
SOVIET PHYSICS JETP VOLUME 17, NUMBER 1 JULY, 1963 

MICROCOVARIANCE AND MICROCAUSALlTY IN QUANTUM THEORY 

Yu. M. SHIROKOV 

Institute of Nuclear Physics, Moscow State University 

Submitted to JETP editor July 10, 1962 

J. Exptl. Theoret. Phys. (U.S.S.R.) 44, 203-224 (January, 1962) 

The conditions of microcovariance in quantum theory, which reflect the fact that space-time 
is pseudoeuclidean at all points, are derived. The conditions of microcausality in relativistic 
quantum theory are also formulated. The derivations of all of these conditions are based only 
on the fundamental principles of quantum theory and the geometrical properties of space-time. 
In particular, there are no assumptions about the point character of particles or the validity 
of any postulates of quantum field theory. In relativistic quantum field theory a new class of 
physical quantities, called dynamic moments, is introduced. By means of the dynamic mo
ments the matrix elements of currents can be connected with the scattering matrix in an ex
act way, without bringing in postulates of quantum field theory. As applied to the general 
conditions of microcovariance and microcausality obtained in this paper, the use of dynamic 
moments makes it feasible to develop an experimental program for studying the limits of 
validity of existing ideas about the structure of space-time. It is shown that the existence of 
a Hamiltonian description follows from the existence of the scattering matrix and the pseudo
euclidean character of space-time. 

1. INTRODUCTION 

THE purpose of this paper is the general mathe
matical formulation of the conditions of microco
variance and microcausality in relativistic quan
tum theory. Here we mean by microcovariance the 
set of conditions that reflect the fact that space 
time is pseudoeuclidean at all points. The physical 
meaning of the requirement of microcovariance is 
discussed in Sec. 2. A mathematical formulation 
of this requirement is given in Sec. 3. The result 
of Sec. 4 is a derivation of the condition of micro
causality which does not depend on any postulates 
at all from quantum field theory. 

The conditions of microcovariance and micro
causality are conditions imposed on the operator 
of the energy-momentum tensor of the physical 
system (one of the conditions is the existence of 
this operator). These conditions cannot be used 
directly, since the components of the energy
momentum tensor, like any other local quantities, 
are not accessible to experimental observation in 
microscopic regions of space. To overcome this 
difficulty, which is discussed in Sec. 5, methods 
are developed in the later sections of the paper 
for obtaining physical quantities accessible to ex
perimental observation from the energy-momen-

tum tensor and from other local quantities. This 
set of methods also does not depend on the postu
lates of quantum field theory. 

In Sec. 6 the one-particle and two-particle 
matrix elements of the operators for the energy
momentum tensor and the electromagnetic current 
are parametrized-i.e., expressed in terms of in
variant form-factors. In Sec. 7 these matrix ele
ments are connected with the scattering matrix by 
means of a new class of physical quantities, called 
dynamic moments. In Sec. 8 some analytic prop
erties of the matrix elements of the energy-mo
mentum tensor are discussed. In Sec. 9 the con
nection between the energy-momentum tensor and 
the electromagnetic characteristics of a particle 
is established. In Sec. 10 it is shown that the ex
istence of a Hamiltonian description follows from 
the existence of the scattering matrix and the 
pseudoeuclidean character of space-time. 

A reader interested only in the use (and not in 
the derivation) of the conditions of microcovari
ance and microcausality can omit all of the devel
opments connected with the use of the generally 
covariant formalism, and by taking on faith the 
formulas listed at the end of Sec. 4 can begin 
reading with Sec. 5. 
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2. SPACE-TIME DESCRIPTION IN RELATIVIS
TIC QUANTUM THEORY 

One of the most important problems of modern 
high-energy physics is to settle the question of the 
limits of applicability of present ideas about the 
structure of space-time. There is a widespread 
opinion that there exists an "elementary length" 
within which there is a decided change in the form 
of the space-time structure. In order, however, 
to make possible the experimental investigation of 
this question it is necessary to formulate the con
ditions imposed on the quantum theory of space
time structure. 

Let us .see to what extent these conditions have 
been formulated in the existing theory. In principle 
it would seem that one could hope to get informa
tion about changes in space-time structure at small 
distances from studies 

a) of quantum electrodynamics at small dis-
tances; 

b) of dispersion relations; 
c) of the conditions of relativistic invariance. 
A breakdown of quantum electrodynamics at 

small distances would, however, indicate not that 
ideas about space and time had ceased to hold, but 
that the scheme of calculations in quantum electro
dynamics had failed, or else that some additional 
interaction had become important. 

In just the same way, violations of unproved dis
persion relations (for example, those of Mandel
starn ) would indicate only that there are limits to 
the applicability of these relations. Even the ex
perimental detection of a violation of proved dis
persion relations would, strictly speaking, not be 
associated with the structure of space, but would 
only indicate limitations on the usefulness of the 
assumption of the existence of asymptotic fields 
possessing local properties and at the same time 
capable of being expressed in a definite way in 
terms of operators for the creation and absorp
tion of particles (cf. e.g., [l-3J). This assumption 
is equivalent to the assertion that particles have 
(in a certain sense) a point nature. Therefore it 
can be expected that it can be applied uncondition
ally only in the study of problems in which effects 
associated with the structure of the particles are 
small. Thus the violation of proved dispersion re
lations would show the necessity of including struc
ture effects, rather than a change of the properties 
of space-time. 

Finally, the conditions of relativistic invari
ance, which are of the form ( cf. e.g., [4]) 

(Mil" Ml.o] = i (<'11'-oMI.v + <'\1'-).Mvo + <'lvoMI'-A + <'l).vMo11), 

(1) 

are already directly connected with the structure 
of space-time. Violations of these conditions would 
indicate without doubt changes in the structure of 
space-time. 

Let us, however, examine more closely in what 
kind of physical processes a violation of the rela
tions (1) would manifest itself. A violation of these 
relations would indicate lack of equivalence of dif
ferent inertial coordinate systems, i.e., violation 
of the symmetry of the laws of nature with respect 
to the inhomogeneous Lorentz group. Obviously the 
first manifestation of such a change of the geome
try would be that mass and spin would cease to be 
exact quantum numbers even for a single free par
ticle, and would change during free motion. To de
tect this kind of change of the geometry one natu
rally needs experiments not at extremely small 
distances, but on the contrary at extremely large 
distances. Thus we conclude that changes of the 
geometry associated with violation of the condi
tions (1) of relativistic invariance must be sought 
not in experiments with high-energy accelerators, 
but in astronomical observations. An example is 
the red shift. The assertion just made can also be 
explained by means of the uncertainty relation: to 
detect small deviations from the relations (1) it is 
necessary to measure extremely small changes 
of momentum, which of course can be done best 
at extremely large distances, and not at large 
energies. 

If, on the other hand, the space-time structure 
is decidedly altered at small distances (inside par
ticles), and remains pseudoeuclidean far from par
ticles, this does not change the relations (1), which 
can therefore be called conditions for the macro
covariance of quantum theory. We shall give the 
name of microcovariance conditions to the condi
tions for the pseudoeuclidean nature of space at 
all points, which we shall derive in what follows. 
It follows from what has been said that the rela
tions (1) provide no possibilities for determining 
a change of the geometry at small distances. 1> 

Summarizing, we can say that at present an ex
perimental test of the limits of applicability of ex
isting ideas about space-time cannot be made, since 
it is not known what the test should comprise. It is 
even not excluded that some unrecognized signs of 
a breakdown of geometry at small distances are 
already contained in existing experimental data. 
The question arises as to how to formulate the 

l)If it is found that in high-energy reactions there are vio
lations of the conservation laws while the masses and spins 
of free particles remain integrals of the motion, this will be 
evidence not of a change of the geometry, but of the breakdown 
of one or more principles of quantum theory. 
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conditions of microcovariance of quantum theory, 
which reflect the pseudoeuclidean nature of space
time in all arbitrarily small regions. 

It turns out that the key to the solution of the 
problem is the examination of the group of trans
formations to various curvilinear coordinate sys
tems: 

XI-'= Ji-' (x'). (2) 

The role of this group in relativistic quantum the
ory has already been discussed in [S], where in 
particular we obtained the commutation relations 
for the operators RJ.' ( x) which produce the trans
formation of the state vector w 

in an infinitesimal coordinate transformation of 
the type (2): 

These commutation relations are of the form 

(4) 

[Rp. (x), Rv (Y)l = i {Rv (x) ojox~-'- R~-' (y) ojoyv} 64 (x- y) 

(5) 

and are the conditions for general covariance of 
the quantum theory. They reflect the symmetry 
group of the general theory of relativity. 

It is on the basis of the conditions (5) (which 
are also discussed from a somewhat different 
point of view in [G]) that a quantum theory of 
gravitation must be constructed. In the present 
paper, however, the conditions (5) cannot be used 
directly, since we shall not be concerned with 
gravitational effects, which evidently play a negli
gibly small part in the structure of elementary 
particles, and we shall regard the metric tensor 
simply as a prescribed external field. Then the 
various curvilinear coordinate systems are al
ready not physically equivalent, although of course 
the corresponding transformations for the state 
vectors must exist as before. 

The necessity of considering transitions to dif
ferent curvilinear coordinate systems even in a 
theory with a fixed (for example, pseudoeuclidean) 
metric can be explained in various ways. Suppose, 
for example, we are considering the scattering of 
two particles. At minus infinity in time these par
ticles are spatially separated, so that each may be 
regarded as free, and the concept of momentum 
has a meaning for each particle. It is known that 
the momentum is defined as the operator for an in
finitesimal displacement. In the case considered, 
in order to define the momentum of one of the par
ticles one must make the displacement not in the 

whole space, but only in a half-space which con
tains the first particle and not the second. The 
result is necessarily to make the coordinate sys
tem a curvilinear one. It can be seen from this 
example that only the use of transitions to various 
curvilinear coordinate systems makes possible a 
space-time description of events, which is lacking 
in the pure S-matrix theory. 

There is a widespread opinion that a space-
time description is not necessary at all. We can-
not agree with this approach for two reasons. First, 
the restriction to the pure S-matrix aspect de
cidedly impoverishes the theory, since it discards 
all properties associated with the microstructure 
of space. One could with equal success, for ex
ample, declare that the conditions (1) for macro
covariance are tinnecesary, since even without them 
one can get a complete description of the experimen
tal facts, dealing with each inertial system by itself. 
The only difference is that the conditions (1) are 
well known, and the conditions of microcovariance 
are not. Second, there exists a broad class of ex
periments (essentially connected with space-time 
relations) for the description of which the S-matrix 
formalism is inadequate. 

As examples, we may mention collisions in the 
presence of an external field, and the experiment 
of Wu, Lee, et al., [7] who studied the development 
of a resonance line in time (the shape of the line 
radiated turned out to depend on the distance be
tween the source and the detector, if the time of 
propagation of the radiation from source to detector 
is comparable with the lifetime of the level). Be
sides transformations to curvilinear coordinates, 
it is useful to bring into the treatment small 
changes of the metric. For example, if we make 
the metric slightly different from a pseudoeuclid
ean one and different at different points, then in 
this way we mark, as it were, all of the points of 
space, without much disturbance of the processes 
being studied (here we make use of the smallness 
of gravitational effects). 

Thus for the derivation of conditions of micro
covariance which take into account the pseudoeu
clidean nature of space at all points it is necessary 
to consider transformations to various curvilinear 
coordinate systems, and it is useful to consider 
small variations of the metric. 

3. CONDITIONS OF MICROCOVARIANCE OF 
QUANTUM THEORY 

We shall give a mathematical formulation of 
the arguments developed in the preceding section. 
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The following fundamental propositions are 
taken as a starting point: 

1. The theory is a quantum theory. This means 
that the states of physical systems are described 
by state vectors 'I!J, which depend on certain vari
ables, and that the equations of motion are linear 
in 'I!J and the physical quantities are bilinear in 
'll* and 'I!J, i.e., are averages of operators. 

2. Space-time is pseudoeuclidean at all points. 
Besides flat space-time, we shall also consider 
for auxiliary purposes the more general case of 
a four-dimensional space which is pseudoeuclidean 
at infinity (in space and in both directions of time) 
and is a Riemannian space with a fixed metric at 
finite distances. 

3. There exists a scattering matrix S which 
takes the initial state '~'i into the final state 'l!f: 

'I't = S'I'i. (6) 

Here it is understood that at infinity in time there 
remain only free stable particles which are infi
nitely far separated in space. No distinction be
tween elementary and compound particles is made 
here. Our treatment, unlike the usual one, does 
not associate asymptotic in and out fields with these 
stable particles. 

To these propositions we may subsequently add 
the conditions of microcausality and of positive
ness of the energy eigenvalues (cf. Sec. 4). It is 
very probable, however, that these conditions are 
closely connected with each other and that they are 
both consequences of the three fundamental propo
sitions stated above. 

Proposition (3) includes within itself the condi
tions (1) of macroscopic invariance (but, of course, 
does not reduce to them). Therefore it has the con
sequence that the state of a system of n free par
ticles with the masses K 1> ••• , Kn and the spins 
s 1, .•• , sn is described by a state vector 

(7) 

in which the variables are the three-dimensional 
momenta Pi> ..• , Pn.. the spin projections m 1, ..• , 

mn, and possibly some other invariant variables 
(for example, charges), which are denoted by the 
index a. (cf. e.g., [SJ). This is, in particular, the 
structure of the state vectors 'I!Ji and 'I!Jf of Eq. (6). 

For the general case of a fixed metric which 
goes to the pseudoeuclidean metric at infinity the 
S matrix depends on the variables of the initial 
state i and those of the final state f, and is a 
functional of the metric tensor gf..LV ( x) (here it is 
more convenient to consider the contravariant ten
sor); that is, it is of the form 

<fiS [g~-'v(x)]ji). (8) 

We emphasize that here, as before, the sets of vari
ables i, f describe the free motion. 

An infinitesimal transformation of the metric 

gl-'v (X) = g'p.v (X) + Ogl'v (X), (9) 

where ogf..LV(x)- 0 at infinity, corresponds to a 
transformation of the S matrix with respect to the 
functional variable gf..LV (x) only: 

S = (1- \·d4.\0g~-'v(x) - 6-) S'. (10) 
j 6g"v (x) 

Let us now introduce operators Thv<x), T~v(x), 
defining them by the relations 

T i ( ) 2 s+ ilS 1 f ) 2 bS + 1 
1-''' X = i ilg~-'v (x) V ::..:g ' T fl.V (x = i ilg~-'v (x) . S V- g ' 

(11) 

where g is the determinant of the components of 
the covariant metric tensor. In what follows we 
shall sometimes for simplicity denote the opera
tor Thv ( x) by simply T J..LV ( x). It follows from 
Eq. (11) that 

STf,v (x) S+ = T~v (x), (12) 

so that the operators Thv and T~v describe the 
same physical quantity in the representations of 
the initial and final state vectors-that is, their 
matrix elements are of the forms 

(i [ T~v (x) [ i' ), <f I T~v (x) If'). (13) 

By means of Eq. (11) we can bring the transfor
mation to a form in which the transformation op
erator acts not on the functional variable gf..LV ( x), 
but on the variables of the initial or final state: 

S=S' {1- ~~d4xV-gog~-'v(x)T~v(x)} 

= {1-T ~ d4x y- g og~-'''(x) T~v (x)} S'. 

Instead of the tensor T J..LV ( x) itself it is fre
quently more convenient to consider the corre
sponding tensor density T J..LV ( x): 

(14) 

Tp.v (x) = V g Tl-'v (x). (15) 

In pseudoeuclidean space we of course have 
(-g)112 = 1 and TJ..Lv(x) = TJ..Lv(x). 

We shall now show that TJ..Lv(x) is the operator 
for the energy-momentum tensor of the system, 
i.e., that it is conserved and is connected by the 
appropriate integral relations with the total four
momentum and four-dimensional angular momen
tum. To prove the conservation of TJ..Lv(x) we con-
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sider the transformation of the tensor g/-W ( x) under 
the infinitesimal coordinate transformation (4): 

gjl-V (x) = g'jl-V (.\.) + g'l'-1-(x) a~v + g'l.v (x) a;jl- - ag'jl-V £1., 
ax?. ax?. ax?. 

(16) 

If ~f.J.(x)- 0 at infinity, this coordinate trans
formation will change neither the state vectors 
'IIi, 'l!f nor the matrix S which connects them (the 
scattering cross section does not change owing to 
our bending the coordinate system somewhere in 
between). 

When we substitute Eq. (16) in Eq. (14) and use 
the fact that the S matrix must be unchanged, we 
get 

S = S {1 - i ~ d4x v= g (gvl. (x) a~~x) T~v (x) 

1 agl.v (x) l } 
- 2 ax;- s~-' (x) TvA (x)) . (17) 

When we now integrate by parts and use the arbi
trariness of ~f.J.(x), we have 

a --
ax~. (g'l. (x) T ~'-v (x) V- g) 

1 agl.v (X) + -2 Tv), (x) v=g = 0. 
axP. 

(18) 

The left member of Eq. (18) is the covariant 
derivative T~;v of the mixed tensor T~ = g 11;\T ~· 
so that we can write the equation in the form 

(19) 

In flat space covariant derivatives become ordinary 
derivatives and Eq. (18) reduces to 

aT f'V (x)/axv = 0. (20) 

Thus the conservation of Tf.J. 11 (x) has been proved. 
Let us now consider a coordinate transforma

tion (4) such that 

s~'- (x) __, 0 for x0 __, + oc' 

s~-' (x) __, £~ = canst for xo ~ - 00. (21) 

In this case the relation (17) is altered in two re
spects. First, owing to the fact that the shift ~~ 
has occurred at minus infinity the initial state 
vector '~~i is subjected to the transformation 

(22) 

which leads to a corresponding transformation of 
the S matrix with respect to the variables of the 
initial state i. Second, when we integrate by parts 
in the transformation for S there remains an in
tegral over the hypersurface in the infinite past: 

\ (. a;~'- 1 ag1·V l'-
~ d4x v . g gvl. ax?. T p.v - 2 ax~'- s TVA ) 

~ do\ gvl. s~Tp.v V g · (23) 
xo-+ -00 

[ The other terms after the integration by parts are 
zero because of Eq. (19).] The resulting change of 
the matrix on account of the combined action of the 
transformations (22) and (23) must be zero: 

S ( 1- is~ P~)(l + i£~~da~.Tp.,gvl. V- g)= S. (24) 

When we use the facts that ~~ is arbitrary and that 
the space becomes flat for x0 - - co , we find from 
this that 

(25) 

In an analogous way, if we suppose that for 
x0 --.. -co we take ~f.J.- Ef.J.11x 11, where Ef.J.v is a 
small constant anti symmetric tensor, we can ob
tain the relation 

~(xi'-Tv1. -xvTI-'~.)da~. =Mp.v· (26) 

The relations (20), (25), and (26) prove the correct
ness of the definition (11) for the operator for the 
energy-momentum tensor. 

We can now formulate the conditions of micro
covariance of the S matrix: if space-time is every
where pseudoeuclidean, there exists an operator 
Tf.J.11 (x) which satisfies the conservation law (20) 
and determines the distribution of matter in space 
and time. 

The conditions we have found are not exhaustive. 
New relations can be obtained, for example, by 
considering the covariant properties of the oper
ator Tf.J.11 (x). Under the coordinate transforma
tion (4) the ~verage Tf.J. 11 (x) of the tensor operator 
Tf.J. 11 (x) = Th11 (x), 

transforms as a covariant tensor of the second 
rank: 

(27) 

- ae (x) 'f' I. (x)- af~v (x) £1. (x). (28) 
axv 1'- ax). 

The operator Tf.J. 11 (x) depends on the left and on the 
right on the variables of the initial state, and in ad
dition is a function of the point x and a functional 
of the metric tensor gf.l. 11 ( x) -that is, it is of the 
form 
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<i I T't'., [x, gfLv (x)] 1 i'). (29) 

On the other hand, if ~J.l(x) - 0 for x0 - - oo, the 
state vector 'lli is unchanged under the action of 
the coordinate transformation (4), so that the en
tire change of the operator TJ.!v(x) under this 
transformation comes through the functional vari
able gaf3 ( x). For this same reason the equation 
(28) can also be regarded as an operator equation. 

The change of gaf3 ( x) under the action of the 
transformation (4) is written out in Eq. (16), and 
the change of TJ.!v(x) when there is a change of 
gaf3 ( x) is obviously given by the relation 

TfL., (x) = (t _\ d4y6ga.ll(y) -~-)r:., (x). (30) J &gil.. (y) 

Substitution of Eq. (16) in Eq. (30) and integration 
by parts gives 

T't'., (x) = {t ~2 Jdcra.s· (y) gAll. (y) _).__&_ 
&g E (y) 

+ 2 ~ d4y£• (y) a:a. (g)..a. (y) &g)._~ (y)) 

+ sd4y£• (y) ag)..a. (yl _& -} y" (X). 
ay• &g.Aa (y) fL"' (31) 

The condition for microcovariance of the tensor 
TJ.l 11 (x) is now 

T~., (x) = r:., (x) , (32) 

where T~11 (x) is given by the relation (28) in op
erator form. When we now use the arbitrariness 
of ~J.l( x) and confine ourselves to the case in 
which ~ J.l ( x ) - 0 in all directions, we can put 
Eq. (32) in the form 

&T fLV (x) 

&g•a. (y) 

The functional derivative oTJ.l 11 (x)/ogA.E(y) is 
connected with the components T J.!V ( x) themselves 
through the condition of unitarity of the S matrix. 
We can establish this connection by using the defi
nition {11) and the identity 

dg = ggfLV dgfLV = - ggfLVdgfLV, 

It follows from Eqs. (11) and (34) that 

1 &T [LV (x) i 
V _ g (y) &g)..cr (y) = - T T ).a (y) T fLV {x) 

+ 2 1 s+ &zs 
i V _ g (X) -v _ g (y) tJgfLV (X) tJgAO (y) 

1 - :y -g T fLV (x) g~.g 6 (x- y). 

(34) 

(35) 

When we now write out the analogous relation 
for (-g(x))-1/ 2 oT;I.O·(y)/ogJ.lV(x) and subtract one 
equation from the other we get 

2 ( 1 &T fL"' (x) - __ 1 __ &T "Ao (y)_ ) 

V- g (y) &i'" (y) V- g (x) &gflv (x) 

+ 1} -g 6 (x - Y) ( T "Ao (y) gl'-v - T fLV (x) g~_o) . (36) 

The relation (36) takes a somewhat simpler 
form if we write it in terms of the tensor densi
ties (15): 

2 ~_ --- = l ["t'fLv (x), "t')..a (y)]. ( &-r flV (x) &-r~_cr (y) ) · 

&g cr (y) &gi'-v (x) 
(37) 

The relations (33) determine the microcovari
ant properties of the operator T J.!V ( x). For flat 
space these are of the form 

_a_ &-r~'-., (x) -- _!_ fr (x) _a_ 
aya. tJgAIJ. (y) - 2 \ AV axP. 

a ar ., (x) 1 
+T,_fL(x)~+ ;x" J6(x-y). (38) 

Further relations of microcovariance and unitarity 
can be obtained in analogous ways. 

4. THE CONDITIONS OF MICROCAUSALITY 

The general formulation of the condition of 
microcausality is that any perturbation applied 
at a four-dimensional point affects the distribu
tion of matter only in the upper light cone of that 
point. We can take as the perturbation a change 
of the metric, since it affects the motion of all 
forms of matter (for example, a change of the 
electromagnetic field affects only the motion of 
charged particles ) . Since the distribution of 
matter is described by the energy-momentum 
tensor, it is obvious that the desired condition of 
microcausality is of the form 

6-rfL., (x)/6g'-cr (y} = 6T p.v (x)/6g1'0 (y) = 0 (39) 

in the upper light cone of the point y, i.e., for 

yo> xo, 
(y - x) 2 = (x - y)2 - (xo - yo)2 > 0. (40) 

If follows from Eqs. (39) and (37) that the caus
ality condition can be written in the form 

[T fLV (x), T~_0 (y)l = 0 for (x- y)2 > 0. (41) 

We note that in Eqs. (39) and (41) the commutator 
is not zero for x = y, i.e., the right members of 



146 Yu. M. SHIROKOV 

these relations are not zero, but certain quasi
local ( cf. [1]) operators. 

The condition (39) is of the form of the Bogolyu
bov causality condition, [1] but is written for the 
"gravitational" current T t.tV ( x), which gives it 
universal applicability, since all types of matter 
have inertial properties. 

There is one further physical condition which 
it is reasonable to impose on the theory-the con
dition that the eigenvalues of the energy density 
are positive. It can be written in the form 

<'¥*Too (x) '¥) > 0 (42) 

at all points and for all state vectors. Obviously 
the relation (42) is closely connected with causal
ity. At present, however, it is not clear just what 
is the relation between the conditions (39) and (42). 
It is not excluded, for example, that they are not 
only equivalent, but even superfluous, in the sense 
that the conditions of microcovariance and of free
dom from internal contradictions inevitably lead 
to the existence of causality. 

Integrating Eq. (38) with respect to d4y over a 
convex four-volume containing the point x, and 
using Eq. (39), we get 

oT ~'-" (x) . ~ 
--~.- = t [T p.v (x), T '-• (y) dcr,], 

OX 
(43) 

where the integral is taken over only the part of 
the hypersurface which is inside the lower light 
cone of the point x. This integral can of course 
also be extended to an infinite spacelike hyper
surface, which leads to the relation 

[T p.v (x), P~.] =- i()T p.v (x)jiJx'-. (44) 

In an analogous way one can obtain the commu
tation relations between Tt.tv(x) and the four
dimensional angular-momentum operator: 

[T (X) M ] - a _!_ oT p.v (x) - I. _!_ oT p.v (x) 
p.v , AO - X i ox'- X i ox" 

(45) 

The commutators (44) and (45) define the usual co
variance properties of Tt.tv(x) in flat space. 

For applications to flat space the main results 
of the arguments given so far are expressed by 
the relations (11), (20), (25), (26), (35), (37)-(39), 
(41)-(44). It must be pointed out that the relations 
of microcovariance and microcausality have been 
written out for the operator of the energy-momen
tum tensor T t.tV ( x). Although this tensor indeed 
has a clear physical meaning, it is impossible in 
practice to measure it in microscopic regions of 
space. Therefore the problem arises of going over 

from the tensor T t.tV ( x) to quantities accessible 
to direct measurements, i.e., to the S matrix. It 
is desirable that this transition be made exactly, 
without bringing in any propositions of quantum 
field theory. 

5. THE PHYSICAL INTERPRETATION 

Our purpose now is to solve the problem of the 
connection between the quantities described by 
space-time relations in relativistic quantum the
ory and quantities accessible to direct experimen
tal measurement. Up to now this important prob
lem has been solved only for individual special 
cases (cf. e.g., [1- 3J), and it has been essential to 
bring in certain propositions of quantum field the
ory, for which the limits of applicability are not 
clear. 

Three types of physical quantities are used at 
present in relativistic quantum theory: 

a) momenta, spin projections, and variables of 
the type of charge, for individual particles; 

b) local quantum fields; 
c) currents. 
A virtue of quantities of class a) is that asym

ptotically (i.e., for x0 - ± oo) they are integrals 
of the motion. Therefore they are accessible to 
direct experimental observation-that is, they 
can serve as the variables of the S matrix. These 
quantities, however, have an extremely important 
shortcoming: they (like the concept of the number 
of particles itself) have meaning only asymptotic
ally, at infinity in the time. Therefore with mo
menta and spin projections of individual particles 
one can describe not the interaction process it
self, but only its results. 

Quantities of class b) (local quantized fields) 
of course exist at all times and thus describe the 
details of the interaction process. These fields, 
however, cannot be directly measured in experi
ments with elementary particles, since they are 
not asymptotic integrals of the motion (the values 
of the fields at various points cannot be variables 
of the S matrix). Therefore in working with quan
tized fields one must know how to go over from 
these fields to the momenta and spin projections 
of individual particles. The recipes available here 
are essentially based on assumptions of local field 
theory, for which the domain of applicability is 
evidently restricted to processes which do not in
volve the structural properties of the particles. 

Like the fields, the current operators [quanti
ties of class c)] describe details of the interaction 
process, but are not directly measurable quantities. 
From the currents, however, one can already obtain 
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some experimentally measurable quantities, which 
we shall call static moments, without bringing in 
quantum field theory. Such quantities are the 
charge, the magnetic moment, the mean-square 
radius of the charge distribution, and other such 
single-particle characteristics. Then from a given 
matrix element ( p I j J.L ( x) I p' ) of the current oper
ator between two single-particle states one can re
construct the spatial distribution of the charges and 
currents inside the particle. As applied to the scat
tering of two particles, however, the study of the 
static moments already gives nothing, since the 
magnetic moment, the mean-square radius, and 
other such quantities are not asymptotic integrals 
of the motion for a system of two interacting par
ticles. 

Therefore recipes for obtaining scattering am
plitudes from currents depend in an essential way 
on quantum field theory (cf. e.g., [iJ). These 
recipes not only are of restricted applicability, but 
also are not complete, since in them one uses only 
the Fourier components of the currents on the 
mass shell, whereas from the correspondence 
principle it follows that the current operators 
also have meaning off the mass shell (this in
completeness corresponds in particular to the 
appearance of the "unphysical" region in disper
sion relations ) . In fact, from the point of view of 
the correspondence principle a matrix element 
(PioP21 jJ.L(x)l P1,p2), for example, specified be
tween two-particle states (at minus infinity in the 
time ) , contains an immense amount of information, 
since it describes the distribution of charges and 
currents at all points of space-time for reactions 
at arbitrary energies which begin with the collision 
of the two particles. Thus the prescription of this 
operator must determine the angular distributions 
and the electromagnetic structure in all of the par
ticles produced in the reactions and possessing any 
electromagnetic properties. Meanwhile, by means 
of existing methods one can obtain from this matrix 
element only the amplitude of the reaction of the 
production of one photon in the collision of the two 
particles, and this with an accuracy restricted by 
the limits on the applicability of field-theoretical 
methods. 

As will be shown below, from a prescribed two
particle matrix element one can extract much 
broader physical information (elastic-scattering 
cross section, inelastic-scattering cross section, 
electromagnetic structures of particles produced 
in the collision of the particles ) , if one brings into 
the theory new physical quantities called dynamic 
moments. The dynamic moments are a natural gen
eralization of the static moments (see above) to 
the case of a system of several colliding and emerg-

ing particles and, as will be shown in Sec. 7, are 
the most convenient physical quantities for the de
scription of relativistic quantum processes. 

The introduction of the dynamic moments is 
especially important for the operator TJ.Lv(x) of 
the energy-momentum tensor, since, as was shown 
in Sees. 3 and 4, it is in terms of this tensor that 
the conditions of microcovariance and microcaus
ality of quantum theory are expressed. 

Direct measurements of the components f J.LV(x) 
at various points are in practice impossible. There
fore to obtain from the conditions of microcovari
ance and microcausality consequences accessible 
to experimental verification it is necessary to 
solve the nontrivial problem of obtaining from 
T J.LV ( x) the largest possible number of directly 
measurable quantities. In other words, it is nec
essary to establish the connection between T J.LV ( x) 
and the scattering matrix. Here we cannot use the 
connection between T J.LV ( x) and S through the defi
nition (11), since we are concerned with the oper
ators S and TJ.Lv(x) at only one point of the func
tional space of the metric tensor-for the flat 
metric. 

In the spirit of present quantum field theory one 
would have to call the operator T J.LV ( x) the "gravi
tational current," and treat the relations of covari
ance and causality for TJ.Lv(x) as some sort of re
strictions on processes of the type of the scatter
ing of a graviton by a nucleon (cf. e.g., [i-aJ). 

This sort of interpretation will not be used, how
ever, for two reasons. First, the validity of the 
relations connecting the elements of the S matrix 
with the commutators of the currents is restricted 
by the limited applicability of certain postulates of 
quantum field theory. Second, processes involving 
gravitons are far beyond the scope of present ex
perimental techniques. 

Therefore we shall deal with the tensor T J.LV ( x) 
only in its direct meaning, i.e., as the operator for 
the corresponding physical quantities, defined at a 
point, and shall use only its inertial (and not its 
gravitational!) properties. To extract physical 
information from the matrix elements of this ten
sor we shall introduce the corresponding static 
and dynamic moments. 

6. PARAMETRIZATION OF THE ENERGY
MOMENTUM TENSOR AND OF OTHER 
CURRENTS 

The matrix elements of the tensor TJ.Lv(x) [or 
of another current, for example jJ.L(x)] depend on 
a number of Lorentz-noninvariant kinematical vari
ables: the momenta and spin projections of individ
ual particles. Therefore the problem arises of 
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parametrization of T!Jv(x), i.e., of its conversion 
into some set of invariant functions (usually called 
form-factors). The methods for parametrization 
of current operators do not differ in principle from 
the set of methods for parametrization of the S 
matrix, which have been worked out in detail ( cf., 
e.g., [9J). This matter will be treated in detail in 
a separate paper. Here we shall confine ourselves 
to a few of the simplest cases. 

First of all we note that if the four-momentum 
on the left is PA. and that on the right is P~. then 
according to Eq. (44), 

(P J Tp.v (x) I P') = /x"A (P~ -P,.) (PI Tp.v {0) I P'). (46) 

Similarly 

<PI jp. (x) I P') = /x,. (P~ -P,.) <PI jp. (0) I P'). (47) 

The conservation condition (20) and the analogous 
relation for j/J(x) take the forms 

(P~- Pv) (PI Tp.v {0) I P') = 0, (48) 
(P~- Pp.) <P I jp. (0) I P'> = 0. (49) 

It is not hard to show that for a small number 
of spinless particles with masses K1, K2, ••• and 
momenta Pit p2, ••• the operators T!J 11 ( 0) and 
j/J( 0) that satisfy Eqs. (48) and (49) can be para
metrized in the following way: 

a) no particles on the right nor on the left: 

(0 I Tp.v (x) I 0) = 0, (0 I jp. (x) I 0) = 0; (50) 

b) one particle on the left, none on the right: 

(p IT p.v (0) I 0) = {2rt)-3 {2£)-'/, {pp.pv + 6p.vX2) {, (51) 

<P I jp. (0) 10> = 0, (52) 

where f = const, E = (p2 + K2 ) 1/ 2, p4 = iE; 
c) one particle on the left and one on the right 

(i.e., the operator for one particle): 

(p I T p.v {0) I p') = {2rt)-3 ( 4££') -'/, { {pp.p~ + P~Pv 

- 61'-v (p,.p~ + X2)} F 1 (t) + {(pi'-- p~) (pv - pJ 

+ 26~-'-v (p,.p~ + x 2)} F 2 (t)} , (53) 

<PI j!J. (0) I p') = e (2n)-3 (4££')-'/, (pp. + p~) F {t), (54) 

where t = - (p/J -pt.t)2 = 2(K 2 + PJJPtt>• and F1o F2, 

F are invariant form-factors. From the condi
tions that the integrals of TIJ0(x) and j0(x) over 
three-dimensional space must give respectively 
the four-momentum PJJ and the charge e, we find 
that 

F 1 (0) = 1, F (0) = 1; (55) 

d) two particles on the left, none on the right: 

(pp' r T p.v(O) I 0) 

=(2rt)-3 (4££') -'/, { -{pp.p: + P~Pv + 61'-v (x2 -p,.p~)} F~ (t) 

+ {(pi'-+ P~) (Pv + p~) + 26p.v (x2 - p,.p',.)}F~ (t)}, 
(56) 

(pp' I jp. (0) I 0) = e (2n)-3 (4££')-'/, (pp.- p~) F' (t), (57) 

where t = - (p + p' )2• 

If crossing symmetry exists, then the form
factors FJ., F2, F' are the respective analytic con
tinuations of F1o F2, F. It is not obvious before
hand whether or not crossing symmetry follows 
from the conditions of microcovariance and micro
causality in the general case of particles which 
have structure. The connection does exist for free 
particles described by local quantized fields. For 
example, for a scalar field cp (x) the Lagrangian 
function L is 

L =- _!_ a~p a~p - _!_ x2cp2 +a!.._ (cp a~p) , (58) 
2 ax!'- axl'- 2 axl'- axl'-

and the corresponding energy-momentum tensor is 
of the form (53) and (56), where F 1 = FJ. = 1 and 
F 2 = F2 = a. Here crossing symmetry is necessary 
for the validity of the microcausality condition (41). 

We can make one further remark concerning the 
Lagrangian (58). The last term is a complete di
vergence, and thus does not affect the equations of 
motion. It follows from Eq. (53), however, that this 
term is not physically unimportant. It has an ef
fect, for example, in the scattering of a particle in 
an external gravitational field. The physical mean
ing of the form -factor F 2 ( t) can be found from an 
examination of the various static moments (i.e., 
quantities of the type of moment of inertia) of the 
particle. 

To conclude this section let us consider the 
more complicated case of the parametrization of 
TIJ 11 (x) and j/J(x) between two two-particle states: 

<P1P2 IT p.v (x) I P~P~) = exp {ix,. (p~,. + P~,. - Pn - P21.}} 

X (2rt)-3 (16£1£2E~£~)-'/,(P1P2 IFp.v IP,tP~), (59) 

<P1P2I jp. (x) I P~P~) = exp { ix>, (p~1, + P~,. - P11, - P21.)} 

X (2rt)-3 (16£1£2£~£~)-'1• <P1P2 I Gl'-1 p;p~). (60) 

Generally speaking, the form-factors in this 
case will depend on six invariants s, s', t, t', u, u', 
which can be chosen in the following way: 

s =- (p1 + p2)2 = x~+x;- 2P1P2• 

s' = - (p~ + p~) = "'i + x~ - 2p~p~, 

t = - {p1 - p~) 2 = 2xi + 2p1p~. 
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t' = - (p 2 - p~) 2 = 2x~ + 2p2p~, 

u = - (pl - Pl = Xi + X~ + 2plp~: 

u' = - (p2 - p~) 2 = Xi + X~+ 2p~p2 • (61) 

Besides the invariants listed in Eq. (61), there are 
also two singular invariants: 

2£ />3 (p1 - p~) = inv, 2£ l>3 (p2 - p~) = inv. (62) 

The matrix elements FJ.i.v and GJ.l. in Eqs. (59) 
and (60) break up into sums of three terms, corre
sponding to the free first particle, the free second 
particle, and the interaction 

F _ p(l} + p<2) + pint 
lJ.V - iJ-V !J.V JJ.V' 

G _ a<ll + a<2> + oint 
I'- 1'- 1'- 1'-. 

(63) 

(64) 

This separation follows from the fact that the free 
currents and the interaction currents are singular 
in different ways. Namely, the free currents con
tain the three-dimensional 6 functions (62), and, 
as will be shown below, the interaction currents 
contain only the one-dimensional 6 function. The 
result is that the conservation laws (48), (49) are 
satisfied by each term separately, and not just by 
their sum. 

The general form of the free currents is deter
mined by the relations (53), (54). For example, 

<P1P2 I G~1> I P~P~) = 2el£263(P2 - P~) (p~'- 1 + P~1) G<l) (t). 
(65) 

It is not clear whether, for example, the invari
ants that depend on the variables of the second par
ticle can (or perhaps must) be involved in F 0 >. 
There is the condition that the total T 00 ( x) must 
be positive, which must be satisfied, [4] and a 
number of further conditions. For example, it is 
obvious that THtJ(x) can have nonzero values only 
at points where TUJ(x) and TUJ(x) are not zero. 
Questions of this type need further investigation. 

To obtain the general form of FUtt, ahnt it is 
convenient to go over from the four-momenta Pi> 
P2• pi, P2 to four combinations of these quantities: 

/( = P1 + P~ - P~ - p~, 1(' = - {p1 + P2 + P~ + P~), 

/(" = - P1 + P~ + P2 - P~· 1("' = - P1 - P~ + P2 + P~· 

(66) 

As applied to the interaction currents, the conser
vation laws (48), (49) can now be written in the 
form 

(67) 

It follows from considerations of relativistic in
variance that if we do not take the relations (67) 
into account the most general forms of the oper
ators Fint aint are 

J.l.V ' J.1. 

int ' ' " " "' '" F~'-v = Op.vf1 +l(~'-l(vF2 + 1(~'-l(Ja + /(pl(v F4 

+ (/(~/(: + /(:/(~) F5 + (/(~/(~ + /(:/(~) Fs 

+ (1(~1(: + 1(:1(~) F7 + K~'-KvFs j+ (1(~'-1(: + KvK~) F9 

+ (1(~'-1(: + KvK~) F1o + (1(~'-1(: + KvK;) Fn. (68) 

o~nt = 1(1'-f + l(~f1 + K;~t2 -1- ICfa. (69) 

where Fl> ... , F 11, f, f1o f2, f3 are invariant func
tions (form-factors), each of which depends on 
the six invariants (61). It follows from the con
servation laws (67) that these form-factors are 
not all independent, but are connected by the re
lations 

F 1 + /(2F 8 + (s- s') F9 + (t- t') F 10 + (u- u') F 11 = 0, 

(s- s') F 2 + /(2F 9 + (t- t') F 5 + (u- u') Fs = 0, 

(t- t') F3 + /(2F 10 + (s- s') F 5 + (u - u') F7 = 0, 

(u- u') F4 + /(2F 11 + (s- s') Fs + (t- t') F 7 = 0; (70) 

/(2{ + (s- s') / 1 + (t- t') / 2 + (u- u') fa = 0, (71) 

in obtaining which one can use the easily derivable 
relations 

1(1'-1(1'- = /(~ = 4 (xi + x~) - (s I s' + t + t' -l u + u'), 

1(~'-1(~ = s- s', 1(~'-1(~ ~ t- t', 1(~'-1(;~· = u- u'. (72) 

By means of Eqs. (70) and (71) one can express 
the quantities F 8, F 9, F 10, F 11 in terms of the 
other form-factors (as will be shown below, it is 
convenient to eliminate these particular form
factors, so that K2 will be in the denominators): 

F 9 =- [(s- s') F2 + (t- t') F 5 + (u- u') Fd 1(-2 , 

F 10 =- [(t- t') Fa+ (s- s') F 5 + (u- u') F7]/(-2 , 

(73) 

F 11 =- [(u- u') F 4 + (s- s') Fs + (t- t') F 7 ]1(-2 , 

F 8 =- [F1 + (s- s') F 9 + (t- t') F10 

+ (u- u') F 11]/(-2 ; 

f = - (s- s') K- 2/ 1 - (t - t') K-2f2 - (u - u') K- 2/a· 

(7 4) 

Thus the number of independent form-factors 
is equal to seven for TUthx~ (F1, F2, F3, F4, Fs, 
F6, F 7 ), and it is three for jWt(x) (fl> f2, f3). On 
the assumption of crossing symmetry for identical 
particles the form-factors f1o f2, f3 are analytic 
continuations of each other. The same is true of 
the sets of form-factors F2, F3, F4 and F5, F6, F7• 

In this case we have three independent form-factors 
left for TU:J(x) and one for jhnt(x). 

To assure physically acceptable behavior of 
T J.l.V ( x) and j J.1. ( x ) for infinitely large times and 
distances the form-factors must have singulari-
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ties of a definite kind. Some of these singularities 
will be considered in Sec. 8. 

7. THE DYNAMIC MOMENTS AS THE MOST 
CONVENIENT PHYSICAL QUANTITIES FOR 
THE DESCRIPTION OF RELATIVISTIC 
PROCESSES 

Like the matrix element of the current operator, 
the matrix element (P1P2I T.uz.J(x)IP1P2> of Eq. (59), 
when specified between two two-particle states, 
contains an enormous amount of physical informa
tion, since it exactly describes the distribution of 
matter at all points of space for reactions of ar
bitrary energy which begin with the collision of 
two definite particles. Since any sort of particles 
can be produced in the collision of two particles 
of sufficiently high energy, it is obvious that the 
prescription of the quantity ( P1P2 I T f.LV ( x) I P1P2) 
contains information about all of the inert proper
ties of these particles, i.e., about their masses, 
spins, moments of inertia, mean square radii of 
the mass distributions, and so on. In other words, 
the prescription of the matrix element (59) uniquely 
determines, if not the entire theory, at least a very 
large part of it. 

An important advantage of the operator Tf.J.v(x) 
in comparison with other currents is its univer
sality (all particles without exception have inertial 
properties ) . To extract this information from the 
matrix elements of the operators Tf.Lv(x ), jf.J.( x) 
we introduce into the argument a new class of 
physical quantities-the dynamic moments. A com
plete system of these moments will be considered 
in a separate paper. Here we shall confine our
selves to the simplest case of spinless particles. 

We define the dynamic moments of the tensor 
Tf.J.v(x), which are denoted by D0(x0 ), Di(x0 ), 

Dij ( x0 ), ••• , in the following way: 

D 0 (x0) = ~d3x T 00 (x, X 0), 

D. ( ) - (' d3 . aT 00 (x, Xo) 
' Xo - .) XX, axo ' 

(75) 

The dynamic moments B0(x0 ), Bi (x0 ), • • • of the 
current jf.J.(x) are defined by the analogous rela
tions 

B0 (x0) = ~d3xj0 (x, X0). 

B, (xo) = ~ d3 xx, ajo ~:0 Xo) ' 

(76) 

Let us now examine the general properties of 
the dynamic moments defined by the relations (75) 
and (76), and compare them with the properties of 
other physical quantities used in relativistic quan
tum theory, which were discussed in Sec. 5. First 
let us study the asymptotic behavior of these quan
tities at infinity in time. In this case all particles 
become free, and the operators Tf.J.v(x) and jf.J.(x) 
become sums of the one-particle operators (53) 
and (54). Therefore, using Eqs. (46), (47), and (55), 
we get for a system of N particles with the masses 
K 1o ... , K N and the charges e1o ... , eN 

N 

D0 = ~ E(k) =E, 
k=l 

D · - ~ E<kl v\kl - P · 
z-~ t - h 

(k) (k) 

D .. _ )1 E<kl (kl (kl _ ~ '!.!____!1_ 
tf - ..::..J V, VI - LJ E(k) ' 

D. . _ ~ E<kl \kl (kl _ ~ (kl (kl (E<kl)-<n-1). 
'1· .. 'n - LJ v.,l · · · v,n - LJ p,l · · · p,n • 

N n~ 
B = ~ e<k) =e, 

k=l 

B. . = ~ e<k) v\k) v\k) = ~ e<k) p\k) p\k) (E(k))-n 
tl ... ln .L..J tl • • • ln ..L.J tl •• • tn ' 

(78) 

where vik) is the velocity of the k-th particle. 
It can be seen from Eqs. (77) and (78) that the 

dynamic moments are asymptotic integrals of the 
motion for arbitrary physical systems. It is also 
clear that by taking a sufficient number of these 
moments we can determine from them the mo
menta of any given number of particles. There
fore by means of the dynamic moments one can 
obtain a complete description of any physical sys
tem. Thus the dynamic moments are accessible 
to experimental measurement and, like the one
particle kinematic variables, they can serve as 
the variables of the scattering matrix. 

On the other hand, it follows from the defini
tions (75) and (76) that the dynamic moments have 
a clear physical meaning not only asymptotically, 
but also at any finite instant of time. Therefore 
there are two ways in which we can go over from 
the values of the dynamic moments at x0 - - oo 

to their values at x0 - + oo : by varying the time 
and by means of the S matrix. This makes it 
possible to obtain the scattering matrix directly 
in terms of the dynamic moments given as func-
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tions of the time, i.e., in the last analysis in terms 
of known matrix elements of the operators Tt.tv(x), 
jt.t(x), by means of the relations 

s+D (- oo) S = D ( + oo ), 

s+B(- oo)S = B (+ oo), 

(79) 

(80) 

which are valid for all the dynamic moments. We 
note that since we have available an unlimited num
ber of moments, we can use the relations (79) and 
(80) to get from prescribed elements (59) and (60) 
not only the elastic scattering cross section, but 
also the cross sections of all inelastic processes, 
together with values of the masses and charges of 
all particles which can arise in the reactions. 

The more general formulation of the method of 
dynamic moments with spin properties included is 
more cumbersome and will be given in a separate 
paper. In this case we must bring into the treat
ment dynamic moments of the type 

where k < n, with terms corresponding to mo
ments with larger numbers of time differentiations 
subtracted off at the beginning. Moments of this 
type are asymptotically equal to sums over the 
particles of products of the velocities and the vari
ous static moments (spin, magnetic moment, mo
ment of inertia, mean square radius, and so on). 
The study of moments of this type gives the possi
bility of obtaining not only the spins, but also other 
structural characteristics of the particles produced 
in a reaction. 

Thus the knowledge of (P1P2I Tt.tv(x)l P1P2> 
[that is, the knowledge of the seven functions 
Ft. ... , F 7 of the six invariant variables (61)] 
for two spinless particles (for example, for 
two a particles) in principle contains the fol
lowing information: the mass and spin spectra 
of all stable particles, the form -factors for the 
distributions of matter in these particles, and the 
scattering cross sections for all processes with 
the two original particles in the initial state. 
Other scattering cross sections remain unknown. 
It is scarcely to be expected, however, that any 
arbitrariness in choosing them will be possible. 
In this sense the operator T t.tV ( x), given between 
two-particle states, contains the "entire" theory. 
It must be pointed out here that if the distributions 
of matter in particles and antiparticles are the 
same (which is by no means necessarily the case), 
then for the identification of particles and anti
particles one will have to consider along with the 
operator T t.tV ( x) the operators for the electro
magnetic, baryon, and lepton currents. 

8. ANALYTIC PROPERTIES OF THE OPERATORS 
FOR THE ENERGY -MOMENTUM TENSOR AND 
THE CURRENTS 

An important and interesting problem is the 
study of the analytic properties of the operators 
Tt.tv(x), jt.t(x), oTJ.tv(x)/ogA.cr(y), and so on. 
Obviously there is still a great deal of complicated 
work to be done on this. In this section we shall 
give only some preliminary remarks which do not 
pretend to either completeness or rigor. 

Various methods can be used to study the ana
lytic properties. First, one can use the unitarity 
of the scattering matrix. For example, the rela
tions (11) suggest the idea that in the variables s, 
s' the tensors (59), (60) have the same singulari
ties as the matrices s+, S. Then, if two particles 
have a bound state, the residue at the correspond
ing pole in the s plane will be equal, apart from 
a constant of the nature of a coupling constant, to 
the operator 

(81) 

where P is the momentum of the compound par
ticle and K is its mass. Then the residue at the 
analogous pole in the s' plane leads to the oper
ator 

<P, xiT~-'v(x)\P',x). (82) 

Analogous expressions are obtained for the elec
tromagnetic current. These semiintuitive argu
ments of course stand in need of rigorous justifi
cation. At present we can only say that these ana
lytic properties in regard to the pole and the right
hand cut have been confirmed for a simple nonrela
tivistic example. 2> 

Another source of information about analytic 
properties is the causality condition in the form 
(39) or (41). Here one can use, for example, the 
representation of Jost, Lehmann, and Dyson. [iOJ 

Finally, a very important source of information 
about analytic properties is the asymptotic prop
erties of the various expressions when the space 
and time coordinates approach infinity. As an ex
ample let us consider the behavior of the dynamic 
moments of the two-particle tensors (59), (60), for 
x0 - ± oo. According to Eqs. (63), (64) these mo
ments can be written in the form 

D (x0) = D(l) + D(2) +Dint (x0), (83) 

B (x0) = B(l) + B(2 ) + Bini (x0), (84) 

where the quantities Dint(x0 ), Bint(x0 ) must go to 

2lThe writer expresses his gratitude to E. S. Lonski'i, who 
made these calculations. 
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zero for x0 - - oo and have finite limits for x0 

- + oo. Since, according to Eqs. (46), (47), (66), the 
time dep.endence of these quantities is given by a 
factor e1KoXo, each of them must contain the pole 
factor 

(K.0 - ie)-1 (85) 

in accordance with the well known relation 

. 1 i"'xo {I'J(ro) 
lim-.--.= 

2Jtt (J)-tB 0 
Xo---+ + oo, 

Xo--+ -oo. 
(86) 

This property has been verified in perturbation
theory calculations. 

9. THE CONNECTION BETWEEN THE ELECTRO
MAGNETIC CURRENT AND THE OPERA TOR 
FOR THE ENERGY -MOMENTUM TENSOR 

The exact prescription of the energy-momentum 
tensor for one particle to a great extent determines 
the form of the electromagnetic current for the par
ticle, so that these operators cannot be prescribed 
independently. As one example of this connection 
we shall indicate how the absolute value of the 
electric charge can be expressed in terms of the 
energy-momentum tensor. For simplicity we give 
the nonquantum treatment. 

At a large distance R from the particle in the 
center-of-mass system 

(87) 

From this we have 

R+a 

lim _3._ ~ d3xx2T 00 (x) =e. (88) 
R-->oo a R 

In analogous ways one can get expressions for the 
magnetic moment, the quadrupole moment, and 
other static moments. The quantum-mechanical 
formulation is a purely technical problem. 

10. THE CONNECTION BETWEEN THE HAMIL
TONIAN AND S-MATRIX FORMULATIONS 

Since the momenta and spin projections of in
dividual particles have meaning only asymptotic
ally, at plus or minus infinity in time, the postu
late that an S matrix exists still does not presume 
the existence of a Hamiltonian formulation (and in 
particular, the existence of an S matrix between 
finite times ) . The situation changes decidedly, 
however, if along with the existence of an S ma
trix one postulates the pseudoeuclidean character 
of space-time at all points. In this case the exist
ence of an operator TtL11 (x) follows from the geo
metrical properties of four-space, and from the 

existence of T tLV ( x ) there follows the existence of 
dynamic moments. Since the dynamic moments 
exist at any time and provide a complete descrip
tion of the physical system, it is obvious that by 
taking a complete set of dynamic moments as the 
variables of the state vector we get a Hamiltonian 
description. Thus from the existence of the S ma
trix and the geometrical properties of space-time 
there follows the existence of a Hamiltonian de
scription. 

11. SUMMARY 

The present paper has as its result the solution 
in principle of two interconnected problems. 

A. The derivation of general conditions of mi
crocovariance and microcausality in relativistic 
quantum theory. 

B. The extraction from these conditions of in
formation accessible to experimental verification, 
without bringing in quantum field theory. 

To obtain concrete physical results it is neces
sary to solve a number of problems associated with 
the mathematical formalism and the physical con
tent of the theory. At present the following prob
lems can be indicated: 

a) the parametrization of the operators T tLV ( x), 
jtL(x), oTtLv(x)/ogA.O"(y) (see Sec. 6); 

b) the construction of all possible dynamic mo
ments for the general case of particles which have 
spin and spatial structure [see text after Eq. (80]; 

c) the investigation of analytic properties (see 
Sec. 8 ); 

d) the investigation of various causality condi
tions [see Eqs. (39), (41)]; 

e) the determination of connections between the 
various currents (see Sec. 9 ) ; 

f) the transition to a rotating coordinate system. 
In particular, it is here that one can solve problems 
such as the effects of particle spin on the moment of 
inertia; 

g) the treatment of the scattering of a particle 
in a weak external gravitational field. This proc
ess is determined by the operator oTtL11 (x)/ogA.a(y) 
as prescribed between one-particle states. Here 
the point of interest is of course not the actual 
scattering in the external field, but the fact that 
in this way one can try to develop a program for 
getting the masses, spins, and other characteris
tics of stable particles from a given operator 
(pI oTtL11 (x)/ogAO"(y)l p') similar to the use of 
( P1P2 I T tLV ( x ) I PiP:!) in Section 7. Advantages of 
the use of the operator (pI oTtL11 (x)/ogA.a(y)l p') 
are that it depends on four (instead of six) in
variants, and that in working with it one can take 
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the causality condition into account from the very 
beginning. 

The problems just listed are more or less 
understood as to mathematical formulation and 
methods of investigation. The solution of these 
problems will make it possible to carry out a 
number of concrete calculations. We may expect, 
for example, to get relations connecting the lower 
limit of inelastic scattering with the mean square 
radii of the particles. 

In conclusion we indicate some questions of a 
more problematic character, whose study may be 
of interest for the theory. 

1. The obtaining of two-particle operators 
TJJ.v(x), jJJ.(x) [i.e., scattering cross sections 
( cf. Sec. 7)] from prescribed one-particle oper
ators for all stable particles. 

2. The study of the Hamiltonian formulation 
(cf. Sec. 10 ). In this way one can in particular 
hope to obtain some restrictions on the quasi
local operators in the right member of the com
mutation relation (41). 
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