..,.K~ + K~Kv) 

+ Gto (K..,.Rv + R.p.Kv). 

r~ = r..,. (p') + (K..,.tt + K/u) p~.r~. (p'). (18) 

Here the scalars Gi ( i = 1, 2, ... , 10) are con­
nected with the invariant real form-factors by the 
relations 

(19) 
n 

where the summation is over even n in G1o G2, G4, 

G6, G7, G9, G10 and over odd n in the other Gi. and 
the ranges are 2j 2:: n 2:: 0 for G1o G6, G7, G9, 2j - 1 
2:: n 2:: 0 for G3, G4, G8, G10, and 2j - 2 2:: n 2:: 0 for 
G2, G5• If we do not require parity conservation, 
the summation is to be over both even and odd n 
in all cases. 

The energy-momentum tensor satisfies the con­
servation law 

(20) 

Substituting Eq. (20) in Eqs. (17) and (8), we get 

(21) 

In particular, it follows from Eqs. (18)-(21) that 
the matrix element of the energy-momentum ten­
sor for a particle with spin 0 reduces to two form­
factors ( cf. [t]), that for a particle with spin % to 
three, and that for a particle with spin 1 to seven. 

For example, for spin % the parametrization 
of T JJ.V(x) is ef the form 

(p, x, 1 / 2 , m, I Tp.v (x) I p', x, 1/ 2 , m') 

= (2:n:)-3 (4 PoP~)-'1• e-t<v-v'>x~D:t:m" (p, p') 
m" 

X (m" I {1/2g1 ,0 (t) K~K~ + ig4,0 (t) (K~R.v + R.p.K) 

+ ga,o (t) (tfJ..,.v +Kp.Kv)} I m'). (22) 

As in the case of the current, the values of the 
form-factors and their derivatives at zero argu­
ment have direct physical meanings: g1 0( 0) = 1 

' describes the mass. The form-factor g6, 0(t) de-
scribes the internal forces (for example, pressure) 
in the particle. This form-factor does not contrib­
ute to the mass, but does contribute, for example, 
to the mean square radius rK of the particle: 

(23) 

The description (1) of the motion of a free par­
ticle in terms of the momentum and the spin pro­
jection on the z axis is not suitable when the rest 
mass is zero. In this case the state vector is taken 
in the form 
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I p, J..>. (24) 

where A. is the helicity, i.e., the spin projection 
along the momentum, which for any nonvanishing 
spin j runs through the two values A. = ± j. The 
helicity is invariant under proper Lorentz trans­
formations, but changes sign when the space axes 
are inverted.1) Here the axial vector r J.' ( p' ) is 
not independent, but simply equal to A.p~. This 
simplifies the finding of the independent form­
factors, and in general reduces their number. 

For the case of zero rest mass the three­
dimensional rotation D(p, p') of Eq. (10) is re­
placed by a phase factor WA.A."(p,p'): 

Wn" (p, p') = e-O.x (p. p') 6')..)..", (25) 

where 

tg X = ----;:;;-::-a-::::-::----;r;;_.::_s:.:_i n~(c.::..6',--_____:c6)'--;s::.:i n:__~(c:;:2!Jlh--....:!Jl!;.,.')!...._-=-_~ 
sin 6 cos (6'- 6) +cos 6 sin (0'- 0) cos (2qJ- qJ') ' 

(}, cp and (}', cp' are the spherical angles of the 
vectors n = p/l pI and n' = p'/1 p' 1. 

(26) 

It follows from what has been said that for zero 
rest mass the invariant parametrizations for the 
matrix elements of a scalar, a conserved current 
and a conserved energy-momentum tensor are of' 
the forms 

-iAX 

(p,f..IA(O)Ip',f..)= e f (t) (27) 
(2n)3 (4p0p~)'l• AA' ' 

-iAX 

< p, f.. I J v. (0) I p', /..') = (Zn)" :4PoP~ )'I• Fn· (t) K~, (28) 

-iAX 

(p, f.. I Tv.v I (0) I p', /..') = (2n)"~4PoP~ )'I• 

X {+ gj_~, (/) K~K: +g)~~~(/) (f6v.v + Kv.Kv)}. (29) 

Here, in order for the energy-momentum tensor 
to have the right connection with the total energy 
and momentum, we must impose the condition 

(30) 

The requirement of parity conservation leads to 
the relations 

f)., A (/) = '-A, -A(/), fA, -1. (/) = '-A,),(/) (31) 

and analogous relations for Fn,(t ), grx,(t ), and 
g~~,(t). 

The parametrization in the helicity representa­
tion with nonzero mass has been obtained in [8]. 

l) As is well known, the eigenvectors corresponding to 
states with a given helicity can contain an arbitrary phase 
factorJ2 ] In this paper this factor is chosen in accordance 
with our previous paperJ2] To change to the choice of factor 
made by Jacob and Wick[7] one must multiply the right mem­
ber of Eq. (25) by exp l-iA(cp - cp ') l. 

To conclude this section we point out that for 
the practically important case of particles with 
spin % the notation for the matrix elements used 
in this paper, namely 

where E takes the values + 1 (electron state ) and 
and -1 (positron state) is related in a simple 
way to the usual notation which uses Dirac spinors 
um(p) and vm( -p ). For example, for the matrix 
elements of the electron, positron, and annihilation 
currents the connection is given by 

(p,x, 1/ 2,m, + 1llv.(x)lp',x, 1/ 2,m', + 1) 

exp{-i(p-p')x-
= (4PoP~ )'1• urn (p) 

x{!P';(t)rv.+iP;(t) 1'-'1v;-1'vlv.(Pv-P~)}um'(p'), (I) 

(p, x, 1/ 2 , m, -1llv. (x)l p', x, 1/ 2 m', -1) 

= exp {- i (p- p') x} vm' (- ') 
(4pop~ )'I• p 

X {iP~(t)rv. +iP;(t) lv.lv-;-'l'vlv. (pv-p~)}vm(-p), (II) 

(p, x, 1/ 2, m, + 1, p', x, 1/ 2,'m', -II lv. (x) I 0) 

_ exp {- i (p - p') x}-m ( ) 
- ' 'I U p 

(4PoP0 )' 

X {!P'dt')yv. +q;2 (t') lv.lv-;-lvl'-' (pv + p~)} vm' (- p'), 

(III) 

(
/ 1 ) 

u'l• (p) - A 0 
- P2/( I Po I + x) ' 

(Px + ipy)f( I Po I+ x) 

( 
0 ) u-'f, =A 1 

(p) (Px- ipu)i( I Po I + x\ 
- Pz ( I Po I + x) 

( 

- Pzf( I Po I + x) \ 

v''• (p) = A (- Px- ipur I Po I+ x) )' 

' 

( 

(- Px + ipy)l( I Po I+ x) 

v-'l•(p) =A Pzi(IP~I+x) } 
where 

t =- (p- p')2, t' =- (p + p')2, 

A= I21Poii(IPol+x)l'l•. 

4. The method for parametrization of one­
particle matrix elements of local operators can 

(IV) 

be applied to matrix elements taken between states 
containing one particle of spin j and mass M and 
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an arbitrary number of scalar particles: 

(kto fl1• . · . , kn, f.ln, p, M, j, m [ Q (x)[ k~, J:l~, 

... , k;, f.l;, p', M, j, m''). 

Here ki, 1-'i are the energy-momentum and mass 
of the i-th scalar particle, and p, p' are momenta 
of the particle with mass M and spin j. In this 
case the vectors we have available for the con­
struction of the matrix elements of a local oper­
ator of given tensor dimensionality are 

kr, k~, p, p'' r (p'), R~· b. c = E!J.v).aavbf..Co, 

(a, b, c are any of the vectors kr, kq. p, p', r ). 
We can take any four linearly independent vectors 
from among these as "basis" vectors, and form 
from them all possible tensors of the given rank. 
Since r J.L(p' )p~ = 0, we can get all linearly inde­
pendent scalar matrices Nn,m,l from the three 
scalars 

( q~) are any three of the available vectors except 
p', r ) by means of the formula 

Nn,m,l = (32) 

As an example we give the parametrization of 
the matrix element of the operator of the conserved 
current for the photoproduction of a 71' meson on a 
nucleon: 

<k, f.1, p, M, 1/ 2 , m I Jv (x)[ p', M, 1/ 2 , m') 

= (2n(1' (8koPoP~ ( 1' e-iKx] D'/;m" (p, p') 
m" 

X (m" I p(ll (s, t, u) K.~1 lf(2 l (s, t, u) K.~2 l 

+ F(3l (s, t, u) K.~3 l[ m'), 

pUl (s, t, u) = ~ fUl. n, m,l (s, t, u) Nn, m. z; 

K.~'- = k~'- + p~'-- p~, K.~l =PI'- + K.~'- (K.p)/t, 
(1) • (3) ; ' 

K.l'- = Ep.v"J..p kvP"APP, K.l'- = PI'- + K.l'- (K,p }/f, 
t = -K.2, S=- IK.(2)]2 , u =- IK.(3lJ2, 

Q1 = kf, Q2 = pf, Q3 = K.(l) f. (33) 

Here parity conservation means that only the 
form-factors f<1>,o,o,o, f<1>,0,0,1, f<2,3),1,o,o, f<2,3),0,1,0 

are different from zero. 
5. Let us now consider the matrix element of 

most general form for the scalar operator A ( x), 
between states with arbitrary numbers of particles 
of any sort. It follows from considerations of rel­
ativistic invariance that any physical system can 
be described by a state vector 

[P~'-' S, m, Ct.), (34) 

where PJ.L is the four-momentum, S is the total 
intrinsic angular momentum, m is the projection 
of this angular momentum, and a represents the 
other invariants under proper four-dimensional 
rotations and displacements of the coordinates; 
here these can be not only the charges, but also, 
for example, orbital angular momenta of the par­
ticles in the center-of-mass system (c.m.s.), and 
so on. 

A state vector for two or more particles, given 
in the form of a direct product of vectors of the 
type (1), can be reduced to the form (34) by means 
of one or more expansions of the Clebsch-Gordan 
type for the representations of the inhomogeneous 
Lorentz group. This expansion has been obtained 
in [SJ (see also [lOJ). 

For the special case of the scattering of two 
spinless particles the quantity (34) is simply a 
component of the partial-wave expansion in the 
center-of-mass system. Here it is convenient to 
take the normalization in the form 

(PI'-, S, m, CJ.IP~. S', m', Ct.')= 64 (PI'-- P~) <'lss•<'lmm·<'la.a.'· 

(35) 

The index a will be omitted hereafter. 
A relation of the type (3) is of course still valid 

here, so that it is sufficient to consider the para­
metrization of the operator A( 0). Just as before, 

it is helpful to go over from the vectors P, P' to 
vectors K, K' as defined in Eq. (13). Together 
with the invariant t = - k2 we now use the invari­
ants 

s =- P 2 , s' =- P' 2 • (36) 

We call attention to the fact that in the matrix ele­
ment 

( P~'-, S, m [A (0)[ P~, S', m') (37) 

the intrinsic angular momenta S and S' are differ­
ent, which excludes the possibility of constructing 
the operator r J.L (diagonal in the spin). and thus 
prevents the use of the methods developed in Sees. 
2, 3. 

For the invariant parametrization of the matrix 
element (37) we make a Lorentz transformation 
from the original (laboratory) coordinate system 
to the Breit system (B.s.), i.e., the system in 
which 

K.~ = (0, 0, 0, v- K.' 2). 

When the vectors P and P' are equal, the B.s. 
goes over into the c.m.s. Then 
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<P~'-, S, m[A (O)IP~. S', m') = [4P0P~t'1• L; D~;;z (P,w) 
-;n;;z, 

...... ....... .-., ....... *S' 
X <P~'-, S, m I A(O)J P 1,, S', m') Dm.;;;' (P', w). (38) 

Here w J.J. = K~ (- K' 2 ) -l/2 is the four-velocity cor­
responding to the Lorentz transformation in ques­
tion; DS( P, w) are matrices for relativistic spin 
rotations, taken in the form given in [ 2] [ Eqs. (33), 
(34)]; and 

P~ = <- q, P~). 
with 

q = ~{K+ w(wK)/(w0 + 1) -wKo}, 

I q 12 = [s2 + s'2 + t2 

- 2 (ss' + st + s't)l/4 [2 (s + s') - t], 

of the form-factors are real. Depending on the 
parities of the operator A( 0) and of the states 
between which the matrix element is taken, the 
summation in Eq. (42) goes over only even or 
only odd L in the range S + S' '?:: L '?:: I S - S' 1. 
The physical meaning of the transformation (38) 
is that, as in Eq. (6), all of the spins of the par­
ticles are "set" onto the same momentum [in 
Eq. (38) onto the momentum K'], by means of 
the matrices DS( P, w) and DS' ( P , w ). An im­
portant point is that not only the spins of the 
particles, but also the angular momentum L are 
"sitting" on the momentum K'; i.e., under Lo­
rentz transformations the quantities Y LM ( n) 
transform like wave functions of a particle with 
the intrinsic angular momentum L and the mo­
mentum K'. 

(39) 6. The parametrization of a matrix element of 

It is obvious that 

<Pv.. S, m lA (O)IP~. S', rrl') = <S, miB (s, s',t,n)l S' m'), 
(40) 

where n = qjl q 1. Expanding the operator B in 
spherical functions of n, we get 

<S. m I B (s, s', t, n)l S', m') 

= L; YLl\f (n) <S. m I BLM (s, s', t)l S', m'). 
LM 

(41) 

We note that the vector n is the unit vector in 
the direction of the vector K in the B.s., where it 
is distinguished from K0 in an invariant way. 
Therefore the expansion (41) in spherical harmon­
ics is of an invariant nature. In the special case 
q = 0 the vector n is undefined, but in this case 
L = 0, since a state with the momentum equal to 
zero is an eigenstate of the angular-momentum 
operator with the eigenvalue zero (to verify this, 
it suffices to consider the commutation relation 
for the angular-momentum and momentum opera­
tors). 

Since all of the angular momenta in Eq. (41) are 
now given in the B.s., we can use the Wigner­
Eckardt theory, according to which the matrix ele­
ment of the operator BLM must be a scalar mul­
tiplied by a Clebsch-Gordan coefficient ( cf. e.g . .[5J) 

<S. m I Bw (s, s', t) IS', m') 

= < S'm' LM ISm) F'ss· (s, s', t)l. (42) 

The formulas (38)-(42) give the desired para­
metrization for a scalar matrix element in terms 
of the invariant form-factors F~8 ( s, s', t ). We 
note that if the operator A ( 0 ) is Hermitian, all 

an operator with a tensor or spinor dimensional­
ity, taken between two arbitary systems, calls 
for the conquest of one further specific difficulty, 
connected with the fact that the tensor (or spinor) 
indices of the operator do not sit on any momen-
tum, but are covariant in themselves. These ten­
sors (or spinors ), however, can also be set onto 
the momentum K' (or onto any other timelike 
four-vector H which is a linear combination of 
the given momentum P, P' ), when we subject 
them to the Lorentz transformation from the labo­
ratory system to the B.s. (or to any other coordi­
nate system which corresponds to setting them on 
a vector H). 

The respective forms of the transformation to 
the B.s. for a vector JJ.J. and a spinor T"A. (A.=%. 
- Y2) are 

A= {ul0 + 1 + ow)/V2 (w 0 + 1). (44) 

The transformation for a Dirac spinor 1/J is 

1jJ = w\j), w = (wo + l + ~w)!Y 2 (wo + l), (45) 

where 0! is the Dirac matrix. 
The component J0 of the transformed vector 

JJ.J. is a four-dimensional scalar, and the three­
dimensional components form a vector sitting on 
the momentum K'. After the standard change to 
the canonical basis: 

(46) 

the unit angular momentum described by this vec­
tor can be combined with the angular momenta S, 
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S', and L, by means of the usual coefficients for 
vector composition. The vanishing of the sum of 
all four angular momenta gives (together with the 
terms corresponding to the scalar J0 ) the com­
plete parametrization of the matrix element of 
the vector operator J v ( 0), which thus can be 
written in the form 

(P,, S, m I J~ (0)1 P:, S', m') 

D!;; (P, w) 
j, 'A, ;;(, ;;(•, L, !vi 

X D*,:,';;,. (P' w) <S'' m'jl, ISm) 

X <lfl LM lj/,) YLM (n) G};,~·.i (s, s', t), 

(P,, S, m I Jo (0)1 P:, S', m') 

= [ 4P 0P~ r'1' 
m.m',L', M' 

X (S', m'L'M' ISm) YL'M' (n) a~S· (s, s', t). (47) 

The conservation law (16) leads to the relations 

4n [s2 + s'2 + t2 -2 (ss' + st + s't)J'1' 

X {[I /(2/- l)J'1' G1·.~~I,! 

- [(/ + 1)/(21 + 3)1'1' G1·. ~-<;1 • 1} = 9 (s- s') G~. ~·. 
(48) 

The parametrization of a spinor operator is ac­
complished in an analogous way. It is based on the 
fact that the spinor 7 A. sits on the momentum K', 
so that the angular momentum % which corre­
sponds to it can be combined with the angular mo­
menta S, S', and L. Therefore the parametriza­
tion of a spinor operator TA. ( x) can be written in 
the form 

<Pl', S, ml T~c (x)l P~, S', m') 

It is also not hard to write the formula for the 
general case of an operator which transforms ac­
cording to an arbitrary finite-dimensional repre­
sentation of the Lorentz group. We shall not do 
this, since for practical purposes the formulas (47) 
and (49) are sufficient. The method we have given 
obviously applies to one-particle matrix elements, 
but for these the less general method developed 
in Sees. 2 and 3 is more convenient. 
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