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The energy spectrum of J1. mesons in the 1011-3 x 1012 eV range is derived from the spec­
trum of large bursts produced by high energy J1. mesons under a lead filter at a depth of 
40 m water equivalent. The results for energies Ep. > 1012 e V do not seem to be consistent 
with the usual production of J1. mesons via 7T± or K decay. 

INTRODUCTION 

A study of the energy spectrum and angular dis­
tribution of high-energy muons [1- 3] is of particular 
interest in connection with the question of the mech­
anism by which they are generated. 

As long ago as 1952 Barret et al [4] obtained the 
following expression for the intensity of a flux of 
muons with energy =:: E (we are considering muons 
whose decay probability in the atmosphere is low), 
directed at an angle J. to the vertical and resulting 
from 1r-p. decay: 
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where y is the exponent of the integral energy 
spectrum of the generated pion 1>, A.7r the range 
relative to the pion interaction, A.p the range rela­
tive to the absorption of the nucleon component, H0 

the isothermal atmosphere constant, r 0 the pion 
lifetime, and r = Ep./E1r the average fraction of 
the pion energy transferred to the muon in the 
decay. 

An analogous expression for the muon intensity 
can be obtained by assuming that they are gener­
ated by K-p. decay. For the same number of K 
and 7T mesons of given energy, the number of the 
muons of the given energy resulting from the K-p. 
decay will exceed by a factor of 5 the number of 
muons of the same energy resulting from 1r-p. 

1lit is assumed that: 1) the pions are produced by inter­
action between the air nuclei and nucleons whose absorption 
follows an exponential law; 2) pion regeneration does not 
play an appreciable role. Assumption 2) has been by now con­
firmed by direct measurements, both at stratospheric altitudes 
and at mountain altitudes[s] in the energy range 1011-1013 eV. 

decay [s,s]. In addition, in the case of K-p. decay 
the constant is BK = 7B1f. As can be seen from 
the expression for E0, the value of Eo depends 
little on A.7r or A.K. 

Thus, in order to ascertain the origin of the 
high-energy muons and, in particular, the possi­
bility of attributing their presence to 1r-p. and 
K-p. decay, experimental data must be obtained 
both on the energy distribution of the muons and 
on the energy spectrum of the pions and kaons 
generated in the atmosphere. 

At the present time there are numerous and 
sufficiently convincing experimental data con­
cerning the muon spectrum in the high-energy 
region up to ~ 1012 eV, obtained also by direct 
methods (magnetic spectrometer [1•3J). However, 
in the energy region .<: 1012 eV there are so far 
only the poorly agreeing experimental data of 
Barton [3] and Bollinger [7] 2>. It is therefore of 
appreciable interest to supplement the measure­
ments of the energy spectrum at .<: 1012 eV. 

Barton [3] and Barret et al [4] determined the 
intensity of the muons under different layers of 
ground in order to obtain the muon energy spec­
trum. As is well known, the conversion of the 
muon-flux absorption curve at large depths ( sev­
eral thousand m.w.e.) into the muon energy spec­
trum is fraught with a considerable uncertainty, 
connected with the great sensitivity of the muon 
energy for a specified absorption range x to the 
energy losses caused by "nuclear" muon inter­
actions 3>. The relative role of the latter among 

2lThe question of experimental data on the energy spectrum 
of pions and kaons will be considered in the discussion of the 
results below. 

3lWe refer here to the nuclear photoeffect produced by vir­
tual photons of the muon electromagnetic field. 
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the other processes (electron-positron pair pro­
duction, bremsstrahlung) is still not accurately 
known at present. However, for values of Z and 
A corresponding to the ordinary ground ( Z ,..., 10, 
A ,..., 20), the role of "nuclear" muon interactions 
is at any rate comparable with the role of electro­
magnetic interactions. 

PROCEDURE AND RESULTS 

It is possible, however, to employ a different 
method, which has much greater transmission and 
at the same time is practically rid of the uncer­
tainty due to the "nuclear" muon interactions. 
This method consists of investigating the large 
ionization bursts produced by muon interaction in 
a high-Z absorber that screens the ionization 
chambers. 

The array used by us was located in an under­
ground room at 40 m.w.e. It is shown in Fig. 1. 
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FIG. 1. Section through the array: 1- ionization chambers, 
2- counters. The counter location is not to scale. The actual 
distance between the row of counters and the chambers is 75 
em. 

Two groups of ionization chambers were screened 
on top with a layer of lead 16 em thick. The elec­
tronic component of the pulses from the ionization 
chambers was registered with the aid of a pulse­
height analyzer with accuracy not less than 10 per 
cent, over a wide pulse-height range corresponding 
to bursts from 30 to 100,000 relativistic particles. 
The high argon pressure inside the chambers en­
abled us to calibrate the chambers against single 
relativistic particles (see Fig. 2 ). 

In view of the drooping character of the muon 
energy spectrum the main contribution to the ion­
ization bursts are made by those interactions, 
which cause the muon to lose an energy compar­
able with its own energy [S]. These interactions 
include bremsstrahlung and the "nuclear" inter­
action. On the other hand, owing to the use of a 
filter with large Z ( ~ 80), it can be stated that 
the bursts observed in the ionization chambers 
are produced in the overwhelming majority of 
cases by electromagnetic muon interaction, while 

FIG. 2. Distribution of pulses 
from ionization chamber (Vin) on 
passage of single muons, m- num­
ber of events with given ampli­
tude. 

mf~x) 
I 

ISO 

IUD 

50 

the "nuclear" interactions play an insignificant 
role. In fact, for a filter thickness expressed in 
g/cm2, the probability of radiative deceleration 
with energy loss E increases as '""z2, whereas 
the probability of the "nuclear" interactions with 
the same loss E increases in proportion to A. 4> 

As a net result, whereas these probabilities are 
of the same order of magnitude for the ground, 
the former is eight times larger than the latter 
for lead. 

In addition, an important role is played in the 
production of ionization bursts by the character 
of the development of the particle cascade in the 
filter (shape of the cascade curve). For a given 
muon energy released in a pure electron-photon 
cascade, the number of particles at the maximum 
will on the average be 2-3 times larger than in 
the case of a cascade produced by pions in "nu­
cleon" interaction of the muons [9]. Therefore, 
in order for a burst to be produced by a "nuclear" 
interaction, the minimwn required muon energy 
should be relatively large, which in view of the 
drooping character of the energy spectrum of the 
muons leads to an appreciable decrease in the 
role of the "nuclear" interactions. 

After 1200 hours of operation with a total ion­
ization-chamber area of 1.75 m 2, the spectrum of 
ionization bursts shown in Fig. 3 was obtained. 
The spectrum can be approximated over the en­
tire observable region of the bursts (n:::: 200 
relativistic particles ) by a single power law with 
exponent y = -1.9 ± 0.2. The size of the burst is 
expressed in terms of the number of relativistic 
particles n passing through the central chord of 

4lWe note that the expressions for the differential brems­
strahlung cross section with energy E and for the differential 
cross section of "nuclear" interaction with energy loss E 
have practically the same form when expressed as functions 
of E. 
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FIG. 3 . .Spectrum of 
bursts from muons at 
depth 40 m.w.e., f-num­
ber of bursts. 

the chamber. From the experimental spectrum 
of the bursts we can obtain the spectrum of the 
muons incident on the array, assuming that 1) the 
overwhelming majority of the bursts is produced 
by muon bremsstrahlung and 2) the muon trajec­
tories are directed vertically 5>. The spectrum of 
the bursts and the spectrum of the muons are in 
this case related by the equation [8]: 

where W rad ( Ew E) dE is the effective bremsstrahl­
ung cross section per cascade unit for a gamma 
quantum with energy E; Emin(n) is the minimum 
gamma-quantum energy necessary to produce a 
shower of n particles in lead {for lead we have 
with good accuracy Emin = 108 n); cp ( EJ.L) dEJ.L is 
the energy spectrum of the muons; l { ~ a, E) is 
the extent, expressed in t units, of that part of 
the electron-photon shower due to a gamma quan­
tum with energy E, where the number of electrons 
~ n. In the energy interval from "' 1010 to "' 1012 e V, 
the function l can be approximated by the formula 
l = 8. 7 In { E/108 n) {we have used here Ott's curves 
from the review by Heisenberg[10J). In the region 
E > 1012 eV, we used the same formula. Equation 
{3) enables us in principle to express the muon 
spectrum in terms of the experimentally obtained 
burst spectrum. However, in the general case a 
solution of this integral equation is difficult. 

If we assume that the energy spectrum of the 
muons in the region of importance to the integra­
tion has the form 

5lThe corrections connected with an account of the angular 
distribution of the muons and the possible change in the ex­
ponent y will be considered below. 

then it follows from relation {3) that 

{4) 

Consequently, the spectrum of the bursts will have 
an exponent coinciding with the exponent of the 
muon spectrum, and will differ only in a known 
constant. The muon spectrum obtained from rela­
tion {4) is shown in Fig. 4. 

However, relation {4) holds true for average 
quantities, and generally speaking it cannot be 
stated beforehand at what statistics the true num­
ber of muons entering the array can deviate ap­
preciably from their average value expected from 
{4). We therefore employed the Monte Carlo method 
to obtain the energy spectrum of the muons. Three 
sets of plays were made 6>. The results are shown 
in Fig. 5. 

Let us consider now the question of the method-

FIG. 4. Energy spectrum 
of muons producing bursts in 
the range from n to 2n (for 
y = 2). 
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FIG. 5. Muon spectrum calculated by different methods: 
1- from relation (4), 2- by the Monte Carlo method, 3- with 
account of the corrections, 4- uncertainty due to the inac­
curacy in the exponent y. 

6lWe used in the plays the function f,(Ep/n to 2n), which 
represents the spectrum of the muons producing bursts with 
magnitude between n and 2n (see Fig. 4). 
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ological corrections to these results. On going 
from the burst spectrum to the muon energy spec­
trum two assumptions were made: 1) the muon 
flux is incident vertically; 2) the energy spectrum 
of the muons has a power-law form with constant 
exponent y in the energy interval under considera­
tion. In fact, as can be seen for example from (1), 
we should expect in our energy interval a broad 
angular distribution of the muons and a noticeable 
increase of the energy -spectrum exponent with 
energy. 

It is obvious that formula (1) gives the maximum 
possible influence of both factors. We shall con­
sider this influence, assuming (1) to be correct. 

Thus, in the general case the trajectory of the 
muons makes an angle .9- with the vertical. At 
large values of J and with a sufficiently well di­
rected angular distribution of the shower particles 
under the lead we can expect a noticeable increase 
in the length of shower-particle pa:th. In the limit­
ing case, when the muon passes through the side 
surfaces covered with the lead, we obtain an in­
crease in this path by a factor 4 (see Fig. 1 ). 
However, only two of the eight side surfaces were 
covered with lead (for structural reasons), as 
can be seen from Fig. 1. If we assume an angu­
lar distribution in accordance with (1), then in 
the limiting case of a directional angular distri­
bution of shower particles in the lead, neglecting 
the absorption of the shower particles in the walls 
of the ionization chamber, we obtain for E » E0 

an average increase in the summary path h of the 
shower particles by ~factor of not more than 2.2. 
The average energy EJ.L, obtained from the distri­
bution f1(EJ.L/n), and corresponding to the given 
value of n, should be decreased in the limiting 
case by the same factor. 

Table I lists the calculated values of cos J 
with account of the angular distribution (1) and the 
geometry of the array for different values of Ew 
As can be seen, the change in the average path 
does not exceed 10 per cent in the range of values 
of EJ.L of importance to the given experiment. Be­
cause of this change, the previously obtained value 
of the exponent y must be increased by 0.05. 

Table I. Change in the average 
path h0 I cos J of the muons 
through the chambers with 
increasing energy EJ.L = kn 

HJ-" Ep.• cV I 10 I 100 

cos{} 0.491 0.491 0.481 0.45 

Further, in accordance to (1), the exponent of 
the energy spectrum of the muons changes, gen­
erally speaking, in the energy range under con­
sideration. Therefore the_distribution f1(EJ.L/n) 
and the relation b~tween EJ.L and the size of the 
burst n (that is, EJ.L = kn) will depend on the en­
ergy region considered. In Table II we examine 
the case when the energy spectrum of the muons 
is given by formula (1) with 'Y1r = 1.5. This spec­
trum represents relatively well the experimental 
results of Ashton et al [1] and Holmes et al [2]. It 
is seen from the table that in the energy interval 
under consideration the relation between EJ.L and 
the size of the bursts changes little, so that at 
large EJ.L the ratio EJ.L/n decreases by only 5 per 
cent. This means that the previously obtained 
value of y should increase as a result of this 
effect by 0. 05. 

Table II. Change in the coeffi­
cient k which determines the 
average energy, EJ.L = k( E )n, 

of the muons that produce 
bursts of size n, with in­

creasing muon energy 

_E I 021 E,jcos $. · 

Further, an appreciable uncertainty arises 
also because the exponent of the bursts spectrum 
in the region of large n, or in other words, the 
exponent of the energy spectrum of the muons in 
the region EJ.L > 1012 eV, has not been sufficiently 
accurately determined: y = 1.8 ± 0.4. 

Finally, our spectrum obtained differs from the 
spectra obtained by others [1- 4] in that it is the 
global spectrum of the muons making different 
angles J with the vertical. Were the angular dis­
tribution of the muons not to change with increas­
ing energy, the global energy spectrum would be 
similar to the vertical spectrum. However, if the 
angular distribution has maximum anisotropy and 
changes with variation of the muon energy in ac­
cordance with (1), then the global energy spectrum 
of the muons incident on our array, taking into ac­
count the change in the effective registration area 
u = u0 cos .9-, has the form 
1t/2 

~I(> E, 'fr)cos-frsin'l'td& 
0 

(5) 
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The intensity ratios of the muons with E "' 1010 e V 
and E "' 1013 eV calculated in accordance with for­
mula (1) with J. = 0 and in accordance with formula 
(5) do not differ by more than 40 per cent. Thus, 
the spectra (1) and (5) are sufficiently close to 
each other (the difference in the exponent of the 
spectrum in the investigated region of muon en­
ergy does not exceed ..:ly ~ 0.1 for y r::::! 2 ). Fig­
ure 5 shows the influence of the foregoing factors 
on the muon energy EJ.' and indicates the uncer­
tainty in EJ.' due to the inaccuracy in the exponent 
y. 

We have thus, considered the maximum possible 
influence of all the methodological uncertainties. 
We note that a possible decrease in the factor for 
the conversion from n to EJ.' is offset to a consid­
erable degree by the lead-iron transition effect, 
which in our case amounts to 50 per cent. At the 
same time, it follows from the foregoing analysis 
that the exponent of the integral energy spectrum 
of the muons, with account for all the corrections, 
cannot exceed y = 2.1 ± 0.2 in the region 1011 eV 
< EJ.' < 3 x 1012 eV. 

Figure 6 shows the muon spectrum with allow­
ance for all the foregoing corrections. It also 
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FIG. 6. Energy spectrum of muons from various data: 1-
present work, 2- Ashton et al,['] 3- Bollinger,[7 ] 4- Bar­
ton,['] 5- curve calculated by RodgersJ11 ] 

shows the data of Ashton et al [t] and Holmes et 
al [2], obtained with the aid of a magnetic spec­
trometer, and also the data of Bollinger [7] and 
Barton [a]. We note that the data of Bollinger and 
Barton, obtained under identical assumptions con­
cerning the role of the "nuclear" muon interac­
tions, are represented by respectively equal sides 
of the horizontal segments, so that their discrep­
ancy is appreciable. The data of the present work 
do not contradict those of Bollinger. 

DISCUSSION 

We have already noted above that to solve the 
question of the origin of the high-energy muons 
it is necessary to have independent data on the 
energy spectrum of the 7!"± mesons in the entire 
interval of investigated muon energies, that is, 
from 109 to"' 1013 eV. These data were obtained 
already by Rossi at "'1 BeV (see [ttJ). Recently 
Duthie, Perkins, et al [G] obtained data on the spec­
trum of 1r0 mesons generated in the stratospheres 
in the energy range from 300 to 5000 BeV. All 
these data are listed in Table III. We can thus 
state that the exponent of the pion energy spectrum 
apparently increases noticeably with increasing 
energy. 

xponent E 
0 f integral 

energy 
spectrum 

of the 
pions, 'Y7T 

1.6 
2.0±0.5 
2.5±0.3 
2.8±0.3 

Table III 

Energy 
Height, interval, Literature 

BeV g/cm2 
reference 

1 Rossi[11] 

300-'-1500 8-25 Duthie et al[ 6 ] 

400-1500 100---'-200 The same 
1500-c--5000 100-'-200 " 

Rodgers [12 ] calculated the energy spectrum of 
the muons under the assumption that the spectrum 
of the generated 7r± mesons has a power-function 
law with slowly increasing exponent: 

r" = L6 + 0.07ln (E"j1010). 

The remaining assumptions are the same as in 
[ 4]. The change in the exponent 'Y1r with E7r cor­
responds fully to the data of Table III. 

As can be seen from Fig. 6, the spectrum cal­
culated by Rodgers, which is in good agreement 
with experiment for EJ.' ~ 100 BeV, greatly devi­
ates from the experimental data when EJ.' > 100 
BeV. 

Apparently it is possible to reconcile Rodgers' 
results [12] with experiment in the energy region 
EJ.' > 100 BeV only by assuming that additional 
sources of muon production (other than the 1r± 

mesons) exist. If Barton's data [3] are correct, 
then it is sufficient to assume a contribution from 
the K-J.t decay, which is quantitatively fully com­
patible with the experimental estimates ( ~ 20 per­
cent) [5] of the share of the kaons generated in 
nuclear interactions at the energies considered. 
On the other hand, Bollinger's [7] and our own 
data can hardly be explained without making new 
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assumptions that the muons are generated more 
rapidly than in the K-J.L decay. 

We note, however, that Barton's data [3] can be 
reconciled with our present data if we assume that 
the role of the "nuclear" interactions of the 
muons in ground is 1. 7 times larger than was 
assumed in Barton's paper. 
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