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The elastic scattering of photons in the Coulomb field of a nucleus at high frequencies w » m 
( m = mass of the electron, w = frequency of the incident photon) and large scattering angles 
e » m/w is investigated by the dispersion relations method. The principal contribution to 
the cross section in this angle range is from the real part of the scattering amplitude (where
as for small-angle scattering the main contribution is from the imaginary part of the ampli
tude). An expression is found for the differential cross section of scattering into angles 
8»m'/w. 

l. Elastic scattering of a photon in the Coulomb 
field of a nucleus at high frequencies has been 
considered only at zero angles [tJ and at small 
angles. [2•3] 1) This process was considered in the 
research of Akhiezer and Pomeranchuk [3] for 
scattering angles m/w « e « 1 ( m = mass of the 
electron, w = frequency of the incident photon). In 
the work of Bethe and Rohrlich, [2] this process 
was studied in the angle range e < m/w. As has 
been made clear, the principal contribution in this 
angle range is made by the imaginary part of the 
scattering amplitude. The assumption has then 
been made by Zernik [5] that the imaginary part of 
the amplitude also remains larger than the real 
part for large angle scattering e > m/ w. In that 
work, on the basis of the assumption introduced by 
Kessler, [s] the imaginary part of the scattering 
amplitude was calculated by numerical methods 
for particular values of the frequencies and angles 
of the scattering. 

In the present work, the elastic scattering of a 
photon at large frequencies w » m is studied by 
means of the method of dispersion relations in 
their invariant form.C7J This method makes it pos
sible to find an analytic expression for the cross 
section of the scattering process under consider
ation for angles e » m/w. 

First of all, an expression is found from the 
unitarity condition for the imaginary part of the 
scattering amplitude. Furthermore, the real part 
of the amplitude is found from the dispersion re-

!)Elastic scattering of a photon at an arbitrary angle for 
frequencies w rv m has been studied in the work of Eftimiu 
and Vrejoiu[ •J. 

lations by means of the imaginary part already at 
hand (only the principal terms are kept here). We 
have reduced the problem of finding the asymptotes 
of the amplitudes at large momentum transfer 
t » 4m2 ( t = square of the momentum transferred 
to the nucleus) to the somewhat equivalent problem 
of the determination of the asymptote of the ampli
tude as m- 0. Here, only those terms are taken 
into account which have the strongest singularity 
as m - 0. In the angle range under consideration, 
the principal contribution is made by the real part 
of the scattering amplitude. 

An expression is found for the differential cross 
section of elastic scattering of a photon, and the 
contribution of the region of large angles to the 
total cross section is estimated. 

2. In an analysis of scattering processes by 
means of the dispersion relations method, it is 
convenient to use the scattering amplitude A 
which in the case of the scattering of a photon in 
the nuclear Coulomb field is connected with the 
matrix element M by the relation 

M .. ( ) z•e• I tFqrd3qz A .. 4 (k 
uWI-Wa =16n•wj 22 u l+ql-k3-q2), 

qlq2 (1) 

where Ze is the charge of the nucleus, w1 and w3 

are the frequencies of the photon before and after 
the scattering (here w1 = w3 = w ), ki is the 4-
momentum of the photon, and q1 and q2 are the 
nucleus recoil momenta. 

The total amplitude A can be represented in 
the form 

A = A1 +A• +Aa +A1e +A2e +Aae, (2) 

where the partial amplitudes A1, A2, A3 corre-
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spond to the following scattering channels: 

(k1, e1) + q1 ~ (kg, ea) + Qz, 

(-kg, e3) + q1 ~ (- k1, e1) + Qz, 

q1 ~ (kg, ea) + (- k1, el) + Qz 

( 3 .I) 
(3.II) 

( 3 .III) 

( et are the polarization vectors of the photon). 
The partial amplitudes Ate• A2e, A3e take into ac
count the exchange channels in the variables 
( k3, e3 ) and q2. 

The scattering amplitude in the first channel 
A1 is associated with the matrix element of the 
operator T entering into the definition of the scat
tering matrix S = 1 + iT, by the relation 

_ Z2e6 \ d3q1d3q2 4 
<ka, e31 T I kl, el)- 16n2w J 2 2 Al<'l (kl +q~-kg-Qz). 

qlq2 (4) 

To obtain the imaginary part of the amplitude 
At we use the unitarity condition for the operator 
T: 

T -T+ = iT+T, (5) 

where T+ is the Hermitian conjugate operator 
relative to the operator T. In order to obtain an 
expression for Im A1 in the first non-vanishing 
approximation of perturbation theory (or order 
Z2e6 ), one must keep as intermediate states only 
the states of the free electron-positron pair. As a 
result we get 

- f <ka, e3 j T- T+ I kl> e1) 

= . z•e• ~ d"qld"qz I A "4 (k + k z) 2 m 1u 1 ql- a - q 
16rt (J) q~q~ 

(A <t>+ A<t> A<2>+ A<2> 
X e+e--y y---+e+e- + e+e--y y-+e+e- ), (6) 

where p1, p2 and s 1, s2 are the momenta and the 
polarizations of the electron and the positron, 

h'l A(i) d A(i)+ th l"t d w 1 e y--e+e- an e+e--y are e amp 1 u es 
of pair production by a photon in the nuclear 
Coulomb field and single photon annihilation of a 
pair, which are functions of Pt• P2 and St, s2. 

The expressions for these amplitudes are well 
known: 

A (1) • - ( A i ({Jt - kt) - m ( ) 
y~e+e- = tU PI) el 2 k r 4v - Pz ' - PI 1 

A(2) .- ( ) i({Jt-k1)-m A ( ) 

y~e+e- = tu P1 Y 4 _ 2p1k1 etv - P2 , 

(7) 

where p = Pf-t'Yf.L• 'Yf-t are the Dirac matrices (the 

invariant normalization has been chosen for the 
spinors u and v). 

In this approximation the imaginary part of the 
scattering amplitude in the first channel is repre
sented by the Feynmann diagram shown in Fig. 1 
(the dashed electron lines indicate free particles). 
It is convenient to characterize these diagrams by 
the scalar invariants 

s = - {k1 + qJ2 , t = (k1 - k3) 2 , 

u = (k3 - q1) 2 , 

which are connected among themselves by virtue 
of the conservation law k1 + qt = k3 + q2 by the 
relation s + t + u = qj + q~. 

FIG. 1 

The property of crossing symmetry ( 3) makes 
it possible to obtain an expression for the scatter
ing amplitude in the second channel from the ex
pression for the amplitude in the first channel by 
means of the following substitutions: 

A1 ~ Az for (k1 , e1) <--> (- k3, e3), s <->- u, t ~ t. (8) 

Along with channel I, one must also consider 
the channels Ie and III separately. One can then 
obtain expressions for the amplitudes A3e and 
A2e from the expressions for the amplitudes in 
these channels by means of the substitutions 

Ale~ Aae, 
( 8') 

S +-> - U, f ____,. t. 

We note that in channels I, II and Ie, Hie, t has the 
meaning of the square of the momentum ( qt - q2 )2 
transferred to the nucleus. 

The kinematics of the elastic scattering of the 
photon in the Coulomb field of the nucleus is shown 
in Fig. 2. 

The imaginary parts of the amplitude At and 
Ate• as will be seen below, are different from 
zero for s 2: 4m2, while Im A2, Im A3e and Im A3, 

Im A2e for u s -4m2 and t s -4m2. Under the 
condition that the momenta of the external photon 
lines lie on definite energy surfaces, i.e., for kf 
= 0 and definite values of q~ and q~ = -s + t + u 
- qj (considered as the squares of certain external 
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V=-4mz 
/ U=O (t=s•qf~qi) 

/ 

-- +-------------·l;mZ I 
I 
I 
I 
I 

FIG. 2 

imaginary masses), the physical regions in 
channels I, II, le, Ille and III, lie are the half
planes t ::::: 0 and t :::: 0. For a given frequency of 
the incident phonon w and transfer momentum qf 
the region of change of the variables s, t, and u is 
the region shaded in Fig. 2. 

We now write the explicit expression for lm At: 

S = Sp ( + (k + v) - m) rfl ( + (v- p)- m) 

X 14 ( { (il- v) + m) 
where 

r~ ( { (v - p') - m) raewea, 

(9') 

v =PI- P2, k = kl + ql, p = kl- ql, 

p' = ka- q2 = 2k3 - k1 -q1 (k2 = - s, p2 = s + 2qi, 

p' 2 = s + 2q:, pp' = s - 2t + qi + q~, 

pk =- qi, p'k =- q~), 

(I) = up - s- qi, (2) = vp' - s- q~, 

(3) = qi + q~- 2w2 - 4iwv4 + 2v4v4• 

3. From the condition of gauge invariance of 
the matrix element, it follows that the dependence 
of M ( 1 ) on the scalar products of the polariza
tion vectors ei and the wave vectors ki should be 
of the form 

(10) 

where f is a scalar function which depends on the 
invariant t and perhaps on the frequency w. 
Therefore, in order to determine the entire matrix 
element it suffices to know only the coefficient for 
Of.lu in the matrix element. Our further problem 
consists of finding the expression for this coeffi
cient. 

First of all, the function f, and also the ampli
tude A, can be represented in the form f = ft + f2 

+ f3 + fte + f2e + f3e where, for example, f2 de
notes the contribution of channel II. We now com
pute the contribution of the first channel, i.e., ft. 
For t » 4m2, the contribution to ft from the 
trace of (9') can give only the terms written down 
below: 

S ~ 6fla [- i (I) (2) - ~ (I) ( s + q~ - 2w2) 

- i (2) (s + qi - 2w2) - t (s - w2) 

+ iwvi ((1) + (2)) + tv4v4]- qlaQ1fl ((I) + (2) +(3)) 

- Vflqla ((2) + (3)) - Vaqlfl ({J) + (3)) - VflVa(3). (11) 

Now, substituting these expressions in (9) and in
tegrating over v (see Appendix), we get for that 
part lm T~~ which gives us the contribution to the 
coefficient ft 

+ lm b1qlflqla); 

Im b1 = 0. 
(12) 

(12') 

[We retain here only those terms which give the 
maximum contribution to the real part of the scat
tering amplitude under the assumption m - 0 and 
the same principal contribution to the matrix ele
ment (10).J 

Thus, 1m At has in the approximation under 
consideration the form 

Im A1 =- ~n-2 s (J1 +tJ~ (e1e3 + 2t-1 (k1e3) (k3eJ),! (13) 

From the dispersion relations it is now possible 
to find an expression for the real part of at. As 
s -oo, the value of lm at falls off as s-t ln s; 
therefore, one can use the dispersion relations 
without subtraction in the determination of Re at. 
In the first scattering channel the dispersion rela
tions have the form (for given values of qi and 

q~) 

lm al(s', t) d , 
' s • s -s 

Substituting in (14) the expression for lm at 
(12'), we get for Re at (for t »4m2) 

(14) 

(15) 

(Actually, only those terms are kept which have as 
m - 0 a singularity, in the given case a doubly 
logarithmic one.) Thus, we have the following ex
pression for Re At: 

ReA 1 = ~n-2 ln2 (tlm2) (e1e3 + 2t-1 (k1e3) (kae1)). (16) 

The expression for the real part of the scattering 
amplitude in the second channel can be obtained 
from (16) by means of the substitution (8). 
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Furthermore, by means of direct calculations, 
we can establish that for t »4m2 the channels Ie 
and IIIe give a smaller contribution (singly 
logarithmic) in comparison with channels I and II; 
therefore, we shall not consider these channels 
nor take their contribution into account. 

It is also evident from the calculations that the 
principal terms of the imaginary part of the am
plitude as m - 0 are the singly logarithmic terms. 
We carry out the following integration of Im A1 

over q1 in the limits established by 9( s- 4m2 ), 

that is, when 

- 1 < cos (q~> k1) < - (q~ + 4m2)/2q1w and 

leads only to singly logarithmic terms of the type 
ln ( t/m 2). Therefore, in the approximation 
t »4m2, we also neglect the contribution of the 
imaginary part of the scattering amplitude. We 
then get for the total amplitude A 

A;::::::+ l't-2 (e1e3 + 2t-1 (k1e3) (k3e1)) ln2 (t/m2). ( 17) 

It is now easy to find the expression for the co
efficient f in (10). By a comparison of (10) with 
(1), it follows that 

f = _1_\ d3ql l 2 t (18) 
4n2 .\ q~ (t - s + u - q~) n m2 

or 
co 

f I l 2 t . = --::;r= n -----. , 
2n v t m 

I = ~ d: ln j ~ ~ ~ J = ~2 
• ( 18') 

0 

Finally, we have the expression for the matrix 
element M ( 10): 

z2e• 1 ( 2 ) t 
M;:::::: 2•nw -yr e1ea + -t- (k1e3) (k3eJ ln2 m" • 

4. The differential cross section of elastic 
scattering of the photon in the nuclear Coulomb 
field is related to the matrix element M by the 
expression 

(19) 

(20) 

Substituting in (20) the expression (19) for M, we 
get the following for the differential cross section: 

dcr;:::::: Z4ct6 do (e e + (nlea) (nael) )2' ln4 2w2 (1- cos 6) 
25w2 1 - cos 6 1 3 1 - cos 6 m2 ' 

(21) 

where e is the scattering angle and n1, n3 are the 
unit vectors along the directions of propagation of 
photons before and after scattering. The cross 
section, averaged and summed over the polariza
tions of the photons in the initial and final states, 
has the form 

de;~ Z4ct6 . _d?_Jn4 2w2 (1- cos 6) (22) 
~ 2"w2 1 - cos 0 m2 • 

Equations (21), (22) are applicable for w » m, 
e » m/w. We emphasize that in the region of 
angles under consideration ( e » m/w) the princi
pal contribution to the cross section is made by 
the real part of the scattering amplitude. The con
tribution of the imaginary part can be neglected in 
this case. (For small angle scattering e < m/w, 
the principal contribution to the cross section is 
made by the imaginary part of the scattering am
plitude, as was shown in [2J.) 

For e « 1, Eq. (22) takes the form 

(23) 

If this formula is extended to the angles e ~ m/w, 
then we get the expression found in the work of 
Akhiezer and Pomeranchuk: [3] 

Z'a6 do da = a702 , 

where a is some numerical constant. 
Integrating (22) over e from m/w to 7T, we get 

the contribution of the region of the large angles 
to the total scattering cross section: 

(24) 

This expression takes on a maximum value for a 
photon frequency w ~ me 51'l, i.e., on the boundary 
of the region of applicability of Eq. (24). For these 
values of frequencies, the contribution of the region 
of large angles is comparable with the contribution 
of the region of smaller angles and for Z ~ 40 it 
is of the order of magnitude a ~ 10-28 cm2• 

In conclusion, I express my deep gratitude to 
Professor A. I. Akhiezer for his advice and dis
cussions. 

APPENDIX 

In carrying out integration over v in (9), the 
following integrals are encountered: 

J (l) = \ d4 6 (kv) 6 (v 2 - s +4m2) = a ( _ 4 2 ) _s _ J 
1 .l v (1) v s m 2 1> 

s + q1 

J(2)=\d4 6(kv)6(v2 -s+4m2)="( _ 4 2)_s_1 
1 .l v (2) u s m 2 1 , 

s + q2 

J = \ d4 6(kv)6(v2-s+4m2) 
2 .l v (1)(2) 

where 

2rl (r1 + rz)- '¥1:11 

2rl (rl- r2) - ra' ' 

(A.1) 
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:rt 1 +rr 
Jl = - - In 11 I ' s - rr 

-v 4m2 rl = 1- -s-, 

The largest contribution to the real part of the 
coefficient f1 is made by those terms of Im a1 
which are proportional to 1/s as s - 0 (these 
terms lead to doubly logarithmic expressions). In 
the computation of the integrals given below, only 
those terms are kept. We have 

\ vl'-&(kv)&(v2-s+4m2) 4 ~ 
J (1) (2) d v ~ - J 2kl'-, 

\ v11-va& (kv) & (v2- s +4m2) 
.\ (1) (2) d4v = J 2k11-ka, 

(A.2) 
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