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It is shown that the determination of n parameters of the proton-proton scattering matrix 
can be reduced with account of unitarity to n + 1 measurements in sufficiently accurate ex­
periments on single, double, and triple scattering of protons. 

THE difficulties in the experimental determina­
tion of the parameters of the proton-proton scat­
tering matrix are due to the tremendous amount 
of labor required for the experiments on repeated 
scattering of particles, without which the scatter­
ing matrix cannot be determined. We therefore 
make an attempt in the present work to indicate a 
system of experiments, which would yield the scat­
tering parameters for a fixed energy (below the 
pion production threshold) with a minimum amount 
of labor consumed in the experiments. We thus 
arrive at the "necessary experiment," the con­
cept of which, as applied to other types of scatter­
ing, is formulated by the author in an earlier 
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paper [1]. 

The scattering matrix for elastic proton -proton 
interaction, ignoring Coulomb parameters, has the 
form (see [Z, 3]) 
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1lWe indicate here the connection between the coefficients 
of formula (1) and the coefficients in other methods of writing 
down the proton-proton scattering matrix: a = a+ (:3 = N, 
b=a-{:3=(1/2)(B+G-N), c=o+ s=(l/2)(G-B-N), 
d = o - 8 = H, e = 2y = 2C. Greek symbols were used, in par­
ticular, in [•], whereas capital Latin letters were used in [•]. 
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with E = - 1/2 i(e2io -1), E1:..0t = E1+ =Eo= Po= 0 
and z = cos ec.m.s. (for the remaining symbols see 
[3 J). 
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The quantities observed in the "complete ex­
periment" [3] are 
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where 0 :S z :S 1. It turns out, however, that when 
parametrization (2)-(6), which is based on the uni­
tarity condition, is employed there is no need for 
using all five quantities (7)-(11) over the entire 
scattering-angle interval from 0 to 7r/2. Indeed, 
for a finite-value determination of n parameters 
it is sufficient to have n properly chosen experi­
mental points. On the other hand, inasmuch as 
finite parametrization is unavoidable in the analy­
Sis of any finite experiment, it is clear that any 
parametrization of the quantities (7)-(11) not 
based on unitarity contains more parameters than 
a parametrization which is unitary; consequently, 
at a fixed volume of labor, these parameters will 
be determined with less accuracy than the phase 
shifts and mixing parameters. 

Let us assume that only states with total mo­
mentum not exceeding J = jmax participate in the 
scattering. We arrange the corresponding param-
t · th · ..,!o o1+ · ..,o o1-e ers 1n e sequence ... , uJ-1, j , EJ, uj, j , ... , 

where oj is the phase of the Singlet state, Ej is 
the mixing parameter, and the triplet states are 
taken in sequence l 0 = j0 = j - 1, j = z+ + 1, and 
j = z- -1. More accurately, we assume that the 
first n parameters in the series of groups of five 
with increasing j differ from zero (the last group 
of five may be incomplete). In other words, we 
assume that as the energy increases the scatter­
ing parameters are turned on in the indicated se­
quence. This ordering of the state parameters 
should be called natural, since it minimizes the 
number of terms in the power expansions of the 

quantities (7)- (11) (for fixed n). The remaining 
23 bilinear combinations of the parameters (2)-
(6), which enter into the determinations of all pos­
sible observed quantities (see [3J), also have for 
the same ordering of the parameters the smooth­
est variation in the number of terms. Consequently, 
the natural order of the parameters leads to the 
maximum concentration of information regarding 
the parameters in the coefficients for the expan­
sions of the observed quantities. 

Using the formulas Pj(Z) and Pj(z) and ex­
pressions (2)-(6) in decreasing powers of z, we 
readily note that the coefficients of zJ +1 EY, 
zJ+ 1E~-, and zJ- 1E~0_1 in a differ only in sign 
from the corresponding coefficients of zJ EY, 
zJE1- zJ- 2E10 and zJ- 4E10 in e/i.,l1-z2. J' J-1' J-1 
We notice also that when EJ = 0 the vanishing 
coefficients are those of zJ+1EY in a, those 
of zJ E~+ in e/i.J1- z2 , and those of zJ EY in d. 
The signs of the coefficients of the even powers 
in b and c are opposite, while those of the odd 
powers coincide. 

By virtue of these relations, many terms in the 
expansions of (7)-(11) in powers of c vanish iden­
tically with respect to the values of 6 and E, and 
the number of equations obtained by comparing the 
expansions of (7)-(11) in linearly independent poly­
nomials of z with the analogous experimentally­
obtained expansions of these quantities turn out to 
be different for different n (and for identical J or 
lmax ). This difference is not taken into account 
in the table given in [4J. The results of the analy­
sis are indicated in Tables I and II of the present 
work. 

Table II shows that to obtain an equation with 
n parameters neither the cross sections u, nor 
combinations of the cross sections u and the po­
larization Pn, nor likewise combinations of the 
cross section u and the correlation Cnn (for 
n :::: 7) are sufficient, all the more since the equa­
tions obtained from u and uCnn are in part linearly 
dependent. In addition, inasmuch as Knn ( z) 
= Dnn (- z ) , all the equations obtained from Knn 
coincide with the corresponding equations obtained 
from Dnn. A sufficient number of equations can 
be obtained by combining the cross sections u for 
0 :S z :S 1 and the depolarization Dnn for - 1 :S z 
:S 1 (three curves of five quantities of the "com­
plete experiment"). To be sure, such a combina­
tion gives more relations than parameters. This 
means only that there is no need for measuring 
the entire Dnn curve. It is sufficient to measure 
it respectively in % J - 2, % J - 1, % J - 1, 
% J, and % J + 1 points and reduce the data si­
multaneously with J, J, J + 1, J + 1, and J + 1 points 
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Table I. Degrees present in the expansions of the "complete experiment" curves 

•;, J-2 'f,J-1 '!, J '/,J+I •;, J + 2 

cr 0.2, ...• 21-4, 2J-2 0.2, ...• 2J-4, 2J-2 0.2, ...• 2J-2, 2J 0.2, ...• 2J -2, 2J 0.2, ...• 2J- 2, 2J 
rsPn/Z V 1- z• 0,2, ...• 2J -8, 2J-6 0.2, ...• 2J-6, 2J-4 0.2, ...• 2J-6, 2J-4 0,2, ...• 2J-6, 2J-4 0,2, ... , 2J-4, 2J-2 
CJDnn, aKnn 0.1, ...• 2J -4,2 .r -3 0.1, .... 2J-3, 2J-2 0.1, ... , 2J-2, 2J 0,1, ... , 2J-1, 2J 0.1, ...• 2J -1·, 2.T 

crCnn 0,2, ... , 2J-4,2 J-2 0,2, ...• 2J-4, 2J-2 0.2, ... , 2J-4, 2J-2 0.2, ... , 21-·2, 2J 0.2, ...• 2J-2, 2.T 
·~ -

Table II. Number of equations given by the experimental 
values of the "complete experiment" 

cr (z) 
cr(z) Pn (z)/zV 1-z2 

r:J (z) Dnn (z), } 
a (z) Dnn (-z) 

r:; (z) Cnn (z) 
Total number of 

equations 

•;, J- 2 

J 
1-2 

2J-2 

J 

5J-4 

•;, J -I 

J 
1-1 

2J-2 

J 

5J-2 

J+1 J+11+1 
1-1 J-1 J 

2J 2J+12J+i 

J+1 1+11+1 
5J + 1 51+2 5J+3 

Constraints a<2J- 2)= -(aCnn)(2J- 2> a<2J-2)+(aCnn)(2J-2) a<2J> -* 
= 2 (aDnn)(2J-2) = (aCnn)(2J) 

Linearly indepen- 5J- 5 5J - 3 5J 5J+2 5J+3 
dent equations 

*When] = 0 we have o(O) =- (oCnn)(O). 

for (]". As already noted in [1], it is possible to 
use in this case the methods described in [5] and 
find such an ordering of the measurement points 
and such a distribution of the observation times 
as to maximize the information on the measured 
quantities, which is proportional to the logarithm 
of the determinant of their error matrix. We re­
call that for a specified volume of work measure­
ments at n points give more information on n 
parameters than measurements at a larger number 
of points. 

Of course, the determination of n parameters 
from n measurements is not unique. The multi­
plicity of this solution can be determined by using 
the result of an investigation of systems of similar 
equations, given in the appendix of [1J, and recog­
nizing that all scattering phases and mixing param­
eters tend to zero as k- 0. Almost all the equa­
tions encountered in the analysis of proton-proton 
scattering have the same form as previously con­
sidered by us in [!], and a system of n such equa­
tions has consequently 2n solutions (including 
complex ones). 

However, in the third and fourth cases out of the 
five considered in the tables, equations are en­
countered with left halves containing a factor 
I E~+ I sin2 EJ, with a coefficient that does not vanish 

when k - 0. Such equations give a factor 4 in 
place of 2 in the multiplicity of the solution of the 
system (in the third case one such equation is 
contained in (]" and (J"Cnn and another in Dnn and 
Knn, while in the fourth case it is contained only 
in (J"Dnn and (J"Knn). When each such equation 
replaces the remaining ones in the system, the 
multiplicity of the solution doubles. This is ap­
parently why in the third and fourth case the 
total number of linearly independent equations, 
resulting from the curves of the "complete experi­
ment," exceeds the number 2n -1 by unity, where­
as in the remaining cases these numbers coincide. 
Introduction of any number of known scattering 
parameters, which have the property that they 
vanish as k - 0, does not change the multiplicity 
of the solution. The depth of the minima for dif­
ferent real solutions is the same, and for real 
combinations of the parameters close to the com­
plex solution it is less. 

At sufficiently high measurement accuracy the 
ambiguity of the analysis can be eliminated with­
out a detailed measurement of the remaining Pn 
and Cnn curves. It is sufficient only to calculate 
these curves for all variants of the analysis and 
to find measurement places either on Pn or on 
.Cnn, or on both curves (not more than one point 
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on each ) such as lift the ambiguity. We can use 
also the Dnn curve which is different for different 
solutions, and passes through the measured points. 
Such a method of eliminating the ambiguity of the 
analysis necessitates that the error corridors of 
the compared quantities not overlap at the points 
of additional measurements. If this condition can­
not be satisfied, it is necessary to make more 
measurements on the curves Pn, Cnn, and Dnn· 

The results of the work by Smorodinski1 and 
the author [6] show that in this way it is impossible 
to discard the two solutions which are obtained 
from each other by the helicity-inversion trans­
formation. To discriminate between these two 
solutions experiments using an electric or mag­
netic field between the scatterers are necessary. 
If the accuracy is sufficient, the same result is 
obtained by taking into account the Coulomb inter­
action in (2)-(6), for this disturbs the equivalence 
of the real solutions from among all the 2n or 2n+1 

solutions of the system of equations; this is con­
nected with the fact that when k -- 0 the Coulomb 
phases tend not to zero but to infinity. 

The proposed measurement sequence for the 
determination of the scattering matrix is particu­
larly effective in experiments aimed at determin­
ing the matrix elements with high accuracy and 
calling for a large amount of work. At the early 
preliminary stages of the research, trial meas­
urements of all the observable quantities in a 
large number of rough points may be more effec­
tive. 

By way of comparison let us point out that in 
scattering of particles with spin 0 and 1/ 2 the 
natural ordering of the parameters has the form 
... , o+, o- ... (l + 1,12 and j = l-% respectively). 

The coefficients of zJ +1 2EJ- in a and in 

b/i ~ ( M = a + ba • n) differ in sign. There­
fore, as was noted earlier C7J, when n = 2J + 1 the 
quantities a and aP/~ contain the highest 
powers z2J and z 2J-1 respectively, and the num-

ber of terms is 2J + 1 and 2J; when n = 2J these 
quantities include the higher powers z2J - 1 and 
z2J - 2 and lead to 2J and 2J -1 equations. In both 
cases a yields n equations and P yields n - 1 
equations, making a total of 2n -1. In the scatter­
ing of spinless particles the scattering cross sec­
tion yields 2n- 1 equations for n phases. 

Comparison of the number of equations given by 
the "complete experiment" for particles with spin 
0, 0 and 0, ~ and identical particles with spin %. ~. 
with the number of measurements necessary to de­
termine the scattering matrix with account of its 
unitarity, shows that unitarity not only reduces by 
one-half (as was noted in [3]) the number of func­
tions to be measured, but also imposes on the 
measured quantities certain compatibility condi­
tions, which will be considered in another article. 

The author uses the opportunity to express his 
gratitude to Prof. M. G. Meshcheryakov, Prof. Ya. 
A. Smorodinskil, and R. M. Ryndin for valuable 
discussions. 
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