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The effect of low-frequency oscillations of fast particles passing through the plasma is con-
sidered. The calculations are performed for arbitrary particle velocities, and in particular
ultrarelativistic velocities, and also for arbitrary constant magnetic fields.

].. As is well known, a fast charged particle pass-
ing through a plasma loses energy to the excitation
of electromagnetic waves in a plasma. In particu-
lar, not only high-frequency electron oscillations
are excited, but also low frequency oscillations, in
which both electrons and ions participate. The
loss of energy of the charged particle to the ex-
citation of low-frequency oscillations in an equi-
librium plasma is, generally speaking, negligibly
small ’ compared with the loss to radiation of high
frequency oscillations 2.

In the present paper we consider the passage of
a fast charged particle through a plasma in which
low-frequency oscillations are excited. In the
presence of waves, induced Cerenkov cyclotron
emission and absorption of waves by the particle
arise in the plasma (3-5] This interaction increases
with the number of waves. Therefore the low-fre-
quency oscillations of the plasma can under certain
conditions noticeably affect the interaction between
the plasma and the particle. The present paper is
devoted to an examination of this effect.

Low-frequency oscillations can be excited in the
plasma b{ a beam of particles [1], by external cur-
rents [26J, simply by an external alternating elec-
tromagnetic field, or finally by mechanical or
other means. It is assumed that the number of
waves in the plasma does not change with time
(the spectral density of the oscillations is speci-
fied). This assumption can correspond, for exam-
ple, to two possibilities: a) the intensity of the
waves in the plasma is maintained at a fixed level
by external factors (sources); b) the relaxation of

DThe intensity of the Cerenkov radiation in aspectral in-
terval Aw is proportional to wAw.

PInterest attaches to the generation of low frequency os-
cillations in a plasma. It is obvious that there are more effec-
tive methods for this purpose, for example interaction with
beams of charged particles,[‘] excitation with currents,[?] etc.

the waves in the plasma is small (region of trans-
parency for the waves). In the first case the anal-
ysis is suitable for all time intervals, whereas in
the second it is suitable only for times that are
shorter than the relaxation times of the waves.

2. We consider a case of low-frequency oscil-
lations in the presence of a constant external mag-
netic field, with the following inequalities, which
correspond to the region of weak damping of the
waves, satisfied:

ko <L o <L ko
Te> T

0 & 0g;; k. << Oge;

(1)

0)<(D0i,

where w and k are the frequency and wave vector
of the oscillations, wyj and wy, are the cyclotron
frequencies, while vpj and vy, are the average
thermal velocities of the ions and electrons.

The dielectric tensor €;; (w, k) of the electron-
ion plasma has the following form if (1) is satisfied
(hb=c=1)

—2 2 2
£y = €99 = 1 + V4, €33 = — Wy;,® 2 (1 —'(02/’?,203 C0529),

3 = &1 =0, &gy = — L0y 1g0/00,, (2)*

where 0 is the angle between the direction of prop-
agation of the wave and the magnetic field, w?;
= 41rNie%/mi the plasma frequency of the ions,

va = H/V/4rNjmj the Alfven velocity, and vg
= v Tg/mj the velocity of sound in a non-isothermal
plasma.

The dispersion equations

k0 2 cos? 0 = &;;; k% 0? = gy + €35/5z (3)

yield, first, the Alfven wave
o = k2 cos?0ui/(l 4+ vi) = k2] cos?O;

(4

vp = val(l + vg)

*tg = tan.
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and, second, the magnetic-sound oscillations

=k vk

_ v% 4 v2 (1 + v% cos?0) 4 {[0Z (1 + v cos?0) — v? B+ l;vavg sin2 0} 2
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Formulas (4) and (5), which describe (in the
absence of collisions) the relativistic magneto-
hydrodynamic waves, are analogous to those ob-
tained by Khalatnikov (7] within the framework of
ordinary hydrodynamics. In the nonrelativistic
limit, corresponding to weak magnetic fields vfA
<« 1, Eq. (5) leads to the result of Stepanov (8] 3¢
vfg gvg, the nonisothermal behavior is essential if
the damping is to be small. When v2s < V%, the
nonisothermal behavior is of no importance; in
particular, when vy =0 formula (5) describes
waves also if the inequality satisfied is w < kvrpg,
which is the inverse of the inequality used to de-
rive (2).

3. Let us consider in the general case a rela-
tivistic charged particle moving along a helical
line in a plasma. We describe its state by a set
of quantum numbers q, viz., p;—the projection of
the particle momentum on the field, u = +1—the
projection of the spin on the field, x, = py/eH—the
projection of the center of the Larmor ‘‘circle’’ on
the x axis, and the energy

e =Vpi4p4+m,  pl=ed(@n—p+]),
n=012...

Let Nk be the number of waves (quanta) of fre-
quency w and momentum k, and let w49 (w, k) be

the probability of spontaneous emission of waves
per unit time with transition from a state charac-
terized by a set q into a state with set q’.

The decrease in the particle energy is due to
the induced emission of the waves, the probability
of which is proportional to wg' (w, k) (N, x *1),

while the increase in energy is due to induced ab-
sorption, proportional to N, k. We denote by
deq/dt the change in particle energy per unit time.
We have?3’

oo

d o
G = — Qodo Sy 327l (0,0 (W + 1
0 vip
R Py,n,m ((D, k) Nw,k}' (6)

Pyt ky n—v,p’

In the term of the right half of (6) connected
with the spontaneous emission we can neglect,
with good accuracy, the quantum corrections.
Taking into account the smallness of the momentum

AThe term with absorption is written out here from con-
siderations of detailed balancing.

2(1+ 0%) )

transfer as compared with the particle momentum,
we can confine ourselves in the expression for the
effect of the waves on the particle (proportional
to N) to the first term of the expansion in the
momentum transfer:

dp. = ks;  Opf =2eHv =20pnev; oy =eH/e, (7)

As a result we obtain
’de> c > F) o,V 0
—1) = \odo\dk (kz— e
( dt ] ind § S vz=1 apz + vy 0pi)
X Nw,kwv,pz,pl_ (wyk)v (8)

where W1,p,.p| is the classical probability. In (7)

and (8) allowance is made for the fact that the
change in the spin direction is a quantum effect of
second order (~Hh?).

The classical probability Wv,p, for a parti-

P
cle moving in a plasma along a helical line was
calculated by Ginzburg and Eidman (10 The
Hamiltonian formalism in [“’], however, is too
cumbersome for the derivation of general expres-
sions in media with spatial dispersion. A simpler
way is to solve directly Maxwell’s equations with
the right half describing the motion of the charge
along the helical line, with subsequent calculation
of the work performed by the forces (for the sim-
plest isotropic case see ls) ). We obtain

Wy,pgop ) (0, k) =;—e2 (2r)-3 TyP2PL (TjP2rPL )*.&:;—2
X Dy (@, ky, ko) 8 (0 —opv — kvz); (9
I}P:PL —2p vi,(9)lz; TyP*PL =—2ip J,(2); (10)
T3P2PLl = o 2p,sign kedy(2); v =pleg vz = p.leg (11)‘
gg=Vm 4 %+ pk z=kivon; J,=dJ,(2)/dz (12)

Jn is the Bessel function. In (9) we used the fact
that by virtue of the symmetry of the problem the
probability depends only on k| and k,, so that we
can put without loss of generality ky =0 and k,
=k; sign kyg.

The vertex Di’J (w, k) is the antihermitian part
of the retarded Green’s function of the electromag-
netic field Djj(w, k), satisfying the equation

(kzéil — kikf —_— 0.)28[,' ((1), k)) Dj[ ((l), k) = 43’!6,'1. (13)

Using expressions (2) for the dielectric tensor

€ij and putting, by virtue of the remark made,
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ky =0 and ky = k| sign ky, we obtain Dy; = Dy;
= D3 = Dg3 = 0,
4m
B — ok’
4 (1 — m2/v§k§)
B 1 — 0P 77+ 0]+ (6 — o) (1 — 0¥/k))
(15)

Expressions (14) and (15) were derived under
the assumption that w and k| < wjj. To obtain the
imaginary parts of D;'J which enter into (7), it is
necessary to replace the denominators by delta-
functions. For example,

Dy = 4n20 (k% — w%%;)).

Dn = (14)

D12:

(16)

The change in the particle momentum parallel
and perpendicular to the field is obtained from (6)
by replacing w in the integrand in accordance with
the following scheme:

€p ®
()= (5 )
pL — 0Hv/v)

4. The probabilities written out above were
used to calculate the spontaneous emission of low-
frequency waves by a charged particle moving
along a helical line, and the induced emission and
radiation of waves. The results were obtained
assuming the velocities v, and v, to be small
compared with the velocity of light.

We do not write out here the results for the in-
duced emission, since the contribution of the low-
frequency region to the total deceleration of the
particle is small. We note merely that when v,
— vy =va/V1+ vA2 the excited frequencies can in-

crease appreciably and go out of the low-frequency
region. It is then necessary to use in lieu of (2) a
more accurate expression for the dielectric tensor.
For the induced processes the situation is different,
since the essential region of the frequencies is de-
termined by the non-vanishing of the radiation den-
sity (wave density). We consider below only a
case in which the waves are present in the low-
frequency region.

For the action of the waves on the charged
particles we obtain, carrying out the differentia-
tion contained in (8) and using (9)—(12) (a similar
result is obtained by the previously employed ex-
pansion [57)

de © T R 1
. _ 2 1 [ spt
= { wdo — Sdk i {(1“,061 Y
v=—00 0 20 q
* LY k [ * =
+ 8TTo) DijNekzgy + ;Z DijoTi0Ljo Nokyok |
Koz d TN
T2, ;ka;( 0l 'z01 0 w,kzo,k_l_)} , (17
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where N is the number of quanta N, k averaged
over @:

271
Nw,kz,k_l_ == 2%8 chNm,kz, k_L" (18)
0
and
®
by = Dy =Dy (0, ke k1), (19)
z
T =T (@, ka, k), 0Tz =00, (@, k2o, k1), (20)

T, — oV, (9fvy, O, = —i (%’!) 2 — 2) v/, (/2.
(21)

5. Let us consider first the question of the effect
of Alfven waves on a charged particle. The Green’s
function of the electromagnetic field for Alfven
waves is given by (14) and (16). Substituting (16)
in (17)—(21), we obtain after simple transforma-

tions 4
Ymax 2ma —
AN €000 S ijz e 1 2N1(1/v2—1)
dt | 4 g, o J v 1 —v,/v0 | 2|1 — v, /vo?
oV (1 —1) dN: 1 dn,
21 —v,/v®  do vi dz

2N (1/02 —1)
2|1 + v /vol?

1
+ 1+Uz/vo[

OV ( 1 1)
2|1 4 v,/ve® \ 02 -

We introduce here the notation

+ (22)

Nl‘g ((1), Z) =N“"kzvk_L for =09, kz ::81'2(1)1,2/00,

kl :(DHZ/U_L) (23)

o 1 for1 N M ___ O
Bl2T—t for2, T ool T Ao
(24)

In (22) the integration limits z,454 are deter-
mined by the non-vanishing of the radiation density.
The investigated frequencies correspond to (24) and
are obtained from the energy conservation law k,
= (w +vy) /v, and from the dispersion equation of
the Alfven waves ki =w?/vi. These frequencies in-
crease with increasing v. However, one need not
worry about whether these frequencies enter in the
low-frequency region, since N vanishes if this
does not take place. We therefore need not put
Zmax and V max in (22). In exactly the same
manner, formulas (22) vanish as v, — v, because

“1n the derivation of (22) we used integration by parts,
assuming that the results of the substitution vanish when

Z = Zyay.
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w; enters the high-frequency region in which, by
definition, N = 0.

Let us emphasize the general nature of this
result. In the derivation of (22) we impose no
limitations whatever on the values of v| and v,,
which can, in particular, be as close to the veloc-
ity of light as desired (we note that the velocity of
the Alfven waves v, approaches the velocity of
light if vp — ). In order for the Alfven waves to
act on a charged particle, it is necessary that the
frequencies (24) enter the low-frequency region
w < wygj. To be specific, let us consider a hydro-
gen plasma. It is then necessary that a) wyv
< wyj, if v, and v, are of the same order of
magnitude (that is, this condition should be satis-
fied at least for the first harmonic a = 1), that is,
the mass of the particle should appreciably exceed
the ion mass, or, b) vz > v,.

In the region of strong magnetic fields or, what
is the same, low plasma density, when vp > 1, we
can realize only the first condition, that is, the
waves interact only with the heavy ions. The force

of interaction increases with increasing ion charge.

Let us consider some particular cases.
A. Let N be independent of w, k|, or k; in the
low-frequency region
-NI.Z :NA. (25)

Then

(%)
dt ] a

2
22 “’H

Ymax {2 (1 + 302/02) (
A 2 (1 — o203

(26)

When v, > v, the particle is slowed down by the -

waves, whereas when vy < v, it is accelerated 5,
Consequently, by virtue of the statements made
above, only heavy ions can be accelerated. It fol-
lows from (26) that

1) (2Vmax + 1) for v.>v,,
(27)
e2mHvo
NAVmax (Vmax + 1) (zvmax + 1) for Uz<
\s (28)
In (28) vpax for a hydrogen plasma is of the
order of wHj/wy ~ A/Z, where A is the atomic
number, that is, the accelerating force is of the
order of

(deg/dt) 4 ~ 22720} A3N 4 0y/3e40%, (29)

9We note that there is no Cerenkov effect here (v # 0).

1) (e,
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where e = Zq and q is the elementary charge.
Assuming Z ~ A and recognizing that wy ~ 1/A
for the energies of nonrelativistic or not ultra-
relativistic energies, we have (deq/dt)A ~ A.
This conclusion, which shows that the accelerating
force increases with increasing atomic number, is
important for questions involving the origin of
cosmic rays.

B. Let us consider now a case when the number
of waves decreases rapidly with increasing fre-
quency, namely

1 oyv le

__HT 1. 30
N] I 1—v /Uol > ( )
We then leave in (22) only a term containing
dN,/dw. Putting
dW-l A’
we obtain
2 N'o
l(e (0 v Vmax (Vmax -+ 1) ( ot A) for Uz> Ug»
(@)a=1 ™ ; 2
l 1 e? (DHUo ) 2 ’
l— T o Vmax (Vimax + 1)% (N'og) for v, << v,.
w4 (33)

With increasing frequency the number of waves
should decrease. It may be of interest to determine
when the acceleration condition v, < v(, corre-
sponding to (26), changes into v, > v, which cor-
responds, for example, to (31) in the class of the
power-law wave distribution N ~ 1/. We can
readily obtain the answer from (22), namely q > 2.

6. Let us consider further the effect of magnetic-
sound waves on a charged particle. From (17)—(21)
and (15) we obtain

oo ®max ,

de 2e? a v/, (2) J,(2)

()=~ 3 2T o] | [y 0
m o Uzeq 5 Ay

v ki, —o? [ 1 1
+ v—j(Jv (@) [—Ti”— (—a; - o‘AS) + /ezo]

20

v} K3,
+ 3 J‘, (2) 2
" 1
X Jy (Z) ( + _— — ‘o;'s) N“’-"‘zo'kio

2 K — @ d
1L 720 2 | __
+ 7, 32 [y (2)] [dkzo Noyot

k 1 1 1 d
._'_L_o — —— —— — —
+ ky (ao l o aAs>dk_L0N (34)

“"kzo'k_J_O} )

aqs = | —o¥k20k,.
(35)

2.2
ay =1 —0k30d; os =1—o¥ki?

Here z =k |(v) /wy, kzo is given by (19), and the
value of k), is
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Rlo = — kaagas/ass; ko = (0 - vog)lv.,  (36)

with

vas = vas + v . (37)
The limits of integration over the frequencies in
(34) are determined by the radiation condition

ki > 0.

The result in (34) holds true for all v, and v,.
For (34) we can make the same remarks as in the
preceding section (in particular, the resonant de-
nominators cannot be large).

For a cold plasma in the limit as vg — 0 we
have

de ® g R v (2) ], (2)
€ v v
( dtq )n=—-— 2 o) S mdm{[mﬁ(vz_zz) .
) Y=—00 2 qk2 >0
To
vk v2 1 — ¥k
10 y200 Tl p 20 2 (,
L L) — e ot 1)
v? 1— 0¥k
1 20
T, Rag /R 02
2070
() 7, (2) v_zL (k2
X ('Vz— )——~—-—- N“’kZOkJ_O_l_ 20 —T—_ [J (Z)

d = a4 d 3
X [kzod—kzo‘ Nm.kzo. kg + k1o %l-dk—_l_; Nw,kzo, ko ]} .
(38)

Here k kLo (/vikE, — 1); 2 = kygv) /wh.
The 11m1ts of mtegratlons are:

from w, to w. when v, <vy and v < 0;

the integral vanishes for v > 0;

from w, to wp 4y for v, > v, ¥ <0 and from
w_ to wpax [wy = —vwy /A1 £v, /vy)] when v > 0.

We note that there is no singularity in (38) when
(.L)z = k2zov(2,.

Let us consider some particular cases.

A. An isotropic radiation density distribution
which does not depend on k|, k;, and w vanishes
when w > wp, 44, provided v, < z;,. Let us assume
that vmax bands (w:, w-) fit in the range up to
Wmax that is,

Oy (vmax + 1)
1+ v,/vy

max

e vz/v < Omax;

> Opgy -

We then obtain

de, max 4erN
di

{'vv(, (1 —0v2/02— visin2 20/0(2)) J (
v, sin20 Vi — vg/vg

3 3
o}V

/2
S (I—ﬁz—cos%) sin 20d0
Yo

gl (1 —0v20l)? J
vy sin 20 )
v —_—
vo Vi — vg/vg
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(v,/vy — cos 20)
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w J (V__ sin 20 )[1+ v (1 —1))

Vo V1 —o2fol v,

~ vi vy (v,/vy — cos 20) ]
v, 1 —v2/0p

(1—v /vo)2 sin? 20

(1— ) 0% (0,/00 — 03 20) (1 — v, cos 20/v,)?

0,0 (1 — 02 /o2y 5in? 26
xl:J'(vvl sin 20

=1k

The result of integration of (39) over the angles
is cumbersome and contains indefinite integrals of
Bessel functions of index 2(v +«), where a = 0,
1,2, 3, and 49, To examine particular cases it is
simpler to use (39) directly. We thus find that for

(39)

V] <V
(%) - M(l_i>_2; (40)
m quo Ué
and for v| >» v,
de 4et @3, N o2 2 \ ¢
(Ti_)m:ﬁn— —L 'Vmax('Vmax -+ 1) (1_ Ug ) . (41)

Now assumptions were made in (40) and (41)
regarding the smallness of v| and v, with respect
to the velocity of light. For v > v, of course,
vy < 1. Under the conditions corresponding to (29),
the accelerating force is proportional to A when
Z ~ A. We note that the result obtained is valid
when vpgax is not smaller than unity.

If the plasma density tends to zero, v,
~ V7 A’ then the low-frequency region narrows down
also at a definite density v, < 1, that is, even
the first band will not fit the low-frequency region.

B. If v4 > vy, then we obtain from (38) for radia-
tion which is isotropic in the frequency range

0 <w < wmax
de Ymax
"q o -\
(7);:1— V%]. Uoﬁq
UZ
x (=
X J, (v
i

><sh26—(l—~vo)

+
emax

N \ sh 6 do
o

CHEE

2e 0, v®

) [ — Vv, (22 /02 —1 — v® sh? 6/v])
l v_Lsherg/vﬁ—i
v, sho vy

)J' (V sh 0 )
voV02/02—1 Yo va/v?)—i
vﬁ_ (v,/vo— ch e)_ (vﬁ(i—l>

020 sh? 0 (02 /v2 —1)?

z
2
0

9In analogy with the Schott formula, where a = 0.

———chB
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ﬁ_ (1 — ©3) (ch 8 — v,/v,) (1 — ch 6v,/v,)?
Vol, sh? 0 (v%/02 — 1)?
o IR
% Vo1 J
where

i e ey ol Rl
! ®yV Vo v, |7/ v, .

It is necessary to add also to the expression in
the curly bracket in (42) the terms obtained from
those written down by replacing 67,4 —
Vg~ —Vg.

Thus, when v} < vy and v,
< VwH/Wmax V vfz /vfo — 1, wmax/wy > 1, we obtain
a decelerating force

Ee_q) ~_
dt Jm

An account of the thermal motion, as can be
seen from (34) causes in first approximation the
need for adding to the obtained results expressions
that differ from those obtained by a factor Vg /VK
= 47n;To/H?. The correction is of the order of the
ratio of the average energy density of thermal
motion of the electrons to the energy density of
the magnetic field.

7. Let us illustrate the significance of the ob-
tained results by means of some estimates. It was
noted above that the preferred acceleration of the
ions with large atomic numbers D by both Alfven
waves [see (28)] and by magnetic-sound waves
[see (41)] can be of interest in the elucidation of
the origin of cosmic rays, for which, as is well
known [112], the abundance of the heavy elements
is much higher than in nature.

It is more convenient to deal in estimates with
the average radiation density p, rather than with
the number of waves N.

The values of p , under cosmic conditions are
quite varied. One can make a crude estimate of
p A» the average energy of the wave per unit volume,
by assuming this quantity to be of the order ® of
the average energy nmiviydr of hydrodynamic

max’

2007 Omax g (44)

€0, (V23 —1)

*ch = cosh; sh = sinh.

NThe deduction that the heavy ions have preferred accel-
eration is the consequence of the fact that more overtones of
the gyrofrequency are contained in the low-frequency region
for the heavy ions.

®The assumption made is optimal and p4 is frequently
much less.
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motion. In order for acceleration to take place, it
is necessary that the accelerating force exceed the
decelerating force due to the ionization losses 9,

When v, ~ zp < 1, we obtain V%lydr
b3 woieszax/mery For vp ~ Vhydr ~ 10 we

have n < 101%72 __ cm™.

max If the conditions vp > 1,

€ «m?v?, € > m?, and € « m?v? are satisfied,
q A’ g q 1

the accelerating force may be strongly dependent
on the energy:

dsq) Nifiz_ q272 & 1
@) T3 e SiPa oy m "

L max

(45)

We took into account here the fact that vy, 44

0 0
~ Vmax/eq’ where vy .. does not depend on the
particle energy.

For a magnetic-sound wave we put

N i O} Vs (46)

Pm= ot — o juoltc?

In place of (41) we get when v .. > 1
daq 2
(%)a=

6429222 v
m;op; (14 0,/00) Pm:

When v| ~ vp we obtain the same orders of
estimated magnitudes as above. We note that for
small v, the accelerating force is proportional to
the particle energy mvi. In the ultrarelativistic
limit under the conditions corresponding to (45),

we obtain from (40) the energy-independent force

The estimated acceleration time for vp ~ 107,
n~1cm?3is ~10% — 104 years. This estimate
corresponds to the minimum time (maximum
radiation density).

8. In conclusion let us note the following two
circumstances.

A. The acceleration condition v, < v, 19 shows
that in regions with large magnetic field, where
vy — 1, the relativistic particles are formed in
larger numbers. The latter requirement means
that

(47)

Z2q%n? Pm

mOp; (V9 0)

U?q = H2/4nn[m,~c2 > 1. (49)

B. The condition v, < v, does not impose a

PThe heavy-ion radiation losses can be neglected.

191f this condition is not satisfied, then when the number
of fast particles is sufficiently large the action of the waves
on them leads to such a distribution of the waves over the
frequencies and the angles, which corresponds to the ten-
dency of the acceleration to occur (see Sec. 5).
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limitation on the particle energy, since v| can be
arbitrary. If the region in which the magnetic
field is present is bounded then, generally speak-
ing, particles with large values of v, drift out of
this region. Consequently a situation is possible
when the particles which are retained by the given
region are accelerated.

Finally, it must be noted that with increasing p
the acceleration at the low-frequency waves goes
over into ordinary Fermi acceleration and accel-
eration by means of high-frequency oscillations (4,5]
may turn out to be more effective.
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