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The elastic scattering of photons in the Coulomb field of a nucleus at high frequencies w > m
(m = mass of the electron, w = frequency of the incident photon) and large scattering angles
6 > m/w is investigated by the dispersion relations method. The principal contribution to
the cross section in this angle range is from the real part of the scattering amplitude (where-
as for small-angle scattering the main contribution is from the imaginary part of the ampli-
tude). An expression is found for the differential cross section of scattering into angles

6 >m’'/w.

].- Elastic scattering of a photon in the Coulomb
field of a nucleus at high frequencies has been
considered only at zero angles (] and at small
angles.[m] D This process was considered in the
research of Akhiezer and Pomeranchuk ®J for
scattering angles m/w << § < 1 (m = mass of the
electron, w = frequency of the incident photon). In
the work of Bethe and Rohrlich,[ this process
was studied in the angle range 6 < m/w. As has
been made clear, the principal contribution in this
angle range is made by the imaginary part of the
scattering amplitude. The assumption has then
been made by Zernik (5] that the imaginary part of
the amplitude also remains larger than the real
part for large angle scattering 6 > m/w. In that
work, on the basis of the assumption introduced by
Kessler, (6] the imaginary part of the scattering
amplitude was calculated by numerical methods
for particular values of the frequencies and angles
of the scattering.

In the present work, the elastic scattering of a
photon at large frequencies w > m is studied by
means of the method of dispersion relations in
their invariant form.[™ This method makes it pos-
sible to find an analytic expression for the cross
section of the scattering process under consider-
ation for angles 6 > m/w.

First of all, an expression is found from the
unitarity condition for the imaginary part of the
scattering amplitude. Furthermore, the real part
of the amplitude is found from the dispersion re-

DElastic scattering of a photon at an arbitrary angle for
frequencies w ~m has been studied in the work of Eftimiu
and Vrejoiu[‘].

lations by means of the imaginary part already at
hand (only the principal terms are kept here). We
have reduced the problem of finding the asymptotes
of the amplitudes at large momentum transfer

t > 4m? (t = square of the momentum transferred
to the nucleus) to the somewhat equivalent problem
of the determination of the asymptote of the ampli-
tude as m — 0. Here, only those terms are taken
into account which have the strongest singularity
as m — 0. In the angle range under consideration,
the principal contribution is made by the real part
of the scattering amplitude.

An expression is found for the differential cross
section of elastic scattering of a photon, and the
contribution of the region of large angles to the
total cross section is estimated.

2. In an analysis of scattering processes by
means of the dispersion relations method, it is
convenient to use the scattering amplitude A
which in the case of the scattering of a photon in
the nuclear Coulomb field is connected with the
matrix element M by the relation

Z2¢8
= 1672w

Mb(0, — o) (-COZt A8 (b +a,— ks — a),
919,

1)
where Ze is the charge of the nucleus, w; and wg
are the frequencies of the photon before and after
the scattering (here wy; = w3 = w), ki is the 4-
momentum of the photon, and q; and q, are the
nucleus recoil momenta.

The total amplitude A can be represented in
the form

A =A, +4, +4; +A1e +A2e +A3e> (2)

where the partial amplitudes Ay, A,, A3 corre-
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spond to the following scattering channels:

(ky, €3) + a1 — (k3, €3) + Qo (3.0)
(— k3, €3) +qy—> (— ki, €1) + Qo (3.10)
~> (ks, €3) + (— k1, €1) + Q2 (3.I10)

(eyq are the polarization vectors of the photon).
The partial amplitudes Ajg, Age, Age take into ac-
count the exchange channels in the variables
(k3, e3) and q,.

The scattering amplitude in the first channel
A, is associated with the matrix element of the
operator T entering into the definition of the scat-
tering matrix S= 1+ iT, by the relation

Z2%® d3q,d’
Chay €| T | by €0 = i | SR 4846y + 03—k — ).

172 ( 4)
To obtain the imaginary part of the amplitude
A; we use the unitarity condition for the operator
T:

T —T+=iT*T, (5)

where T* is the Hermitian conjugate operator
relative to the operator T. In order to obtain an
expression for Im A, in the first non-vanishing
approximation of perturbation theory (or order
Zzee), one must keep as intermediate states only
the states of the free electron-positron pair. As a
result we get

— L (ko€ T—T* [ kg, €

-.ﬂgmlm,q 8% (ky -+ qy — k5 — qy)

16m%w qiqg
2%8 ( d®q1d3q, m?
— 2
=x o & qzqz Z popo
192 1P2

P1y —P2, S1, S2
(P1tpe=ky-+Q1=k3+q2)
X (Ag‘)et—w 'frl—)>e+e— + Ag)et—-wA\('z—)»e‘re-)» (6)
where p¢, ps and 8y, 8, are the momenta and the
polarizations of the electron and the positron,
while AS,}-)—-e +e- and Aelﬂé___‘,y are the amplitudes
of pair production by a photon in the nuclear
Coulomb field and single photon annihilation of a
pair, which are functions of py, p, and sy, s;.

The expressions for these amplitudes are well
known:

o i — By —

AY—>e+e- = iu (pl) (21 l_(171_—~_2_p11)_k1_m~74v ('— P2),
iy — By — "

Ao = it (py) 74 ~BZZ 50 (— o),

— 2piky

i(pr—Fks)—m

Ag);—'_.y = — ll-) ('—pg) Ya —2piks esu (pl))
. i By
ARF . = —iv(— ps)es l(p—l__zpal)kTm— Yatt (P1), (7)

where p = pyyy, Yy are the Dirac matrices (the
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invariant normalization has been chosen for the
spinors u and v).

In this approximation the imaginary part of the
scattering amplitude in the first channel is repre-
sented by the Feynmann diagram shown in Fig. 1
(the dashed electron lines indicate free particles).
It is convenient to characterize these diagrams by
the scalar invariants

= — (ky +a9% t= (ky — k3%
u = (ks —qy?
which are connected among themselves by virtue
of the conservation law k; + q; = k3 + q, by the
relation s+ t+ u=q} + qf.

A:' \\ LG \\\
92 ‘—‘—T g
—).—y‘(
J gr /// ')
“ %
FIG. 1

The property of crossing symmetry (3) makes
it possible to obtain an expression for the scatter-
ing amplitude in the second channel from the ex-
pression for the amplitude in the first channel by
means of the following substitutions:

(8)

Ay — A, for (ky, e)) > (— ks, e5), s> —u, t— 1.

Along with channel I, one must also consider
the channels Ig and III separately. One can then
obtain expressions for the amplitudes Age and
Age from the expressions for the amplitudes in
these channels by means of the substitutions

AIE—.)A{V’ A3——>A26
(R, €)) <> (— ks, e3),

S« —u, t—1

(8"

We note that in channels I, II and I, IIlg, t has the
meaning of the square of the momentum (q; — q )2
transferred to the nucleus.

The kinematics of the elastic scattering of the
photon in the Coulomb field of the nucleus is shown
in Fig. 2.

The imaginary parts of the amplitude Ay and
Aje, as will be seen below, are different from
zero for s = 4m?, wh11e Im A,, Im A3e and Im A,
Im Aye for u < —4m? and t = —4m?. Under the
condition that the momenta of the external photon
lines lie on definite energy surfaces i.e., for k2

=0 and definite values of q? and qz =-s+t+ u
- ql (considered as the squares of certain external
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| v=-4m?® 2
I 7 U=0(t=5+47+43)

FIG. 2

imaginary masses), the physical regions in
channels I, II, Ie, Illg and III, Il are the half-
planes t = 0 and t = 0. For a given frequency of
the incident phonon w and transfer momentum q%
the region of change of the variables s, t, and u is
the region shaded in Fig. 2.

We now write the explicit expression for Im Ay:

Im A4, = Im T{Jee5

1 S
= WS d*vd (kv) & (v — s + 4m®) st

DIOR )

X1i(3 B =9 +m) 14(5 6 —F) — m) reeren,
(9%)

where
v=p1—Py k=Fk+q, p=£k-—q,
P=thy—qQy=2ks—ky—q, (= —s, p*=s+2q,
p'* =5 +2g;, pp’ =s—2t +q; + ¢,
pk=—4qi, pk=—gq),
(D= —s—gqi, (2= —s—dq,

(B) = ¢ + ¢ — 20® — 4iov, + 20,0,

3. From the condition of gauge invariance of
the matrix element, it follows that the dependence
of M (1) on the scalar products of the polariza-
tion vectors ej and the wave vectors k; should be
of the form

M = oo f (8 + 2 ko) epes, (10)
where f is a scalar function which depends on the
invariant t and perhaps on the frequency w.
Therefore, in order to determine the entire matrix
element it suffices to know only the coefficient for
Ouyo in the matrix element. Our further problem
consists of finding the expression for this coeffi-
cient.

First of all, the function f, and also the ampli-
tude A, can be represented in the form f=f; + f,
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+ f3 + f1o + fye + fze Where, for example, f, de-
notes the contribution of channel II. We now com-
pute the contribution of the first channel, i.e., fj.
For t > 4m?, the contribution to f; from the
trace of (9’) can give only the terms written down
below:

S8 [—2 ()@ — L) (s + 63 — 207
—1(@) (s + ¢ —20% —£(s — )
+ i0v, (1) + @) + 040 | — qroqu (1) +(2) -+3))
— s (2) + (3)) — e (1) + 3)) — 0,06(3). (1)

Now, substituting these expressions in (9) and in-
tegrating over v (see Appendix), we get for that
part Im Tuio which gives us the contribution to the
coefficient fj

Im T{ — 3 n2 (s Im aydys + Im 6,G14410);
Ima, =— (/; +1/,), Im b, = 0.

(12)
(127%)

[We retain here only those terms which give the
maximum contribution to the real part of the scat-
tering amplitude under the assumption m — 0 and
the same principal contribution to the matrix ele-
ment (10).]

Thus, Im A; has in the approximation under
consideration the form

ImA, ~ — %n-zs (V14172 (eres + 2671 (kses) (Rser). (13)

From the dispersion relations it is now possible
to find an expression for the real part of ay. As
s —, the value of Im a; falls off as s~!in S;
therefore, one can use the dispersion relations
without subtraction in the determination of Re aj.
In the first scattering channel the dispersion rela-
tions have the form (for given values of q% and

a})

_P ¢ Im a (st o
Rea, =— S dnat 9 gy, (14)
am?
Substituting in (14) the expression for Im a4
(12’), we get for Re ay (for t > 4m?)
Re a,~ 1 s7! In? (t/m?). (15)

(Actually, only those terms are kept which have as
m — 0 a singularity, in the given case a doubly
logarithmic one.) Thus, we have the following ex-
pression for Re A;:

Red;~La-2In® (t/m?) (e,e5 + 26 (kyes) (ksey)). (16)

The expression for the real part of the scattering
amplitude in the second channel can be obtained
from (16) by means of the substitution (8).
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Furthermore, by means of direct calculations,
we can establish that for t > 4m? the channels I
and Ille give a smaller contribution (singly
logarithmic) in comparison with channels I and II;
therefore, we shall not consider these channels
nor take their contribution into account.

It is also evident from the calculations that the
principal terms of the imaginary part of the am-

plitude as m — 0 are the singly logarithmic terms.

We carry out the following integration of Im A
over gy in the limits established by 6(s — 4m?),
that is, when

— 1< cos (5, ky) < — (¢F + 4m?)/2g,0 and
omilo < g, < 2 (@ — mP)o,

leads only to singly logarithmic terms of the type
In (t/m?). Therefore, in the approximation

t > 4m?, we also neglect the contribution of the
imaginary part of the scattering amplitude. We
then get for the total amplitude A

A== Ta® (ee; + 271 (kyey) (keey) In? (¢/m?).  (17)

It is now easy to find the expression for the co-
efficient f in (10). By a comparison of (10) with
(1), it follows that

S S S i} SN N 18
! 4n2$q§<f~s+u—q§> " e
or
I t __oodx 14+x|  =n? ,
F= gy 0 1={%n|E| =5 as)
0

Finally, we have the expression for the matrix
element M (10):

22 6 1 2 t
M=~ 2“:rtem 7‘2 (6163 + = (kye3) (ksex)) In? T

(19)

4. The differential cross section of elastic
scattering of the photon in the nuclear Coulomb
field is related to the matrix element M by the
expression

do = (2m)~4 @? | M [ do. (20)

Substituting in (20) the expression (19) for M, we
get the following for the differential cross section:

248 do

do= 2502 1 —cosO

(n1e3) (ngey) \2 202 (1 — cos 0)
(e1e3 + 1 —cosH ) Int m? ’
(21)

where 6 is the scattering angle and ny, n; are the
unit vectors along the directions of propagation of
photons before and after scattering. The cross
section, averaged and summed over the polariza-
tions of the photons in the initial and final states,
has the form
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Z%a8 do Int 20% (1 — cos 0)
250 1-—cos0 m? '

do~ (22)

Equations (21), (22) are applicable for w > m,
6 > m/w. We emphasize that in the region of
angles under consideration (6 > m/w) the princi-
pal contribution to the cross section is made by
the real part of the scattering amplitude. The con-
tribution of the imaginary part can be neglected in
this case. ( For small angle scattering 6 < m/w,
the principal contribution to the cross section is
made by the imaginary part of the scattering am-
plitude, as was shown in EZJ.)

For 6 «< 1, Eq. (22) takes the form
748 do1 4 00

ddf\,’——mz 5 It —

(23)

If this formula is extended to the angles § ~ m/w,
then we get the expression found in the work of

Akhiezer and Pomeranchuk:
do— g 2% %
(1)2 0‘2 ?
where a is some numerical constant.
Integrating (22) over 6 from m/w to m, we get
the contribution of the region of the large angles
to the total scattering cross section:

(24)

This expression takes on a maximum value for a
photon frequency w ~ mes/z, i.e., on the boundary
of the region of applicability of Eq. (24). For these
values of frequencies, the contribution of the region
of large angles is comparable with the contribution
of the region of smaller angles and for Z ~ 40 it
is of the order of magnitude o ~ 10728 cm?.

In conclusion, I express my deep gratitude to
Professor A. I. Akhiezer for his advice and dis-
cussions.

APPENDIX

In carrying out integration over v in (9), the
following integrals are encountered:

) _ (s, 8(k0)S(v2—sH4m?) e s
Ji ——de @) =0(s 4m)s+q%,lh

@ __ (g2, 8(k0) 8 (v —s+4m?) 4 S
Jl——de ®) =0(s 4m)s+q;,11,

Jy= S‘”" 8 (ko)  (v* — s -+ 4m?)

1))

2['1 (I’1 + fz)——TU,'
2r1(r1——r2)—'ra’ 4

2ry (r1 4 ra) — va
271 (rl—rg)—xa

= 0 (s—4m?) 2;;,2 In

(A.1)
where
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Ji=— S At 1
1= [T—r]* F. Rohrlich and R. L. Gluckstern, Phys. Rev.
— 86, 1 (1952).
] / 4m? (s+ 49 (s + q3)
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which are proportional to 1/s as s — 0 (these SW. Zernik, Phys. Rev. 120, 549 (1960).
terms lead to doubly logarithmic expressions). In 6 p. Kessler, J. Phys. radium 19, 739 (1958).
the computation of the integrals given below, only S. Mandelstam, Phys. Rev. 112, 1344 (1958);
those terms are kept. We have 115, 1741 (1959).

0,0 (kv) § (0? — s + 4m?) a4y
) NI do =~ — Tk,

0,04 (kv) § (v? — s - 4m?) .
S e do = I ke

S (kv) 6 (v? — 4m?

S Sl v)u)((vz) I o~ — Ikkek,

0,0,0,0,8 (k0) 8 (0 —s +4m?) Translated by R. T. Beyer
{ i &0 = J ok, ko, (A2) 116



