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It is pointed out that because of differences in the relaxation times for various energy levels 
during establishment of thermodynamic equilibrium, rapid variation of the system tempera­
ture may create a negative temperature state for certain pairs of energy levels. 

1. In quantum systems one can often find subsys­
tems such that the establishment of equilibrium 
between them requires more time than the estab­
lishment of equilibrium within the subsystems 
themselves; radiative transitions between the sub­
systems are thereby possible. During a sufficiently 
rapid change in the thermodynamic state, equilib­
rium is established sufficiently rapidly within each 
subsystem, but the subsystems are not in equilib­
rium with one another. This can create a state of 
negative temperature with respect to transitions 
from the energy levels of one subsystem to those 
of another. 

2. We shall consider a three-level system having 
different relaxation times between the levels 1, 2, 3 
numbered from bottom to top. 

If the probability of transitions from level 1 to 
level 3 is significantly greater than those for the 
transitions from level 1 to level 2 and from level 
3 to level 2, then during a sharp rise in temper!ture 
thermal equilibrium is quickly established between 
levels 1 and 3, and for some time there will be no 
equilibrium between levels 1 and 2 and between 
levels 3 and 2. In this case a state of negative 
temperature can arise between levels 3 and 2. The 
same result can be effected by cooling the system, 
but with different relations between the transition 
probabilities. In this case we should have w32 

» w31, w21 or w21 » w31, w32 • In the first of these 
cases a negative temperature state arises between 
levels 1 and 2, in the second between 3 and 2. 

In order to obtain more accurate quantitative 
relations we shall assume that the system is rapidly 
heated from temperature Ti to a temperature Tf 
> Ti. The change in population between the levels 
is described by the system of equations 

(2) 

where ni is the population of the i-th energy level, 
and Wik is the transition probability per unit time 
from level i to level k. 

The possible changes in the population difference 
with time are shown in a qualitative way in the fig­
ure. (Relaxation processes are always aperiodic in 
nature. ) A favorable change for obtaining a state of 
negative temperature is shown in the graph as a 
heavy line. Its distinguishing character is the ex­
istence of a positive maximum at tm > 0. Hence 
a necessary and sufficient condition for the estab­
lishment of a negative temperature state is 

max (n3 - n2) = A (I -a) e-A,tm 

+ B (I- b) rh,tm + n3o- n2o > 0, 

wherein 

(3) 

tm = "• ~ A1 In [- ! g = !i ~~ J > 0. (4) 

In these formulas, 

A= n•o-N.-(n3l-N8)b 
b-a ' 

B = n.o-N.-(nao-N3)a 
a-b ' 

Na, N2, n30, and n20 are the equilibrium values of 
the populations at the initial and final tempera­
tures, respectively; 

and A.1 and A.2 are the roots of the characteristic 
equation of the system (1). 

Conditions (3) and (4) give us the necessary re­
lations between Ti, Tf, and the transition proba­
bilities Wik· In particular, for Ti « hv2dk we 
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!Jn Change in population differ­
ence ~n = n3 - n2 with time. 

17":::::=::::""1::11>,~--t The shaded portion corresponds 
to negative temperature. 

will have N2 ~ N3 ~ 0. Then (3) and (4) are equiv­
alent to the simple relation 

(5) 

The conditions (3) and (4) place a limit on the ini­
tial temperature, since for very large initial tem­
peratures a negative temperature state cannot be 
produced for any relation between the transition 
probabilities. This comes about in case 

N3 + N1 _,;;:;: 2N2, 

or 

1 + exp (hv31jkTd < 2 exp (hv32/kTd. (6) 

One can also carry out a similar analysis for 
the case Ti > Tf, i.e., for rapid cooling of the 
system. 

3. A mixture of para- and orthohydrogen will 
serve as a concrete example of such a system. 

It is known[!] that, because of the Pauli prin­
ciple, parahydrogen has only even rotational lev­
els (rotational quantum number J even), and 
orthohydrogen has odd rotational levels ( J odd ) . 
A transition involving a change in rotational energy 
J- J ± 1 must be accompanied by a change in mo­
lecular modification and therefore has a small 
probability. [2] Because of this, a mixture of ortho­
and parahydrogen behaves like a two-component 
gas, and when the temperature is changed, thermal 
equilibrium with respect to the energy of the re­
ciprocating motion and the internal energy of each 
component is fairly rapidly established, but equi­
librium between the components is attained only 
after a sufficiently long time if no catalyst is pres­
ent. Say we have ordinary hydrogen (ratio of ortho 
to para is 3:1 ). If we cool it in the presence of a 
catalyst to below 20°K, then it transforms to pure 
parahydrogen in the state J = 0. Upon subsequent 
heating without a catalyst the rotational levels with 
even values of J will become filled. The levels 
with odd J will remain empty, and a negative tem­
perature state will have been created with respect 
to the transition 

(7) 

Another example of a system permitting the 
realization of the proposed method is a system of 
symmetric-top molecules. In these molecules 
transitions with ~K ~ 0 are strongly forbidden, 
so that during a sufficiently strong cooling of a 
gas of these molecules, all the molecules are 
found in levels J = I K I and the number of mole­
cules in a given level J = I K I is determined by 
the summation over all states J'K with J' > J 
at the initial temperature of the gas. Because of 
this distribution of molecules over the levels, 
there will be a state of negative temperature for 
transitions with ~K ~ 0. 

4. We can estimate the efficiency of similar 
systems: 

TJ = Eract/ E abs • (8) 

The maximum value of the efficiency will be 
obtained if the establishment of equilibrium be­
tween the levels of the discrete part of the spec­
trum of one of the subsystems and the emission 
of stored energy occur so rapidly that the sec­
ond subsystem does not change temperature sig­
nificantly during this time: 

(9) 

where ni is the population of the working level of 
the "heated" subsystem, and nk is the population 
of the working level of the "cooled" subsystem, 
whereby Ei > Ek; Cv is the specific heat of the 
"heated" subsystem; %hvik(ni -nk) is the maxi­
mum radiated energy. 

Sufficiently fast heating of the system plays an 
impelt'tant role in this method for increasing nega­
tive temperatures. 

In some cases this can be accomplished by 
using fast chemical reactions or shock waves. 
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