SOVIET PHYSICS JETP VOLUME 16, NUMBER 5 MAY,

EFFECT OF RADIATION PROCESSES ON TRANSPORT PHENOMENA IN A PLASMA
IN A STRONG MAGNETIC FIELD

A. 1. AKHIEZER, V. G. BAR’YAKHTAR, and S. V. PELETMINSKII
Kharkov State University
Submitted to JETP editor May 17, 1962
J. Exptl. Theoret. Phys. (U.S.S.R.) 43, 1743-1749 (November, 1962)

It is shown that radiation and absorption of electromagnetic waves by electrons in a plasma
in a strong magnetic field not only affect electron relaxation but can also have a profound
effect on transport phenomena. For these effects to occur in stationary fields an additional
mechanism capable of changing the photon distribution must operate in addition to the radia-
tive collisions. If the plasma contains ‘‘trapped’’ radiation this mechanism is the reflection
of electromagnetic waves at a frequency approximately wyg = eH/mc (m is the electron
mass and H is the magnetic field) from mirrors surrounding the plasma. If the transverse
dimension of a cylindrical mirror (with axis parallel to H) is appreciably smaller than the
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mean free path of photons of frequency wyg the transverse conductivity of the plasma (as
well as the transverse thermal conductivity ) resulting from radiation processes is inde-
pendent of mirror dimensions and is determined by the effective time between electron

radiative collisions Teff(14). When Teff < T&),

where Tgs) is the mean Coulomb relaxa-

tion time, the transverse conductivity of the plasma is determined by radiative collisions
rather than Coulomb collisions. The effects become comparable at n ~ 104 ecm™3, H~ 5

x10'G and T~ 3 x 1073 mc?.

In alternating fields the radiation processes can affect transport phenomena in the ab-

sence of mirrors.

].. The present authors have shown (1] that radia-
tion and absorption of electromagnetic waves by
electrons in a plasma in a strong magnetic field
can have an important influence on the establish-
ment of the equilibrium electron distribution. At
nonrelativistic temperatures T <« mec? (m is the
electron mass) the electrons interact primarily
with photons in a frequency range A ~ wyV T/mc?
about the resonance frequency wy =eH/mec (H is
the magnetic field). For these photons, absorp-
tion and emission leads to the rapid establishment,
in a time Tp ~ wH2 2V T/mec? (where Q is the
plasma frequency), of a quasi-equilibrium Ray-
leigh—Jeans distribution with temperature equal

to the mean energy of the transverse (with respect
to H) electron motion.!” The change in the elec-
tron distribution caused by radiative processes is

DThomson scattering of photons by electrons in the mag-
netic field can also affect the photon relaxation process. The
maximum possible size of this effect has been estimated in (-],
Actually, however, Thomson scattering can be neglected be-
cause absorption of electromagnetic waves in the plasma
means that the photons are not strictly monochromatic so that
the Thomson scattering is no longer a resonance process.

much slower; this change occurs in a time 'rg),

which is of the order of the ratio of mean electron
energy to the mean radiation intensity 7¢)

~ c/row%{ (ry is the classical radius of the
electron).

gs ) is the mean time be-

If 'rg) < -rgs), where 7

tween electron Coulomb collisions, then ’rg) rather
than Tgs) determines the time required for the es-
tablishment of a Maxwellian electron distribution
over transverse momentum (radiative relaxation
for the longitudinal momentum component requires
a time of approximately me?r&)/T).?)

It is of interest to examine the effect of radia-
tion processes on transport phenomena in addition
to electron and photon relaxation in a plasma in a
strong magnetic field.® In the present work we in-

When 'rg) < ~r§>, a Rayleigh-Jeans equilibrium distribu-
tion in the frequency range A close to the resonance frequency
oy characterized by a constant temperature is established (in
a time ~Tp) rather than a quasi-equilibrium distribution.

Radiation effects only influence the electrical and ther-
mal conductivity of the plasma and can be neglected in the
viscosity since plasma viscosity is determined primarily by
the ions.
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vestigate this question for the nonrelativistic case.
In determining the transport coefficients in a
plasma in a strong magnetic field one usually uses
the kinetic equation in the particle velocity space.
(2-5] However, this method is not suitable for
analysis of radiative collisions because the radi-
ation and absorption of a photon cannot be uniquely
related to a given polar angle ¢ in electron veloc-
ity space (the ambiguity in ¢ in radiative proc-
esses is of order 27). To analyze the effect of
radiation processes on transport phenomena in a
plasma we do not use a kinetic equation in velocity
space, but rather in a space comprising those vari-
ables that are used for the quantum-mechanical
description of the motion of an electron in a mag-
netic field. These familiar variables are the quan-
tum number n, which describes the motion in the
plane perpendicular to the field H (the xy plane);
Pz, the projection of the momentum in the direc-
tion of H; and &, the coordinate of the guiding
center of the Larmor orbit along the x axis. The
same variables are used to describe the motion
of an electron in crossed electric and magnetic
fields. If there is an electric field E along the x
axis the energy of an electron in a state charac-
terized by k = n, py, & is

Ex=hon(n - ,17) + pi/2m — eEE.

2. We assume that the electric field E and the
gradients of density n and temperature T are
perpendicular to H (along the x axis). In this
case, if one considers single radiative processes
only, the kinetic equations describing the electron
distribution function f, and photon distribution
function Nk(x) are

=10 = 2 W ek )t 11 N (9] ol (8)
+ 20 W (k; %) {FoN(E) —Fx 11 -+ Ni(E)1, (1)
x'k
dN, (x k, ON, (x .
A

=2 W (ks ) {F 1N ()] — FNi (e, (2)

where W(«kk; k’) is the probability for transition

“For this reason the calculation of the effect of radiation
phenomena on electrical conductivity of a plasma reported
in [‘], which uses the usual kinetic equation, can only serve
an illustrative purpose. Carrying out the calculation in this
way corresponds to the assumption of an equilibrium photon
distribution in the presence of an electric field; as will be
shown later, this assumption gives a value that differs from
the proper value by a factor T/mc2.
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of an electron from state k’ to state k with the
radiation of a photon characterized by a wave vec-
tor k (we do not distinguish between different pho-
ton polarizations).

We note that (1) does not contain kinematic
terms. The electric field only appears implicitly
in (1), i.e., in the probability expression W(«kk; k'),
which differs from zero when the following rela-
tions are satisfied:

8+ ho =&,  po+thk,=p,  E-+TickjeH =¢E.

It is a simple matter to find stationary solutions
of (1) and (2) for small values of E, 9n/9x and
9T/8x. Under these conditions we have from (2)

k
Nic(®) = vt — b 2 20 ®
1 ’
o= 2 W ks %) (Fx — frdims,
(3)

Vi =Z W (xk; %) for [rerx.

Using (3) one can easily show that to quadratic
terms in E, dn/8x and 9T/8x (1) is satisfied by
the Maxwellian distribution *

Fe = @y n (8) B ImT(§)1 e (4)

with energy €, = &x + eE£, which the electron
would have in the absence of an electric field.
Using (3) we find the photon distribution

k k
Nk(x)—_-rh_g‘){l'{‘uof"l'vow—x}i

o= —CEN T ?L‘_,_T__f‘mi T\or
" H eEn 0x U ¢E oT (rf:’) x|’
cz'rl(?) oT © T
_ 9t ) L
vO - T ox° k = o 'V}é’) ) (5)

where v is given by (3’) with the distribution in

(4) replacing fy. This distribution differs from the
Rayleigh-Jeans equilibrium distribution: when
9T/8x = 0 this distribution corresponds to entrain-
ment of the photon gas as a whole by the electrons
in the plasma and the photons move with drift ve-
locity u, along the y axis.

It is evident that the distributions in (4) and (5)
do not yield an electric current along the electric
field. The current density along the x axis is, in
fact, given by the expression: (6]

e =3 2 W ks w) (5 — &) {fe [1+ Ni (B)] — fuNk (B},
xx'k
(6)

SThis solution for the distribution function of a degener-
ate electron was first given by Titeical®] in connection with
the electrical conductivity of metals.
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where V is the normalized volume. Taking account
of the definition N{‘r ) and noting that £ —¢’
= —Thcky /eH we have

_ __h_cizkyN(r)_ (6')
In the stationary state

- ke 1 0T

MO = —c% 55 5

and the current jy vanishes.

Thus, taking account of only single radiative
collisions in the stationary case in an infinite
plasma produces no electric current along the
electric field. The radiative collisions can, how-
ever, have an important effect on the electrical
conductivity of the plasma. This will be the case
if there is additional mechanism capable of chang-
ing the photon distribution, in addition to radiative
collisions.

For a plasma with trapped radiation a mecha-
nism of this kind is photon reflection (frequencies
in the range A ~ wyV T/mc? about the frequency
wy) from mirrors surrounding the plasma and
parallel to the magnetic field. The effect of the
mirrors is to reduce the entrainment velocity of
the photon gas by the plasma electrons owing to
which the photon distribution becomes more nearly
a Rayleigh-Jeans distribution.

If the plasma is bounded by a cylindrical mirror
(with axis along H) the entrainment velocity of the
photons is reduced by approximately (L +Ig)/L
where L is the transverse mirror dimension and
lg is the mean free path of a photon with frequency
approximately wpg with respect to the radiation
process. When L <« [k the entrainment essentially
vanishes and to terms of order L/Ii the photon
distribution becomes a Rayleigh-Jeans distribution.
The latter [along with the Maxwellian distribution
(4) for electrons], in contrast with the total en-
trainment distribution (5), does not cause the cur-
rent jx to vanish. If L <« lk, we shall show that
the current jy, and consequently the electrical
conductivity, do not depend explicitly on L.

In order to explain the reduction in photon en-
trainment velocity caused by the mirrors we as-
sume for simplicity that there are two mirrors
perpendicular to the y axis and that these scatter
photons elastically in the frequency range A about
the frequency wpyg. Under these conditions the
change in the photon distribution function caused
by reflection of photons from the mirrors can be
written symbolically in the form

= (C/QL) (Nk' -_— Nk),
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where L is the distance between mirrors and k’
= (kx, —ky, kz).

The kinetic equation for determining the photon
distribution function (taking account of radiative
collisions and photon reflection from the mirrors)
is
kx
&

WO 4 B = e L

o ox °
Solvilgg this equation together with the kinetic equa-
tion ffcr ) =0 for the electrons, we have

(2" 5 n () ~eT
[mT(E)]"

o= M= T2 a0,
where u = uyL/(L + lg) is the drift velocity in the
presence of the mirrors.

If we locate two more mirrors perpendicularly
to the x axis (separated by a distance L) v, in
the last formula becomes v = v,L/(L + k) and
the photon distribution becomes

Ng (x)= T(x){l—l—u —i—v—} (7)

3. We now compute the current density j, pro-
duced by radiative collisions of electrons, assum-
ing that the transverse dimension of the cylindri-
cal mirror L is much smaller than Ig. In (6) we
substitute the Maxwellian distribution (4) in place
of fy and the Rayleigh-Jeans distribution Nk(x)
= T(x)/hw in place of Nk, noting that

{fx [1 4 Nk (E)] — [xNx (E)}g=x

ck T on dlnf, or
=ﬁ<_E+nax+T oT W)f“’ @)
whence
. T 0 oT
o= (E——F)— 15 (9)
T dk sin? 9 1 T o dk sin?®
o= 2H28(2n)3'7k6)_’ v=zamar (T SW’—T{?) )
(10)
(0) ’“"Z W (xk; ) (107)
(4 is the angle between k and H).
We note the following relation that derives
from (10)
= (T/e) do("/AT. (11)
In the nonrelativistic case[1]
1 = V 2rtne? (mc?\Yz1 + cos? me? (0 — op)?
0= mo (T) | cos ¥ | ex {_ZT 0% cos? ¢ - (12)

Substituting this expression in (1) we obtain finally



1234

gn=3_n* T

10 mﬁ)?]“g’) me? ’

3 ¢
o = —- .
¢ 4 rood

ne T
—,
me¥rir) me

=3
=1

(13)

We note that these expressions [just as Egs.
(10), (11), and (12)] take account of the existence
of two polarization states for the photons (they
are obtained under the assumption of an equilib-
rium photon distribution function; W(«kk; k’) rep-
resents the radiation probability summed over
polarizations).

It is evident that the electrical conductivity
o) corresponds to the effective time between
collisions; this quantity is of order

Tojp = 19mc?/T. (14)

If Topp < 7(8) the transverse conductivity of the
plasma is determined by radiative processes
rather than Coulomb collisions.

The order of magnitude of the ratio of the ra-
diative conductivity o{f) to the conductivity asso-
ciated with Coulomb collisions o(S) is

ﬂ~%(&)’ T)’/z
s T 102\ Q) \me) ?

where £ is the Coulomb logarithm. This ratio
approaches unity when n~ 108 ecm™3, T ~ 1072
mc? and H~ 10°G. Under these conditions the
mean free path of a photon of frequency wy is
Ik ~ 2 x 10% cm.

Equation (9) has been obtained assuming an
equilibrium photon distribution. Actually, how-
ever, it follows from (7) that the photon distribu-
tion is not an equilibrium distribution. For this
reason there is a small current along the y axis;
the magnitude of this current is approximately
jy ~ jxL/lg. There is also a small correction to
the current jx (of order jxL/Ik).

Up to this point we have been considering the
effect of radiation processes on transverse plasma
conductivity. It is evident that in the absence of
mirrors oriented perpendicularly to H these ef-
fects will not affect the longitudinal (with respect
to H) plasma conductivity. In the presence of
such mirrors, however, there is a longitudinal
radiative conductivity; when L < [ (L is the
distance between mirrors) the longitudinal com-
ponent is determined by the effective time between
radiative collisions, just as the transverse compo-
nent. If the electron motion is to be unaffected by
the mirrors the condition L >» lgr) must be sat-
isfied (lg ) is the radiative mean free path of the
electrons); it is difficult to satisfy this condition
simultaneously with condition L « Ik.
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We noted above that some additional mechanism
is required in order for photon scattering to have
an effect on conductivity; this statement holds for
stationary fields. In a nonstationary field radiative
processes lead to finite conductivity even in the
absence of mirrors. In this case, if v is the fre-
quency of the electric field the effect of nonstation-
ary is equivalent to the presence of a mirror for
which L ~ ¢/v.

4. We now find the heat flux along the x axis due
to the electrons. This quantity is given by the fol-
lowing expression, which is analogous to Eq. (6)
for the current jy:

g0 = D W ek %) (& — &) e (e (1 + N (9)]

xx'k
— felVx (B)}- (15)

Substituting (8) and using (10’) we have

© _ (ry oT T 0On\ .
qx = — ¥ (§+X(E_;E(Tv>’

n_ T 0 i, 0 o, { _dk_sin® &
e _2(eH2)6—7"[T O—T(T S(Zn)s ) ”

T 8 [ .o, dk sin®d

X = 2em7 3T [T S(Zn)3 O ] . (16)

Using (10) we can relate x and «{) to o(¥):

on_ T

a Y, 0 %, Tl/:
e =?’757‘[T/a7(7'/°('))] -

1 =122 (e, (1)
Further, using (13) we finally obtain for the non-
relativistic case

(r 3 nT T 3 enT
e =—2'W%’2’ X:Z‘W%‘?- (18)
The thermal conductivity Kg'), like the electrical
conductivity o(F), evidently corresponds to the ef-
fective time between radiative collisions, approxi-
mately Teff.

We note that the relative effect of radiative phe-
nomena on the thermal conductivity is smaller than
on electrical conductivity since the thermal con-
ductivity, which is due to Coulomb collisions, con-
tains the additional factor v M/m (M is the ion
mass).

Equation (18) has been obtained under the as-
sumption of an equilibrium photon distribution.
The deviation of the photon distribution function
(7) from the Rayleigh-Jeans distribution leads to
a small electron heat flux along the y axis; this
quantity is of order q§,e) ~ &L/ Ik.

The expressions for electric current and heat
flux due to electrons can be written in more sym-
metric form by means of the chemical potential
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p =T In (nT-%) + T In [(2n/m)" B8]

and the relation

7 + 1o/ = y/T, (19)
which follows from (11) and (17):
om0 (5= L)~
@W=x(E—ZZ%) - (& +2x)5. @)

We note that (19) obeys the symmetry requirements
for the kinetic coefficients.

5. The heat flux q(®) must be supplemented by
the heat flux q(P) due to photons with frequencies
lying in the range A about wy. This heat flow is
obviously

qP =c S%%thk,
where the integration is carried over frequencies
in the range A.

Replacing Nk by the expression given in (7) we

have

¢ = —« aTlox, % ~ Le 2ol VTTme®

(the ratio of the fluxes q§,p) and qu’, of order

q§rp)/ q&p) ~ T/mcz(wH‘rp)‘i, is much smaller than

21)
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unity ). We see that the photon heat flux depends
on the distance between mirrors.

We also note that the ratio of photon and elec-
tron heat fluxes

42149 ~Lonc™ (0, /) (m/T)™,

can be greater than unity.

The authors are indebted to K. N. Stepanov,
V. F. Aleksin, B. B. Kadomtsev, V. P. Silin, and
A. A. Rukhadze for discussion of the problems of
plasma conductivity.

! Akhiezer, Aleksin, Bar’yahktar, and Peletmin-
skii, JETP 42, 552 (1962), Soviet Phys. JETP 15,
386 (1962).

21. D. Landau, JETP 7, 203 (1937).

3 Chapman and Cowling, Mathematical Theory
of Non-Uniform Gases, Cambridge University
Press, 1954, (Russ. Transl. IIL 1960, p. 376.)

¢E. S. Fradkin, JETP 32, 1176 (1957), Soviet
Phys. JETP 5, 956 (1957).

5S. I. Braginskii, JETP 33, 459, 645 (1957),
Soviet Phys. JETP 6, 358 (1958).

§S. Titeica, Ann. Physik 22, 129 (1935).

Translated by H. Lashinsky
301



