
SOVIET PHYSICS JETP VOLUME 17, NUMBER 2 AUGUST, 1963 

SIZE DISTRIBUTION OF EXTENSIVE AIR SHOWERS 

Yu. A. FOMIN and G. B. KHRISTIANSEN 

Nuclear Physics Institute, Moscow State University 

Submitted to JETP editor August 13, 1962 

J. Exptl. Theoret. Phys. (U.S.S.R.) 44, 666-675 (February, 1963) 

An abrupt change in the power exponent of the spectrum of extensive air showers with respect 
to number of particles has been observed for N ~ 105 - 106 at sea level in a number of inves
tigations. It is shown that in order to explain this change it is sufficient to assume that the 
distribution of magnetic clouds in the galaxy with respect to the parameter ZH ( l is the size 
of the magnetic cloud and H is the magnetic field intensity in it) is such that the diffusion 
coefficient D for ultrahigh energy cosmic rays changes from D = const to D .... Ea ( E is the 
energy), where a > 0.5 when the energy changes by an order of magnitude or possibly even 
less. For a number of reasons this explanation seems to be the most probable. The compo
sition of the primary radiation that produces showers with N ~ 107 particles is discussed. 
An analysis of the experimental data shows that the primary radiation does not consist at any 
rate of heavy nuclei exclusively. 

A few years ago it was observed [ 1] that the ex
ponent of the spectrum of extensive air showers 
( EAS) with respect to the number of particles N 
at sea level exhibits rapid variation in the range 
N ~ 105 - 106 . This fact was later confirmed in 
many other investigations carried out at sea level. 
Thus, for example, Fukui et al [2] found that the 
exponent of the integral shower spectrum at N 
~ 105 - 106 varied from y = 1.4 ± 0.1 to y = 2.0 

± 0.2. Allan et al [3] also observed a change from 
y = 2.3 ± 0.1 to y = 3.0 ± 0.15 in the exponent of 
the differential particle-number spectrum of 
showers at N ~ 5 x 105• Figure 1 shows the 
in_te_gral spectrum F ( > N) at sea level as given by 
[ 1 3T. In the present time a similar singularity in 
the spectrum F ( > N) is apparently observed in 
experiments carried out at mountain altitudes [4-6]. 

The data obtained at 730 g/cm2 [ 6] also offer evi
dence in favor of the existence of this singularity. 

Such a singularity in the F ( N) spectrum can 
be explained a priori by assuming either 1) a rapid 
change in the exponent of the energy spectrum of 
the primary cosmic radiation n, or 2) the sharp 
change in the form of the cascade curve at suffi-

1lThe expression "rapid change" is used in the sense 
that, as will be shown below, it is necessary to assume that 
the exponent y of the energy spectrum changes by rv 0.5 when 
E changes by a factor rv 10. At the same time it is known that 
when E varies, for example, over the range 109 - 1015 , that 
is, by six orders of magnitude, the variation of y likewise 
does not exceed 0.5. 

log W(>N) 

-rJ 

FIG. 1. Integral spectrum of EAS by number of particles, 
obtained by different authors: • _[,c], 11 _[2], x _[•], the 
dashed curve has been calculated in the present paper as
suming <p(A)dA = A-'·'dA. 

ciently large primary-particle energy, which can 
be connected with sharp changes in the charac
teristics of the nuclear-cascade process. 

The second possibility seems little likely to us, 
for no singularities whatever were observed in 
numerous experiments on electron-photon, 
nuclear-active, and muon components of EAS with 
N ~ 105 - 106 particles at sea level. 

451 



452 Yu. A. FOMIN and G. B. KHRISTIANSEN 

The sharp change in the energy spectrum of the 
primary cosmic radiation can, generally speaking, 
be connected either with singularities in the galac
tic cosmic-ray sources or with features of their 
diffusion in galactic space. Since there are grounds 
for assuming that cosmic rays of ultrahigh ener
gies, exceeding by at least one order the range of 
energies of interest to us, are produced in super
nova shells, we consider primarily the primary 
cosmic radiation energy-spectrum singularities 
which can result for diffusion of the cosmic radia
tion in the galaxy. 

It can be shown that if the magnetic clouds in 
the galaxy have a 6-function distribution with re
spect to the parameter lH (where l are the di
mensions and H the magnetic field intensity of the 
clouds), then the diffusion coefficient D of the 
cosmic rays is constant up to a certain critical 
energy Ecr = 300lHz, after which it becomes 
proportional to E2 [ 7]. On the other hand, if there 
is a variance in the distribution of the magnetic 
clouds with respect to lH, we can obtain different 
dependences of the diffusion coefficient D on the 
energy, weaker than D ~ E2. 

If we assume that the distribution of the mag
netic clouds with respect to the intensity H and 
dim ens ions l in the galaxy is such that the values 
of lH smaller than the most probable (lH)v occur 
with very low probability, then we can obtain a 
rapid variation of the diffusion coefficient from 
D = const when E < Ecr F::J 300 (lH )vz to D 
= D (E) when E > Ecr· 2> 

The rapid variation of the diffusion coefficient 
of the charged particles with changing energy leads 
to a sharp change in the form of the energy spec
trum of the particles in the galaxy. Indeed, in the 
simplest case of acceleration of nuclei with defi
nite atomic numbers A in the source, the energy 
spectrum of these nuclei in the galaxy is deter
mined by the product of the energy spectrum at 
f ( E ) produced by the source and the accumulation 
factor k ( E ) . 

The value of k, as is well known, has an order 
of magnitude ~Rc/2D, where R is the dimension 

2)It is easy to see that the connection between the distri
bution w(lH) d(lH) and the function D(E) is determined by 
the relation 

00 

1 . 
---~ 

D (E) 
l 2w (Iff) d (Iff), 

which yields 

w (Iff) d (Iff) = 1 dD (E) I 
D 2 (E) ---;{£" E~-3oo lli< 

under the condition that J Fd(lH) does not depend on lH. 

of the galaxy, c the velocity of motion of the parti
cle, and D the diffusion coefficient. Therefore in 
the case under consideration, when E < Ecr• the 
energy spectrum of the particles in the galaxy is 
determined only by the function f (E). However, 
when E > Ecr we have D = D (E) and the energy 
spectrum has the form f ( E ) /D ( E ) . 

The critical energy for primary nuclei with 
different mass numbers A varies and is connected 
with the critical energy of the proton by the equa
tion Ecr A F::J ( V2 )AEcrp' and therefore the change 
in the index of the energy spectrum will occur at 
different energies for the different nuclei contained 
in the primary cosmic radiation. This circum
stance causes a rapid change in the spectrum index 
at an energy "'Ecr for protons to be likewise ob
served in the energy spectrum of all the primary 
particles, but the further behavior of the energy 
spectrum will be determined not only by the char
acter of the function D ( E, A), but also by the form 
of the spectrum of the primary radiation with re
spect to the mass numbers A. 

It is obvious that when E < Ecr p the distribu
tion over A can be determined in the limiting 
cases only by the character of the acceleration of 
the nuclei in the cosmic-ray sources themselves, 
or else by their fragmentation upon interaction 
with the interstellar gas during the course of their 
diffusion in the galaxy. In the latter case the dis
tribution over A for E > Ecr p changes not only 
because Ecr depends on A, but also owing to the 
decrease in the path within the limits of the galaxy, 
and thus also owing to the reduction in the frag
mentation probability, which becomes a decreasing 
function of E/ A. 

If we consider the first case and denote by 
cp (A) dA the spectrum of the cosmic ray sources 
averaged over A, then, allowing for the distribution 
of A, the energy spectrum of the cosmic rays in 
the galaxy has the form 

F(£) = Sf(E)qJ(A)dA/D(EIA). 

In the second case the distribution over A 
cannot be represented as a product of two functions 
when E > Ecrp· However, assuming, as before, 
that the diffusion coefficient varies rapidly with 
the energy at E "" Ecr• it is obviously possible to 
obtain as before, upon suitable choice of the func
tion D = D ( E/ A) for E > Ecr• a sharp variation 
in the primary energy spectrum 3). 

We consider henceforth only the first case. It 
is thus of interest to ascertain whether we can ob-

3)The difference between the first and second case is to 
be expected ,if one is interested in the distribution over A 
when E > Ecr· 
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FIG. 2. Partial energy spectrum of the primary nuclei 
assumed in the calculation: 1 - with A = 1; 2 - with 
A = 10; 3 - with A = 56; 4 - summary energy spectrum of 
the primary cosmic radiation with cp (A)dA = A -1 ' 5 dA. 
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tain the experimentally-observed particle-number 
spectrum of the showers through a suitable sensible 
choice of the spectra f (E) and qJ (A) as well as 
of the diffusion coefficient, with allowance for the 
fluctuations in the development of the cascade of 
shower particles and for possible differences in 
the character of the development of the shower 
from the primary proton and the primary nucleus. 

We present here our assumptions concerning 
f ( E ) , qJ (A), D ( E ) , the character of shower devel
opment, and the results of the calculation of the 
particle-number spectrum of the showers made 
under these assumptions. 

Figure 2 shows the energy spectrum for dif
ferent groups of nuclei with A = 1, 10, and 56, 
which we assume to have the form El'. The 
values of 'Y in the different intervals of E are as 
follows: 

£: <+Ecr +Ecr-Ecr Ec,-2Ecr 2Ecr-3£cr 

1 : 1.5 1.75 2.0 2.25 

> 3£cr 

2.5 

Actually we propose a transition from D = const 
to D ~ E as E changes by one order of magnitude. 
The critical proton energy is assumed to be 5 x 105 

eV. Figure 2 also shows the summary energy 
spectrum of the primary cosmic rays, obtained by 
adding the partial spectra with weights correspond
ing to a mass-number distribution of the primary 
particles in the form Kt.5dA [sJ. The spectrum 
obtained in this manner yields in the region E 
,.., 10 16 e V a change in the index 6 'Y = 0 .5. 

In principle, to change over from the energy 
distribution of the primary cosmic radiation to the 
distribution of the number of particles observed at 
a definite depth in the atmosphere it is necessary 
to know the entire pattern of shower development. 
In our calculation we used a simplified pattern, 
based on the following two assumptions: 1) the 
fluctuations occur only at the point of the first 
interaction, that is, at the place where the shower 
is produced, and 2) the cascade curve has a defi-

nite form, and account is taken of its dependence 
on the atomic number of the primary nucleus pro
ducing the shower. 

The number of primary particles with energy 
E0, which initiate an extensive air shower at a 
depth x0 from the top of the atmosphere, is deter
mined by the express ion 

w (Eo, X0 ) dEodX0 ~ const · E~(Y+l) dEoe-x,!A dxo/"A, (1) 

where A is the interaction range, which depends 
on the atomic number of the primary particles; A 
is determined from the formula 

"A= Aair (2 ) 
6 .1Q23 n [1.'t5 ·10-Ia (A;;,+ A~lr -1.17)]2 

The interaction ranges in air obtained from 
this equation, for particle groups with atomic 
numbers lying in definite intervals, are listed in 
Table I ( L-group of light nuclei, M-medium, 
H-heavy, VH-very heavy). 

In going from (1) to the particle-number spec
trum of the showers for a given A, it is assumed 
that all the showers at the observation level (sea 
level) are beyond the maximum of their develop
ment, and the cascade curve has the form 

{ 
X- (xm + Xo)} 

N (E0 ,x0 ) = kEo exp - A , (3) 

where k is a constant determined by the relation 
kE0 = 2.5 x 106, x is the observation level 
(x = 1030 g/cm2 ), A is the absorption range of the 
shower particles, assumed equal to 200 g/cm2, and 
xm is the level of the maximum of the shower, 
which depends on the atomic number of the primary 
particles 4': 

4)Wishing primarily to illustrate with the aid of the pre
sented calculation the possibility of obtaining the singulari
ties in the particle-number spectrum of the showers if a sin
gularity exists in the primary energy spectrum, we are making 
some simplifyi/f assumptions, in particular, that N .-u E0 • 

Actually N rv E0 , where {3 is larger than unity at sea level 
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Table I 

Group j I_ I Percentage content for E < Ecr 
of I z ,i i A, g/cm2 - - -

nuclei I' I 9 (.1) dA ~A -1 ,!ld,\ ["'(A) d.\-- A-'dA 

----~----~----~'------~' ------------~---------

p 
a. 
L 
M 
H 

VH 

2 
:3-:i 
6-\1 
?-10 
?-'.!.0 

so 
II 1,4. ,) 

10 ')') ,,_ 
'1 ~ '.!.7 
:) I IS.:> 
.'J(i lUi 

Xm c~ fJ ln (Eo/A), 

51 68 
12.6 13.5 
18.11 11.8 

7.:i 3,6 
7.4 2.'.!.5 
:u 0.85 

fJ = 13 g/cm2. 

Thus, it has been assumed that when the pri
mary nucleus collides with an atom of air, all the 
nucleons of the colliding nucleus participate in the 
interaction and the shower that is produced thereby 
is similar to A showers from primary protons 
with energy E0/ A, but on the average the heavier 
the nucleus, the closer to the top of the atmosphere 
the shower is. The larger A, the closer the posi
tion of the maximum of the shower at a given 
primary-nucleus energy is shifted to the top of 
the atmosphere. 

From (1) and (3) we find that the number of 
showers at a given level x with a number of parti
cles in the interval N, N + dN, for each atomic 
number A of the primary nucleus is equal to 

({3 = 1.1 - 1.3). The index {3l< of the primary energy spectrum 
will in this case be larger than the assumed 1.5. Evidence 
in favor of this is offered by direct experimental data on the 
value of l< for showers observed at mountain altitudes, where 
x is apparently larger than for showers initiated by a primary 
particle of the same energy, but observed at sea level. The 
assumption made does not change the final conclusion, which 
follows from the calculation. This is seen from formula (4). 

FIG. 3. Partial differential particle-number spectra 
of extensive air showers, calculated for cp(A)dA = 

A -1 ' 5 dA: 1 - proton spectrum, L - light-particle spec
trum; 3 - very heavy particles; 4 - summary particle
number EAS spectrum. 

W A (N, x) dN 

_ const ·A xY/(A+bl -Yb/(A+bl ( N )-[('if l)Aj-bJ!(Aj-b) 

- A+b-j).e A T 

.. { I( N )'' -x -bJlA1 b-·ri.]I.(A+b)l 
/• I - L T e A J dN . (4) 

This expression with a value y = 1.5 holds true 
up to N = k ( Ecr/3 )exp [- (x- xm )/A]. When 
N > 3kEcr• the differential particle-number spec
trum of the showers acquires the same form, but 
now with a value y = 2.5. For values of N in the 
interval from k ( Ecr/3) exp [- (x - xm )/A] to 
3kEcr• the differential spectrum has a more com
plicated form. 

The obtained differential spectra W A ( N) dN 
for different A are shown in Fig. 3. The calcula
tion shows that a contribution to a given N can be 
made by primary particles with energy lying in 
the interval from Eomin = (N/k) (when the first 
interaction occurs at such an altitude that the 
shower has a maximum at the observation level) 
to Eomax = (N/k)exp[(x -xm)/A] (when the 
first interaction occurs at the top of the atmos
phere). However, the interval of the significant 
values of E0 depends on the A of the primary 
nucleus and decreases with A. 

The obtained differential particle-number 
spectra of the showers produced by primary nuclei 
with atomic number A were summed with suitable 
weights (see Table I) for two types of primary
radiation atomic-number spectra, A-1.5dA [sJ and 
A-2dA [7], with a given energy per particle. We 
obtain the integral spectrum F ( > N) ( Fig. 1 ) 

from the summary differential spectrum W ( N) dN 
(Fig. 3). 

The obtained spectra are such that when N "" 5 
x 105 a rapid change is observed in the index (see 
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Table II). Figure 4 and Table II show for compari
son data on the primary energy spectrum, con
structed under different assumptions for the dis
tribution qJ (A) dA and for the dependence of 
D(E) atE> Ecr[({J(A)dA =dA/An+t, d(E) 
,., Ea for E > Ecr ]. We calculated the particle
number spectrum for n = 0.5, a = 1 and n = 1, 
a=l. 

N <105 
105- !1·105 
4-105-106 
106 -4-106 
4 ·106 -107 

107 -108 

Table II 

Calculated values 
of X 

~(A~dA ~~(A)~~-
I = A 1,5dA =A dA I 

Differential spectrum 

2.44 2J,!, 
2 .. 12 2..~2 
2.76 2.84 
2 82 3.00 
2.85 3.10 
2.95 

Integral spectrum 

Experimen
tal values 

of x 

2.3±0.1 

3.1±0.15 

2-105 I 1.48 1 Ji8 1 1.43±0.1 
2-105-6-105 1. 73 I 
6-105 -106 2.12 

I 
-

106 -107· 
I 2.12 2.10 2.0±0.07 I 
I 

From a comparison of Table III and the experi
mental data we see that more accurate experi
mental data are needed, particularly data on the 
differential particle-number spectrum of the 
showers, if a choice is to be made between the 
various assumptions Sl. It must be noted that the 

S)ln[ 1 c] an attempt was made to obtain the observed sin
gularity of the particle-number spectrum of the showers under 
the assumption that D(E) ,.,_, E 2 for E > Ecr• The present cal
culation shows that agreement with experiment is obtained, 
within the limits of error, when D(E) ,.,_, E and in general when 
D(E) ,.,_, E a where a~ 0.5. 

I 

FIG. 4. Differential primary energy spectrum con
structed under different assumptions concerning the dis
tribution of cp (A)dA = dA/ An + 1 and the dependence 
D(E),.,_,Ea for E > Ecr• 

Table ill. Variation of energy
spectrum index with energy for 

different assumptions concerning 
the functions qJ (A) dA = dA/ An+i 

and D(E) ~ Ea forE> Ecr 

<1015 
1015 -- 5 .J015 
1010 __ 5 .J01G 

>J017 

<1015 
1015-5 .1Q15 
1016- 5 .1Q16 

::>1017 

1 Calculated values of x 

II ,, ~ O,o ~.~ ~ ! o. •c 1 7 ,- : 

n ~ u,;) I n ____ ~_L~--~·~~_: __ ·~-----
Differential spectrum 

2.s 2.s I 2.5 
2.57 2.6 I 2.9 
2.s I 2.!} . 3.1 
2.Bs i 3.1s I 3.35 

Integral spectrum 

1..5 1.5 i 1.5 
1. 55 . 1. 58 I l. 5 
1.7811.91 2,(1 
1.95 2.'15 2.:) 

I. ,:,o 
1.88 
'! ' ~ .. I 

~.:-;;) 

calculated differential particle-number spectrum 
of the shower and the differential energy spectrum 
of the primary radiation differ in form. In view of 
the inclusion of the fluctuations, the variation of 
the index K is slower than the variation of the 
index y. In integral spectra, this difference is 
smaller. 

Calculation shows that when the energy E0 in
creases and exceeds the critical proton energy, 
the role of the heavy nuclei in the production of 
EAS with specified number of particles N begins 
to increase. However, this increase is much 
smaller than the increase in the fraction of heavy 
nuclei in the primary radiation of given energy 
(Table IV). The contributions of different nuclei 
to the primary radiation of given energy (above 
critical) is determined by the change in the index 
of the primary energy spectrum. The contribution 
of the protons to the number of showers, even with 
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Table IV. Comparison of 
the contribution of different 
nuclei to the primary radia

tion of a given energy and 
in an EAS with given number 
of particles for a primary

mass-number spectrum 
Kt.5dA and for D (E) "'E 

Group 
Primary ra- EAS with 
diation at N = 107 for of E = 1017,eV, E > Ecr• '7o nuclei eV,% 

p 13 38 
L 23.7 15 

VH 12.5 5 

N "' 108 particles, is still large. This is a mani
festation of the fluctuations in the development of 
the shower, and also the consequence of the 
assumed dependence xm "' log ( E0/ A). We recall 
that, as already mentioned before, the contribution 
of the heavy nuclei to the primary radiation for E 
> Ecr and in the EAS can be appreciably larger 
when fragmentation plays an important role in the 
formation of the spectrum over A. 

Returning to the other possibility of a sharp 
change in the primary energy spectrum, mentioned 
in the start of the article, namely the existence of 
a limiting energy up to which acceleration in cos
mic-ray sources is possible, we must note the 
following. As is well known[?], the existence of a 
limiting energy is apparently connected with the 
diffusion of the accelerated particles beyond the 
limits of the region where the acceleration is 
possible. The dependence of the diffusion coeffi
cient on the energy of the accelerated particles 
will be determined by the variance of the distribu
tion of the parameter lH, which is characteristic 
of a given source. This variance can hardly be 
less than the variance considered above in the 
scales of the galaxy. Recognizing that there are 
indications in favor of assuming that different 
sources (supernovas) generate cosmic rays with 
essentially different spectra [9], it is reasonable 

to assume that in the cosmic-radiation energy 
spectrum averaged over all the sources one can 
hardly expect the appearance of the observed sin
gularities as a result of the existence of limiting 
energies. 

Thus, the rapid change in the particle-number 
index of the shower spectrum, observed in [t-3], 

is most probably to be ascribed to the corresponding 
change in the index of the primary energy spectrum. 
The latter finds a most natural explanation in the 
specific character of the distribution of the mag
netic clouds with respect to the parameter lH in 
the galaxy. 

The authors thank I. P. Ivanenko and S. I. 
Syrovat-skil for a discussion of the problem. 

APPENDIX 

ON THE COMPOSITION OF PRIMARY COSMIC 
RADIATION IN THE REGION OF SUPERHIGH 
ENERGIES 

New experimental data on the fluctuations of 
muon fluxes of high energy in showers with a fixed 
number of particles N "' 107 have been obtained 
recently [ 10• tt] . These data allow us to consider 
the question of the composition of the primary 
cosmic radiation in the region of ultrahigh ener
gies. 

The distribution f(~/~) should be sensitive 
to the composition of the primary radiation, since 
nuclear particles with different A can correspond 
to different forms of the distribution f ( n/J. frii_t ) . 

Table V lists the results of the calculations of 
f ( ~ /~ ) , made under the limiting assumption that 
the fluctuations in the development of the shower 
are determined by the fluctuations in the height of 
its generation. It was assumed here that Ilt-t 
= l).L ( E I A )a A. The values of a and l)L were de
termined from the known experimental data on the 
muon component of the shower, within the frame
work of the model under consideration: according 
to the experimental data n/J."' ~(a= 0.75 - 0.85 ), 

Table V 

( "P ) 
1 r~<npjfi 1.), % ! P c= (npjnp.). % I j p(nl,fn~), ~ 

!:.~ Experiment y ~ 2, A~ 170, I y ~ 2.5, A= 220, fvH ("p./;;p.L % ll ~ 1.1, a~ 0,9, {l - 1.3, a- 0,7, 
["] '·p = 96 ),p =61. 

0-1/a 6 13 I 0 0 
1/a-2/a 20 27 9,5 0 
%-1 :34 17 30,5 50 
1-1.5 26 18 . .1 60 50 

1.5-3 14 24 0 0 
3 0 0 0 0 
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kNe = E (k = 5 X 109 - 1010). The remaining spec
ific assumptions were the same as in the calcula
tion of the particle-number spectrum of the 
showers. 

Under these assumptions, the partial distribution 
f (np./np.) corresponding to a given A has the form 

A -BA/). 

f ( ) d = cons! _ (!!_) ' -xj!. A-b/!. A-(1-a)[(~A+bJJI,-Y] 
nl'- nl'- cr (N 1 k) 1.. k e 

Calculation shows the following: 1) it is possible 
to obtain agreement with experiment for large N 
by suitable modification of the parameters A, {3, 
and ({3A +b) within definite limits, and 2) the 
primary radiation does not consist entirely of 
nuclei of the H (heavy) and VH (very heavy) 
groups. 
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