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It is shown that in a plasma in which there is a temperature gradient, magnetic fields arise
during hydrodynamic motions and are capable of producing resonant acceleration of electrons
and ions. In such a plasma special kinds of thermomagnetic waves can exist, the Alfvén wave
is split up into two waves with different frequencies, and the spectrum of magneto-acoustic

waves is modified.

IN order to explain the production of cosmic-rays
and cosmic radio waves, it has been suggested (see
013 for example) that magnetic fields exist in both
stellar and interstellar plasmas. Fermi’s statisti-
cal mechanism for the acceleration of charged par-
ticles and bremsstrahlung at radio frequency by
relativistic electrons are both based on the exist-
ence of such fields. However, the mechanism where
by sufficiently strong magnetic fields can be pro-
duced has remained vague. In this paper it is shown
that hydrodynamic motion in a non-equilibrium
plasma, in which there is a temperature gradient
VT, results in the production of magnetic fields.
In such circumstances it is possible for fields for
which the Larmor frequency of the ions is compar-
able to the oscillation frequency to occur in shock
waves. In this the conditions for parametric ampli-
fication and, possibly, for resonant acceleration of
ions are realized. This amplification could provide
an injection mechanism for Fermi acceleration.

Parametric resonance can occur for electrons
in quite weak acoustic waves. In a hot plasma with
high radiation pressure, and also in some other
cases mentioned in the paper, much stronger mag-
netic fields can arise in a turbulent non-equilibrium
plasma. In the work it is found that a plasma with
a temperature gradient VT has oscillatory charac-
teristics noticeably different from a normal plasma.
Even in the absence of an external magnetic field
and hydrodynamic motion in the plasma, transverse
‘‘thermomagnetic’’ waves are possible, in which
oscillations of the magnetic field alone take place.
If there is a constant external magnetic field, H,
then the wave vector of the thermomagnetic wave
must be perpendicular to it and lie in the H, VT
plane.

Furthermore, the usual Alfvén wave is split up
into ‘‘hydrothermomagnetic’’ waves in which the

vectors v and H are perpendicular to VT. Finally,
the spectrum of magnetic sound waves can be modi-
fied noticeably in the case where the speed of propa-
gation of the thermomagnetic waves is comparable
to the velocity of sound and velocity of the Alfvén
wave. If a uniform longitudinal magnetic field is
applied to a plasma with a temperature gradient in
it, then the field is gradually lined-up along the di-
rection of the temperature gradient by the effects

of the thermomagnetic fields.

1. MAGNETIC FIELD ARISING FROM HYDRO-
DYNAMIC MOTION

We consider a plasma in which there is a tem-
perature gradient VT, which is independent of time
and position. We will also assume in the subsequent
discussion that the important lengths are much
smaller than L =T/ |VT]|, so that the temperature
variation is small over these distances. In the pres-
ence of a temperature gradient, the plasma can be
in a steady state if the pressure p is constant, i.e.,
Vp/p = —VT/T where p is the density of the plasma.
Suppose there is a weak magnetic field H in such a
plasma, and that the Larmor frequency of the elec-
trons Q, is small compared with their collision
frequency 1/7. In the presence of an electric field
E, of electron-concentration and temperature gradi-
ents of Vn and VT, and of hydrodynamic motion of
velocity v(r, t), the electrical current density has
the form *

J = oE* + o' [E*H] — aVT — o [VT, HI;

[vH] T Vn
c e n

E* = E + (e > 0).

*[vH] = v x H.
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Hence,
E- - WML \"|Vv7, H] 4 = rotH
_ G ﬁallotn H] - .T_ V“ + AVT. (1)*
Here
A = a/o, = (¢'c —ac’) / o®.

Substituting (1) in the equation 8H/8t = — ¢ curl E
we obtain the equation

oH

o rotH> ]

=rot{{<v—Lc\ vT —

oot H 4 Y2 LAVT} @)
Neglecting the quadratic terms in H in (2), we
can rewrite it in the form

oH

5 — VmVZH — rot [(v—ur 4+-ug) Hl = —crot E’.

The following symbols are introduced here

crot E' = %K[V]nT, v %],

=[2 (T—l)eA—Tep%Ap—JrQ—'r],

A is a dimensionless parameter of order unity in
the usual case and of order N/n for large radiation
pressure [2]; Vm is the magnetic viscosity,

(%)] o, VinT.

We consider the case of longitudinal waves and
assume that E’ and v are functions of ¢ =k-x
— wt =k-(x —ut) where u is the velacity of propa-
gation of the wave, which in the case of elastic waves
corresponds to the velocity of sound s. The vector
v is parallel to the x axis, and VT has an arbitrary
direction. The H = H(¢, t), where we assume that
at the starting time t=0 and H( ¢, 0) = 0.

c? 0
Ug = R[GTGT

Then,
3];_ Vink? ";j k%(u—ur—u+us)ﬂi
= —crot, E’,
a—glf— —mGz—a%';‘——k%w—ur —v)H—/eusiaZL=o;

H,| is the component of H perpendicular to the
wave vector k. We resolve H) into two terms,
H| =Hjo(¢) + H] (£, t), where

O*H | ]
vmkz—a—é—— Sl - ur —u— ug) H o) = ck 25 ag , 3
oH’ H 9 ,
W'i"——mG2~5§2—i—kbzl(0+ur~u)HL]=0. (4)

*rot = curl.
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We integrate (3) with respect to ¢ and set the
arbitrary constant equal to zero, which is equivalent

to choosing the orgin of coordinates. Then,
— +
o — o [ e ]
R C u—up f-u 4
X QE'(g') exp [3 Tvmk s d&"]d&’- (5)

<

Setting H'} (£, t) = exp (pt) X (¢), we have,

k2 X" + (ko — or) X' — k2%

EX—pX(@®=0.

Introducing the new function
X, = Xexp{ )v o S(a +ur _u)dg}

we obtain for it the following equation

(4 up —u)?

2v,

- 1 du
X~ i [.u+ L ]xl —0. ®
If v(¢) is a periodic function, then (6) is a
Mathieu-Hill equation. For v < |u — ur |, which is
valid in practice when the velocity of the oscillations
is much lower than the velocity of sound one can

set X (&) ~ elké where,
= —i% (0 —0r) — v,k (7)
In this case, the solution of (4) has the form
H (&6 = SC () exp [ixE 4 pt] dx.
When t =0

H' (€ 0) ={C (9 edt = — Hoo (2.

From this it follows that C (k) is a Fourier com-
ponent of — H, (¢).
Using (7) we find,

HE )= Ho () —5; | ax | d8'He )

X exp {ix [E — & 4 (0 —or) t — vik™*]} = Hoo (8)
— ()™ Hodg? [—— Gofro—ord ] .

As far as the component Hy is concerned, it
proves to be proportional to (VT)? and is therefore
generally less than H;.

In order to estimate the intensities of the mag-
netic fields occurring in a turbulent plasma, we can
consider either (5) or else (3) directly. In the most
important case of low magnetic viscosity vk
<|u —ug +ug-v| we neglect the terms contain-
ing it in (3). We then obtain
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¢cTA[VInT, k]l kvocos £+ v,VInTsin g (8)
ke w(u—uT—-vocosE,—}—us)'

Hy =

In the case v ({) < u — ur *+ ug we can expand
the numerator of (8) into a power series in terms
of v(£). If v(¢) is a periodic function, then aver-
aging with respect to its phases, we obtain

~ VvV, T 2
1 z [
Hi=5R =<,
where V2 is the average value of the function v2(¢).
For u — up + ug ® s we obtain an estimate of the
Larmor frequency for ions

Q; = (s/L) (vy/s)?. 9)

Although our estimates relate to the case vy < s
and A < L, they are valid in order of magnitude up
to values vy~ s and A & L. Under such conditions
i~ s/A ~ w, and for a plasma with a large radia-
tion pressure ; ~ Nw/n. The indicated limiting
values are reached in shock waves. The electron
Larmor and oscillation frequencies can even be
equal in normal sound waves.

It is possible for much stronger magnetic fields
to be produced. For |vpax! > | u —up+ugl,
which is possible if lu - ut + ug | <'s, the average
value of (8) can be larger than (9). For parametric
resonance (v = mG), it is possible according to
(6) for a strong magnetic field to be formed. In
addition to this effect, the magnetic fields excited
by these processes can be amplified further by
‘‘entanglement’’ of the magnetic field lines or by
the dynamo effect.

We now estimate the contribution to the damping
of the turbulence that arises from the conversion
of part of the energy of turbulence into magnetic
energy. In the case 2§ & w the ratio of magnetic
to kinetic energy is
W

H? 1M(£
R

8npv? ~ 2 m \s

)2 (2)9;)2< 1 for o << mp,_.-cs-

and in the case where Q¢ = w
s/ 2M
0)<0)p‘ _EV o

For Q¢ and §; close to the frequency of oscil-
lation, either electrons or ions can be accelerated
as a result of parametric resonance 03], This can
contribute to the production of relativistic electrons
and ions in cosmic sources of radio emission, or at
least provide an injection mechanism for Fermi
acceleration.

The equation of motion of particles in a uniform
alternating magnetic field with Larmor frequency
Q (t) is, with allowance for the induced electric
field and damping,

+ i [Q () — iv/2] z - 2iQ (f)z = 0.

24

Here z = x + iy are the coordinates of the particle
in a plane perpendicular to the magnetic field and
v is the damping frequency, which for estimating
purposes can be considered to be independent of
the particle energy.

Let

Q(f) = Q) + Qcoswf = Q, [l Lhcos Q, (1 4 A) ¢,
A<Z 1.

We consider two limiting cases.
1) First the case

h< 1,

'V/_QO Q{ 1.

By the usual procedure (see [4]) we obtain

S

— p—Vij2 (__ j_
2 e exp s D)

Q (') dt') (Cyevtlcos (1 4 A) ¢

/

ov_—

o sin Q (1 + A) £] 4 Coest [eos Q, (1 + A) ¢
— v sin Q, (1 4+ A) ¢]}.

Here
w=1VE 4R V),

After averaging over initial conditions for the
coordinates and velocities and over the oscillation
period we obtain the following expression for the
energy when (g —p)t > 1

v = [A —H2 + ivi/p.

£ =~ —;— m|zP =~ et [g,, 4 mriQ¥4]. (10)

In this equation we used the estimate y =~ 1 while
r, and €, are the length over which the magnetic
field is uniform and the initial energy, respectively.

Our system can release fast particles as a re-
sult of collision between accelerated particles (for
which the resonance condition is satisfied) and
unaccelerated particles.

2) In the second limiting case the magnetic field
has no constant component so that (t) = Q, cos wt.
In this case it will be assumed that v < u. Itis
then evident from dimensional considerations that
particle acceleration must occur when w ~ 2y and
that in these circumstances the order of magnitude
of the dimensionless increment of oscillations is
w =1 (see [5]). The energy € in this case also
increases with time as exp (pwt).

Examination of these two cases shows that in
the frequency range corresponding to ion accelera-
tion the electrons are not accelerated, and vice-
versa. The relationship between the frequencies
of turbulent pulsation and the Larmor frequencies
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in interstellar matter, stellar atmospheres, and
the earth’s ionosphere are much more suitable for
the acceleration of ions than of electrons. The
acceleration of heavy ions is more probable than
acceleration of light ions, and may result in their
preferential injection for the formation of cosmic
rays.

We now consider the effects of friction experi-
enced by the accelerated particles. We have seen
in the presence of friction acceleration takes place
only when p > p. In the first case, when u = h,
this means that, to an order of magnitude accuracy,
we should have

Q, = eH/mc >, (11)

and in the second case

Qy > 10v. (12)

In such conditions the possibility of upsetting the
prevailing state is reduced. If the constant mag-
netic field in the first case and the amplitude of
the magnetic field in the second case are so small
that the inequalities above are not satisfied, no
particle accelerations can occur with these relax-
ation times. However, the relaxation time of charged
particles in a plasma, is proportional to the cube
of their velocities, and therefore for particles with
initial transverse energies €; > T these inequali-
ties can be satisfied. In such circumstances an
activation barrier exists for resonant acceleration
of particles and only a small fraction of them are
actually accelerated. It is only for this condition
that the calculation given above for resonant ac-
celeration is valid, for otherwise the magnetic field
of the accelerated particles themselves must be
taken into account. It is possible that phenomena
produced when the inequalities (11) and (12) are
satisfied for particles of mean thermal energies,
i.e., acceleration of all particles (general heating
of plasma according to [3]) without activation, are
similar to flares on the sun.

Particle acceleration occurs in regions where
the magnetic field is uniform. It can repeat many
times and has the characteristics of diffusion in
energy space, which leads to a significant accelera-
tion of the particles.

3. HYDROTHERMOMAGNETIC WAVES

In this section we study the variation of the
spectrum of magnetohydrodynamic oscillations of
a plasma in which there is a temperature gradient
such as considered above. We place our plasma in
a constant and uniform magnetic field such that

Qv <1, H < 4mneLs/c. (13)
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We add to (2) the equations of hydrodynamics

pdv/0t = — Vp 4 [rot H, HV/4=,

30/t + pdivy 4 (V9)p = 0. (14)

Weset T=Ty+ T',p =pg+p’, H=Hy + H
( subsequently, the suffix zero will be omitted),
p ~pY and we assume that the primed quantities
as well as v are proportional to el(k'r—wt). we
then obtain the dispersion equation

(@ — oor — 0%) {0* — ®or — %2 (8 4 v))

+ o [s’or + kv, k [lllVA])] —|-(D§(D?q} = 0. (15)

The symbols have the following significance:
wg is the frequency of sound, v4 and wp are the
velocity and frequency of the Alfvén waves, and

u = Z;A VinT.
(1]

In deriving (15) we disregarded dissipative terms.
Their magnitudes will be estimated below. Further-
more we have neglected terms containing the small
parameter Q.7 in those cases when they enter
along with similar expressions not containing
QeT, and we have rejected from the left half of (15)
a term which is smaller than the remaining one by
a factor

[T e ()] T (5
=~ s—[ % Q‘t]z.
u uA

This factor is less than unity for the conditions
specified in (13).

Let us consider particular cases for the solu-
tion of the dispersion equation.

1. Thermomagnetic waves (v = 0). This case
occurs when k1 H and lies in the H, VT plane.
Under these circumstances H’ 1 k, H’ 1 H, and
w=wp= k-up. In particular, transverse thermo-
magnetic waves H' 1 k are possible even in the
absence of an external magnetic field.

2. The case, kL H. When up < s VQr the
spectrum consists of two branches: a pure thermo-
magnetic branch, w = wT> and an acoustic one.

3. In the case k1 VT, one obtains the normal
magnetohydrodynamic spectrum Cel,

4. If the conditions, 1, 2, and 3 are not fulfilled,
then the hydrothermomagnetic spectrum divides
into two branches, one of which resembles Alfvén
waves, and the other magnetic-sound waves. The
differences from the normal spectrum are only
important in the case where one of the frequencies
(wy, wy, w3) is comparable to (wp, wg) or exceeds
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them. The factor which corresponds to Alfvén waves plasma frequency). The term B is small com-

when VT = 0 yields, in our case, two ‘‘quasi-Al-
fvén’’ waves of identical structure (k-v =0, H Il v)
with the additional limitation that the vectors v

and H' must now be perpendicular to VT as well.
In these circumstances,

o (k) = L[)/ 0% + o} +or].

The second factor in (15) determines when
wT = 0 the frequencies of the magnetic sound waves
6], In our case no general solution of the corre-
sponding equation is possible and it is necessary to
consider various limiting cases. If

[OF) <ms<ﬁ)r or or <ws’

then there is a single almost doubly degenerate
solution w =+ wg and the roots are w ~ wr,

w R wﬁ/ wp. The inequality wr 2 wg stipulated
above is equivalent to the relationship (7 /L)

x vM/m 2 1, and for large radiation pressure

2
04 < o7/0;,

o L Ny/ M
o, L n m

=1

(! is the mean free path of the electrons and N
the number of photons in a unit volume).

5. Special attention should also be paid to the
case of a very hot, rarefied plasma in which radia-
tion pressure of the gas and the interaction of elec-
trons with photons is much stronger than Coulomb
scattering. In [2] jt is shown that if the Compton
scattering predominates over bremsstrahlung and
its corresponding inverse process for electron-ion
collisions, then the velocity u; in (15) is increased
roughly by a factor N/n. If N/n is so large that
the velocities s and up are much smaller than
(uju? )3 then the magnetic-sound branch has a
single near-zero frequency and another root,

w ~ k (uu?s )Y, which is threefold degenerate.

We now estimate the dissipative terms. In Eq.
(14) it has the form (k/w) sz(vVlnT ). Comparing
this to iwv we obtain a condition for dissipation to
be small, as kL > (s/L)2.

In Eq. (2) the dissipative term is in our approxi-
mation:

, (Y — 1) k2 (kh) (HH') cT N’ N’
e iy ol e [(Y — DT+ 9755]

Comparing A with wrH’, we obtain the condition
for it to be small, namely I > ¢/wp (wp is the

pared with A in all cases except when

fo — o /lo; < 1.

When wp < wg for the magnetic sound branch this
ratio is of the order of (up/S)? if k-h = 0. For

this case
ifs—/(ﬂi(ﬂt‘lz
AT \m ¢ p) ’

i.e., it is independent of the magnetic field and in
a sufficiently rarefied and hot plasma can exceed
unity. We note that for these conditions the term
B as well as the dissipative term in (14) can lead
to the growth of oscillations over a length L.

In conclusion we consider the limiting case when
the magnetic field changes slightly over the length
L, in contrast to the problem considered up to this
point. This condition is realized in practice only
on an astrophysical scale. We limit ourselves to
the case v = 0. Then (2) becomes

dH

oA’ dA’

Solution of this equation leads to the conclusion
that the component of H parallel to VT does not
vary with time, but the perpendicular component
is damped by a factor e t/Y where

— oA’ !
5 =5 (VT =15
(v is the mean electron velocity ).
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