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Rules for determining the complex singularities on the physical sheet of the amplitudes of
nonrelativistic single-loop graphs are indicated. A classification of the complex singulari-
ties of nonrelativistic triangular graphs with arbitrary masses is given. It is shown with
triangular graphs for direct nuclear reactions of the type A + x — B +y + z as an example
that the complex singularities in the momentum transfer txy may lie close to the physical
region. A single analytic expression for the amplitude F3; of a triangular graph is derived

and the asymptotic behavior of F3; for values of txy far away from the singular point is

investigated.
1. INTRODUCTION

THE dispersion theory of direct nuclear reactions
is based on the assumption that the direct proc-
esses are due to the presence of singularities of
the reaction amplitude in the momentum transfer.
The contribution of each singular point to the am-
plitude is described by a Feynman graph. [1:2] 1t
has been observed earlier ] that the analytic prop-
erties of the amplitudes of direct processes at low
and intermediate energies are determined by the
singularities of the graphs with n = 51/2 alone.?
These singularities are found with the help of the
nonrelativistic Landau equations considered by us
earlier (45 and are, for n > 51/2, identical with
the singularities of the corresponding nonrelativ-
istic graphs.z’ Equations for the singular surfaces
of nonrelativistic single-loop graphs have been
given in [4,5]; there also conditions for the exist-
ence of real singularities on the physical sheet of
the amplitude are given. However, the reaction
amplitudes may have complex singularities as well
as real ones on the physical sheet, as was demon-
strated in [ for the reaction N + 7 — N + 2.

In the present paper we discuss the problem of
the complex singularities of nonrelativistic single-
loop graphs. It is shown, using as an example the
nuclear reaction of the type A +x — B +y + z,
that the complex singularities in the momentum

Dn is the number of internal lines of the graph, and [ the
number of independent closed loops.

DNonrelativistic graphs are Feynman graphs with nonrela-
tivistic propagators.

transfer of the amplitude corresponding to a tri-
angular graph may lie close to the physical region.
The investigation of the complex singularities may
therefore be important for the now-developing dis-
persion theory of direct nuclear reactions.

2. COMPLEX SINGULARITIES OF NONRELATIV-
ISTIC SINGLE-LOOP GRAPHS

We shall start from the integral representation
for the amplitude Fpy(njj) of a nonrelativistic
single-loop graph with constant vertices, obtained
in [4,5],

1n n
Fni (7][,') = Cni X [I da(,(‘} (Z oy — 1)
k=1

0 =1
n
X 0 (Z m,-mﬂ,-) (X — i)~ |
i=1

85— 1 0 (1)
n

X =) ouoommmpy.
i, j=1

(2)

Here njj are the external kinematic invariants in-
troduced in [4°] and wj = +1 indicates the direc-
tion of the i-th internal line of the graph. The con-
dition 6 — +0, coming from Feynman’s rule for
circumventing the poles of the nonrelativistic
Green’s function, defines the contour of integration
over the @j, around the singular points of the inte-
grand in (1), and thus defines the physical branch
of the amplitude Fy;.

The rules for singling out the real singularities
of Fpy(nij) on the physical sheet have been given
in [4.5], However, since these rules presuppose
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that the @j are positive at a real singular point of
Fp; on the physical sheet (cf. [7-8]), they cannot
be used to find the complex physical singularities
of Fnl'

Employing the method of Landshoff and Trei-
man, (6] we consider below a different method for
determining the physical singularities of Fpjy,
which is also applicable to complex singularities.
For graphs with n =5, in which case all njj are
independent, we may use the fact that the o in (1)
and (2) are positive at a real physical singularity
of Fpi(njj) and associate the infinitesimal imagi-
nary parts with the quantities 7jj themselves:

7],-,- - YI,-, - iwiﬁ)j 6ij, (3)

where 6jj — +0 all independently. (For n = 6
there is a relation between the Nij> but, as shown
by Brown, (ol single-loop graphs with n = 6 have
no proper singularities, but only singularities as-
sociated with the ‘‘contracted’’ graphs with n < 5).
The equation for the singular surface of a single-
loop graph is a quadratic equation in each of the
variables nij- [4,5] Solving it for some particular
nij» we find two roots:

(+) (+)
Wi~ = Ag

M) @ FGD @)

Let us consider the analytic continuation of the
amplitude Fpy(njj) along the real axis of the vari-
able njj for fixed values of the remaining variables
niir- If we encounter a singularity ’(ni(}') or ni‘T))
on the path of the analytic continuation, rule (ig)
tells us how to deform the contour in order to re-
main on the physical sheet of Fy;. Since the defor-
mation of the path of the analytic continuation is
equivalent to a displacement of the singularity into
the complex plane of the variable 7jj in the oppo-
site direction, we obtain the following rule:

At a real singularity of the amplitude Fy1(n;;)

on the physical sheet the sign of

Im K{P(ni'j* — iwi’ wj¢ 8i#jr) must coincide

with the sign of wjwj; this condition must be (5)
satisfied for all i,j.

Let us illustrate the rule (5) by the example of
a triangular graph. We consider the graph of Fig.
1b and find its real singularities in the variable
N93. According to 4] we have

Mas = Kis) = Mo + s = 2V Miglise
Rule (5) gives the sign
Im K2 (g, + 08, My — i0) = 0,05 = — 1
where 6, 6’ — +0. This leads to the inequalities

1+ nla/VThlem <0, 1+ 7]12/1/7]127113 >0,

A A

J J J
b c

FIG. 1

which imply that the real singularity on the physi-
cal sheet is 733 for 73 >Ny > 0 and 735 for 744

< 7Myy < 0. This agrees with the results of [4%]
The rule (5) simplifies considerably the selection
of the real physical singularities.

The complex singularities of Fpj(7njj) can be
discussed in the general case with the help of the
method of Tarski.[107 We shall, however, restrict
ourselves to the most important case for our pur-
poses, viz., where only one of the variables nij is
complex at the singular point. Let us first con-
sider such values of 7nj’j» for which there exists
a real singularity in njj on the physical sheet,
given by (4) and (5). Changing the variables nj’j/,
we go from a real to a complex singularity in njj
in such a way that the singular point, displaced
from the real axis into the 7njj plane according
to (4) and (5), is continuously transferred to the
surface of complex singularities without intersect-
ing the real axis of njj. This leads to the follow-
ing rule for selecting the complex physical singu-
larities:

For the branch of the complex singular surface

lying on the physical sheet, sign ImK{} (n;/j7)

= wjwj in the neighborhood of every limiting

point separating the real and complex singulari-

ties of the amplitude. ¥ (6)

Let us consider the complex singularities of the
amplitude F3; of a triangular graph, using the rule
(6). Let my; have a fixed real value. Then (4) de-
fines, in the real (73, 793) plane, a parabola with
the axis along the line 743 = 73 which intersects
the coordinate axes in the points (743, 0) and
(0,m43). Only those parts of this parabola which
are indicated in Table I of the earlier paper [4]
correspond to physical singularities. The curve
for the real physical singularities in the (73, 153)
plane terminates at the points of intersection
(0,7m43) or (myy, 0), corresponding to the normal
threshold in the variables 73 or ns.

In going through the normal threshold, the sin-
gularity becomes complex. The physical branch
for it is easily selected with the help of the rule
(6). For example, for the graph of Fig. 1la with

30n other branches of the complex singular surface, the
condition (6) may be violated.
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N12 < 0, the real physical curve is, according to [41) ing curves for the complex singularities on the

- \ , physical sheet:
Mas = Mo = — (|N12 |2 + | N3 [12)?

Nag = Cos = Mo + Mis
(with my3 < 0). This curve terminates in the . y,

—2i (— : f 0, 0,
point 743 = 0, 793 = Ny3 < 0 (see Fig. 2a). For _l (= Mot ™ X My <0, Mg >
M43 > 0, 7y < 0, only the branch ny; = ¢33 of the M = L3 = M2 + Mas
two-brinches of the complex singularity curve 2% (— ) for My < 0, Mg > 0.
793 = 33, Where

(7) The other cases are treated in an analogous fashion.

Lo = Mg + Mig == 20 (— NygMe) * with mymyy <0,
® " e e S The results for the graph of Fig. 1a are given in

satisfies condition (6), Im ¢33 > 0, and is, there- the table. Together with Table I of (4], it gives a
fore, the complex singular curve on the physical complete classification of the physical singularities
sheet. of the amplitude F3; for a triangular graph in which
7 - ey two of the three variables 7njj are real.
23 Ly . .
Let us consider some examples of complex sin-
o, .._.[2.37“ gularities of triangular graphs in the theory of
- 3 direct nuclear reactions. A three-ray vertex (i, j)
T ”" ) with nuclear-stable particles satisfies the condition
a b // “6n nij < 0. [4,5] Therefore, a triangular graph for the
/ simplest reaction of the type A + x — B +y has
/ only real singularities. Complex singularities oc-
s cur in the more complicated reactions of the type
‘ A +x— B +y+z. The corresponding graph is
FIG. 2. Curves of the real and complex singularities of shown in Fig. 3.
the amplitude F,, of a triangular graph: a— graph of Fig. la The relation between the variables 7jj and the
with 7, t<h0’ b—grafp:lhof Filg. le Wlith_tﬁu <f’h;-< 0. 'f:e solid  nonrelativistic kinematic invariants sij, tij for the
curve 1s € curve o € real singuiarities o on e .
physical sheet, the dashed curvegis the curve of“the real graph of Fig. 3 follows from Egs. (34) and (35) of [5]:
singularities not lying on the physical sheet, and the dotted 1 My
curve represents schematically the positions of the complex e = 5o [sp: —2 (Mp + Mz) Qppl, Mg = — “mumg Qus,
singularities on the physical sheet. 1

Neg = s [ty + 2 (Mx — M) Qul;

. Qe =my + my — Mp — M,, Q3= my 4+ mg — Ma,
In the case of the graph of Fig. 1c, the real Qo = My + mg — My — my. (8)

physical singular curve for ny; < n33 < 0 is 793
=n35 = = (Ing2 |2 = | ny3|2)? (see Fig. 2b). At

the limiting point 73 = 0, 73 = 1y, the amplitude
develops a complex singularity in the variable 73,
and at the point 753 = 0, 733 = 7145, a complex sin-
gularity in the variable ny3. The physical branches
are, according to (6), determined by the conditions
Im ¢5; < 0 and Im ¢§; < 0. This leads to the follow-

Complex singularities on the physical sheet of the amplitude Fj
of a nonrelativistic triangular graph (see Fig. 1a)

Condition for
the existence
of a complex

Variable 7jj, in terms of which
there exists a complex singu- Position of the complex singularity

larity on the physical sheet

singularity
1es (first class vertex) MMz <O | Mos = L33 = Naa + Mis + 2i (— NusMus) 7
s (second class vertex) Ni2Mes <O | M3 = i3 = M2 + Nea — 2i (— Tllzflza)l/’

Mz (second class vertex) MsN2s <O | Mz = Lo = Mis + Moz — 2i (— TasTes) 2
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The formulas defining the kinematics of a five-
tailed graph are obtained in much the same way as
the formulas (39) of (5] for a four-tailed graph,
and are of the form

by = — (VMy/M; p— VMx/My p)%
p =111 —8)sal”

p=5 [0 — &) (sax + 2 (Ma + M) (Q—Tr)I%;
£ = (MA - Mx) / (MA -+ Mx),

= (Mp+ M, — M) | (Mp + M; + M,); 9)

where
Q =My + My — (Mp + My + M)
is the energy of the reaction, and
Sax =2 (Ma + M) Tax = 2MaEy, sp.= 2 (Mp + M;) Tgz.

Here TAx(TBz) is the kinetic energy of the rela-
tive motion of particles A,x(B,z) in their center
of mass system, and Ex is the kinetic energy of
the incident particle x in the laboratory system
(in which A is at rest).

Since 733 < 0, complex singularities in txy will
occur for 7y > 0. We find from (8) that for Q4 > 0
and values of Tgy such that 0 < T, < Qyy, the
graph of Fig. 3 has a real singularity in txy, which
becomes complex when Tpy > Q5. If Qg5 <0, there
will be a complex singularity in txy for any value of
Tggz. For a given energy of the incident particles A,
X, the value of Tpy may vary within the limits

O<TBZ<TBZ= SAx/Q(MA + Mx) + Q

The position of the singularity in txy depends, be-
sides the masses of the particles, also on the value
of the kinetic energy TRyz.

Figures 4 and 5 show the position of the physical

(10)

t;y,NeV'amu

150}
1001
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a
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FIG. 4. Position of the physical singularity in ty, for the
reaction N** + d > N'* + n + p (triangular graph of Fig. 3, with
A=B->N" x->d, y->n,z->p, 1>N*, 2>d, 3n). Curve
a: Ret;y, curve b: Im t‘,’ty.
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¢4,,Mev- amu

FIG. 5. Position of sor

the physical singularities
in ty, for the reaction

N*+He*>C?+a+p 0 L L ¥

(graph of Fig. 3, with Tpz - MeV
A > N*, B> C'?, x » He?,
y-a,z->p, 1-»C?2 50l
2 > p, 3 d). Curve a: _ b
Ret}y, curve b: Imt5y.

-1001

singularity in txy of the simplest triangular graphs
for the reactions

@
(D)

The poles in txy for these reactions lie at the fol-
lowing points: t%y =4.46 MeV amu [reaction (I),
pole graph with a proton in the intermediate state]
and t%, = 41.5 MeV amu [reaction (II), pole graph
with a neutron in the intermediate state].

The dependence of TBz on the kinetic energy
of particle x in the l.s. is given by the formulas

N+ d—N¥+n+p,
N4 L He®— C2 + a -} p.

1)
ar)

Tg,= 0875E, —2.23,
Tg, = 0.824E, + 8,06

(Tpyz and Ex in MeV).

The physical region for txy is given by txy <0,
with the upper limit txy = 0 independently of the
value of Tg, for reaction (I). For reaction (II),
Exy moves into the region of negative values as
TRz increases, but txy > —5 MeV amu as long
as Tgy =50 MeV. It follows from Figs. 4 and 5
that the complex singularities in the square of the
momentum transfer tyy, of the simplest triangular
graphs for direct reactions of the type A +x — B
+y + z may lie closer to the physical region than
the real singularities of more complicated graphs
(see Table II of [3]), In reactions with Qq, > 0
[ cf. formula (8)], there may be real as well as
complex singularities in ty, at one and the same
energy of the initial particles, depending on the
kinetic energy of the relative motion of the par-
ticles B and z. Analogous results are found for
triangular graphs for more complicated reactions
than A+x— B +y +z.

3. ANALYTIC PROPERTIES AND ASYMPTOTIC
FORM OF THE AMPLITUDE FOR A TRIAN-
GULAR GRAPH

An explicit expression for the amplitude F34(njj)
of a triangular graph with constant vertices was ob-
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tained in (4%, The function F31(nij) was given by
different formulas in the different regions of the
variables njj- Using the results of Sec. 2, we may
find a single analytic expression for F31(17ij ):

Fy () = Cy (M3 — Eap) @ (2); (11)
. 2 e 1+Vz
Cor = m3[mama(mx+m~:)(m1+m3)] » ®(@)= 2 ]/_ ln 1—Vz’
(12)
Moz — n33
B2 — "](2)3 ’
0 = my (my — m, )[ s M2 J (13)
Nyg == M My — 1My Mg (my + mg) g (my - mg) |’

where £,; denotes the position of the physical sin-
gularity (real or complex):

Mgy = M2+ Ma—2 (M) 2 Me <0, M0
Loy = \; Loy = e+ Mis - 20 (—Nem)? el < 0 (14)
Il Moy = Mz + s + 2 (M2ia)" M2 >0, ni3>0
In formula (11) we have
(3 — gzs)l'/2 = (@3] Thzl)l'/z
+ (0 1‘]x3‘1)1'v2 npu N2 < 0, M35 <0,
where
Wy = My, (My = my) [ my (my -+ m,). (15)

The value of (n); —£,3)!/2 in the other regions
of 749, 143 is obtained by analytic continuation
around the normal threshold in 7y, or ny3 accord-
ing to (3). As a result we find

M2 <0, M3 <0
M2 <0, Mz >0

(@2 ] Me2 D"+ (o 5 | M [)":
(@25 | M2 )" — i (054 M1a)"2

!
(S5 — Egp)* = ;
(_

i (@aM2) " -+ ((D | Mis |) e >0, Mmz<<0 °
i [(@uM) 4 (07 ma)?]  M2>0, Nz >0
(16)

The function ¢(z) is analytic in the complex z
plane with the cut 1 =z < <. The branches of the
functions vz and lnz in (12) are chosen in such
a way that ¢(z) takes on real values for — o <z
< 1. We note that ¢(0) =1 and ¢(z) ~ 1/zln(l/l—z)
for z— 1. If |z]| > 1, we have ¢(z) ~ /2Vz .

We emphasize that formulas (11) to (14) refer to
the graph of Fig. la, in which the vertex (2, 3) is
of the first class, i.e., wyws = 1. (4,5 1t is seen
from Fig. 1 that, in nonrelativistic triangular
graphs, there is always one vertex of the first
class and two of the second class. The physical
difference between the vertices of different classes
lies in the circumstance that a triangular graph
cannot be contracted along a line opposite a first
class vertex, since this would lead to a graph in
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which all internal lines are directed in the same
sense. Such a graph vanishes in the nonrelativistic
theory. [4,5] Therefore, the normal threshold nij
=0 in a variable 7jj corresponding to a vertex
(i,j) of the first class is not a singular point of
the amplitude F34(n).

Owing to this fact, the analytic properties of the
amplitude F3;(n) are much simpler than in the
relativistic case. We are able to give an explicit
expression for F3;(n) in contradistinction to the
relativistic case, where one can determine only
the imaginary part of the amplitude F3i(n) of a
triangular graph with arbitrary masses [ or
the sum of the derivatives of the amplitude with
respect to the squares of the internal masses.[1%:13]
The variables njj corresponding to vertices of the
first and the second class enter in the expression
for F3y(njj) in different ways. Thus, in Fig. 2a,
the singularities of the amplitude Fj3;(njj) lie on
the curve 793 = 153 and on the straight line n;3 = 0.
Therefore, if the amplitude F3y(njj) of the graph
of Fig. 1a as an analytic function of 7,3 has only
the anomalous threshold singularity ny3 = ns3, it
has, as a function of 743 for fixed 7y, 7ny3, two
singular points. Expressions for F3i(njj) corre-
sponding to the graphs of Figs. 1b and c are ob-
tained from (11) to (14) by an appropriate change
of indices, with 7,3 replaced by that variable 7jj
which corresponds to the first class vertex.

Let now one of the variables njj tend to infinity
within the physical region. Using (11) to (14), we
obtain the following asymptotic expressions for
the amplitude F3q(njj):

1 _1;
l{?ﬂcml Nas |77 Moz 3> Mz |, | Mis |
Fayi ;)= | h(ow) Ca|ms ™" —Niz>> M2, [ Ml (17)
)~
l h (OJ ) Car | iz |~ ke —MNi2>> | Ms |, | Nas

The function h(w) is defined in the following way
for 0 =w <

Y,

) In

1+V1—0

1 [}
I{ A(l_w Vi e 0<w<<1
h(0) = | 1 0=1 (18)
! A R
l( T) tan Y o — 1 o>1

The behavior of the function h(w) is shown in
Fig. 6.

To obtain the asymptotic form of F3; as a func-
tion of the momentum transfer tyy we must ex-
press the appropriate variable njj in terms of txy
[ formula (8)] and substitute in (17). It is seen from
(17) that, as txy moves away from the singular
point to values well inside the physical region, the
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FIG. 6

amplitude of a triangular graph with constant ver-
tices decreases more slowly (by a factor

~ | txy —tg(y |-1/2, where tggy is the position of the
singularity in txy) than the amplitude of the pole
graph. As a rule, the singularities of triangula?
graphs lie about 2 to 3 times further removed

from the physical region in txy than the poles. [51
However, the slower decrease of Fj;(njj) enhances
the role of triangular graphs in the direct reaction
mechanism.

We note that any conclusive discussion of the
relative role of the pole and triangular graphs
must take account of the momentum dependence
of the vertex functions.
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