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The contribution of conducting electrons to the thermal flux generated between a metal and
a fluid at different temperatures is calculated. When the electron mean free path is much
greater than the phonon wavelength, the additional thermal flux has the order of magnitude
of the total flux and is proportional to the cube of the temperature. It is small in the inverse

limiting case.

].. It is known[!-3] that when heat is released in a
solid in contact with a liquid (liquid He* or He?),
a temperature jump is produced on the boundary
between the solid and the liquid. This phenomenon
was discovered by Kapitza (1] in 1941 and explained
theoretically by Khalatnikov [2J, who found the con-
nection between the temperature jump AT and the
heat flux Q through the boundary

16> T3AT (Ct ) 1)
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Here p and c are the density and velocity of sound
in the liquid; D, c7, and ct are the density and the
longitudinal and transverse velocities of sound in
the solid, while F(x) is some function of the order
of unity.

We note that the flux Q(AT) in (1) must be dis-
tinguished, generally speaking, from the heat flux
which arises upon contact between two bodies in
equilibrium but having different temperatures T
and T+AT. The latter flux remains finite in the
case when the bodies are identical, something that
cannot be said of the former!). Both fluxes, how-
ever, coincide in the case considered below, when
one body (liquid) has an appreciably lower acous-
tic impedance than the second (solid).

In the case when the solid is a metal, it was ob-
served [®J that the value and temperature depend-
ence of the jump change noticeably when the metal
goes over into the superconducting state. This
clearly indicates that the conducting electrons
make an appreciable contribution to the heat flux,
something not accounted for by formula (1).

DThis circumstance was not taken into account by Littlel*].

As a result he obtained for the temperature jump on the boun-
dary between two bodies formulas in which the jump does not
vanish if the bodies are identical.

The mechanism of heat exchange between the
solid and liquid helium consists 2] of absorption
and emission of phonons of the liquid by the sur-
face of the solid. The heat flux is therefore de-
termined essentially by the coefficient of reflec-
tion of the sound from the boundary of the solid.

It will be shown below that for several angles of
incidence the conducting electrons change very
strongly the reflection coefficient of sound. They
consequently make a noticeable contribution to the
heat flux between the metal and the liquid 2.

2. Assume that a plane sound wave is incident
on the surface of a metal from a liquid filling the
half space z > 0. The velocity field in the liquid
is determined by specifying the scalar potential ¢,
namely V =grad ¢; in the solid we specify a
scalar potential & and a vector potential ¥, such
that

u = grad ® 4+ rot V.

Here u is the displacement vector.

If the wave vector k incident on the wave lies
in the xz plane, we can choose ¥ such that only
its y component is different from zero; this com-
ponent will be denoted ¥. Let the angle of inci-
dence of the sound be 6 and the frequency w; then

¢ = {A,exp [ik (x sin 6 — 2 cos 0)]
4 A exp [ik (xsin 6 -~ z cos 0)1} e—2t,
® = A; exp {ik; (x sin 6 — z cos 0;) — iot},

W = A; exp {iks (x sin 0; — z cos 6;) — iot}, (2)
where

® ® o sing _ sinb; _ sin 6,
k:_()—’ kl:Tl‘y kt—_ch ¢ - ct - ¢

The coefficients A, Ay, and At are determined

PAn attempt to take into account the influence of the elec-
trons on the temperature jump was made by Little[*].
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from the system of boundary conditions when z = 0,
which stipulate that the normal displacements and
stresses on both sides of the boundary be equal.
Neglecting the absorption of sound in the metal,
this system has the known solutions 7]

A Zycos? 20, -+ Z;sin% 20, —Z
Ay T T Z, cos20;, + Z; siE20, + Z °
A p 27, cos 20
Ao T D Z;cos?20; - Z,sin® 26, + Z °
Ay p 2Z;sin 20, @3)
A T T D T Z;cost20, | Z,sin?20, + Z '
where
Dc, De; pc
Z’:cosel’ t:coset' Z:cose‘

If sin 6 > c/c¢, then it is seen from (3) that | A/A,|
=1, that is, total internal reflection occurs. This
is true only to the extent that we neglect absorption
of sound in the metal. The presence of absorption,
of course, decreases the reflection coefficient. It
is also seen from (3) that the amplitude of the os-
cillations in the metal has a sharp and narrow max-
imum when the angle of incidence is such that

Zz cos? 29[ + Zt sin? 29f = 0. (4:)
Condition (4) corresponds to the propagation of
Rayleigh surface waves in the metal. The corre-
sponding angle of incidence lies in the region of
total internal reflection. It is clear that the ab-
sorption will particularly strongly influence the
reflection coefficient in the vicinity of this angle
of incidence. We shall consider this region below.
In determining the absorption of sound in a
metal it is necessary to distinguish between the
two cases[®) wr « 1 (7 is the electron relaxation
time) and wt > 1. The values w ~ T/h are those
of interest to us. On the other hand, near the
boundary the metal lattice is usually strongly dis-
rupted. We therefore assume here that

ot 1.

At helium temperature this means that the mean
free path of the electrons is less than 1073 cm.
When relation (5) is satisfied, the electron mean
free path I can be either smaller or larger than
the wavelength of sound A, because v, > ct,
where v, is the electron velocity on the Fermi
boundary. Let us consider each case separately.
3. If I < A, we can use the concept of electron
viscosity. The energy absorbed per unit time is
determined in this case by the well known relation

(6)

6)

E=2n§ (un— 5 spit) av + T § idav.
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In general it is necessary to include in (6) an
additional term connected with the heat conduction,
but it is shown in [8] that the heat conduction does
not influence the absorption of sound in metal at
low temperatures.

Substituting the solutions (2) and (3) in (6) we
obtain for the sound transmission coefficient w,
defined as the ratio of E to the energy incident
on the surface of the metal per unit time with the
incident wave,

f &)

(Deyfpe)® (s — so)* + 1 - ™

— e
w(s) = peey
We introduce here in place of 6 a new variable
s = sin? 6¢, where s, is the solution of the cubic
equation

16 (1 — £%) 5 — (24 — 1682)s® + 85 — 1 =0,

which expresses the equality (4), £ = c¢/cg and
f(¢) is a certain function of order unity.

Thus, w is proportional in our case to the fre-
quency of sound and has a sharp maximum with a
width on the order of pc/Dct when s = s,.

According to the calculations of Akhiezer,
Kaganov, and Lyubarskii (8], the electron viscosity
is n~ p§(mh)~3, where p, is the momentum on
the Fermi boundary. Substituting this value of the
viscosity, and also the values of p and ¢ for liquid
helium, we obtain for the maximum value of w

w(so) —~ l/}\:< ],

that is, the transmission coefficient is small, but
increases with increasing range I. We can there-
fore expect values w ~ 1 in the opposite limiting
case I > A,

4. We now consider the case [ > A, where we
can no longer use the concept of viscosity coeffi-
cient. To calculate the transmission coefficient
we must solve the kinetic equation for the electron
distribution function f(p,r,t):

8

of of | = of | f—F__
5 T Vet Pa—p—l— — =0,

where v = 9¢/9p, €(p) is the electron energy, and
the bar denotes averaging over the equal-energy
surface.

In the presence of a sound field, the electron
energy is determined by the relation®

du .
e (p) = & (p) + Az (P) use + Uipk'fg)‘f -+ (p — mv) u, (9)
and the equilibrium distribution function has the

form

9L. D. Landau, private communication.
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where ¢€)(p) is the electron energy in the absence
of sound, Ajk(p) is a certain symmetrical tensor
of the order of the Fermi energy; uy is the chem-
ical potential of the electrons in the absence of
sound; Ajk = Ajk —Ajk. Putting f = f) + x 9n, /¢
and linearizing Eq. (8), we obtain

(10)

%—)t(- + v %—§ -+ %— = — A,-kd,-k -+ VVT»,‘kuik -+ evE, (11)
where account is taken of the fact that p = —eE
~Ve; E is the electric field resulting from the
presence of the sound wave. Since all the charac-
teristic velocities entering into the problem are
small compared with the velocity of light, we can
assume that curl E = 0. We put Vi = eE + inkuiko

The frequency of sound w is much smaller than
the plasma frequency wpl, and therefore the charge
density must be regarded as equal to zero. From
this condition we determine .

In the isotropic case considered by us we have,
obviously, on the Fermi boundary,

Aip = 70, + Pring,

where n =p/|p|, while ¥ and 8 are constants of
order p,. With the aid of (12) we can readily find
that

(12)

A = ﬁ(nznk —% 6ik) . (13)
It is necessary to add to (11) the boundary con-
ditions for z = 0. We assume diffuse reflection of
the electrons from the boundary. Then the distri-
bution function for the electrons moving from the
boundary at z = 0 will be equal to the equilibrium
function, but with a somewhat modified value of
the chemical potential, the addition ¢ to which is
determined by equating to zero the electron flux
through the boundary. Thus, for z = 0 we have

% (n.<<0) =¢ (14)

It is obvious that all the quantities are independ-
ent of the coordinate y. The dependence on x re-
duces to the factor eiqx’ where q =k sin 4.

A solution of (11) satisfying the condition (14)
has the form

x= ()
" z

_ v_ e—za/vz g ez a/vaikuik (zl) dZI
z

o
—o0

for n, >0
+

’

e

0
(€ — o) e—za/02+ _vi' o vz Sez’a/val,khik dz’ forn, <0
2
’ (15)
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where a =iqvx + 1/7 and ¢, is the value of ¥
when z = 0.

The sound field u is the sum of a longitudinal
wave uj, which depends on z via the factor
exp (k7z), and a transverse wave ut, proportional
to exp (ktz) (k1,t =Kkitlcos 67,t]). By virtue of
the linearity of the problem, y can be sought in
the form

% =x 4+ 19,

where xD is the solution corresponding to the
propagation of a longitudinal wave only and x(t)
corresponds to a transverse wave. Analogously

v=v"+y", =0+

Separating the real part in (15), carrying out ele-
mentary integration, we obtain, neglecting small
terms proportional to 1/7,

®,U .
x@ =@ (2) — Tna—vz)za_i_sz)zAikuf'z)

0 for n. >0,
+ 159 — 9?1 cos (q% z) + RAUR  for n, <0, ,
(16)
where a =1,t; ﬁgﬁ) is the value of ﬁgﬁ) when
z =0;
% ko, sin (g
2} —kousin (g2 2
[%avz cos (q e z) Uy (q . )]
Ra =

[(4a02)® + (guo)*l.

The condition for the vanishing of the electron
flux through the boundary

Sv %’;‘-’ xd®p =0, for z=0
leads to the equation
a a 1 UM *
11’(() ) — C( )= T S do Wl_i_—(zqvxTAikU%), a7

nz>0

where do is the element of solid angle in momen-
tum space.

Finally, we obtain 3(2) from the condition that
the charge density vanish, which reduces to the
equation

Sxdo = 0. (18)

We obtain

.q,(()a) — C(a)

'll?<a) — T S do RaAikUE'/g)-

S do cos (qz—:z) — %
n;<o :
(19)

n,>o0

We are interested in the additional force acting
on the boundary and resulting from the presence
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of the electrons. This force is equal to the elec-
tron momentum flux through the boundary

_dp

aﬂo
51 = \2piv: T e (20)

Putting z = 0, we obtain from (20), using (16), (17),
(19), and (13)

e =00+ 08, o=l + 0, (21)
where
o = (L) s 2 VEHO @),
o) = ({%)3 B U2H @),
o = (25 ) 4o (U2Fa @) + ULAL @),

FOE), [y (B), f5(B), f1(§) are functions of order of

unity:

2n

1
(a) __ 12 3 2 at
f _§ dq>§(l £) £ cost
« ot 2 1 dt
o= do (e =524 5 ) iy
0 0

dt
gt n)

)

-%ﬁ+%q

g (t; %) =1 + (g/%)* (1 — ) cos?e.

In order to determine the transmission coeffi-
cient of the sound, it is now necessary to set up
an ordinary system of boundary conditions for the
functions (2), but in writing down the conditions
for the equality of the stresses at z = 0 it is nec-
essary to take into account the presence of the
forces (21). This system has the form

— ky cos 0,A; + ks sin 6;4; = k cos 6 (A — Ay),

ki cos 20; A; + ki sin 20,4, — <nﬁ )32ivo 2;()12
tn

ki
X {— cos 20,/ A, —l~ sm 26, f¢ A,} =0,

B ¢
4vy D

C? 9 ) ., po 3
A[<1—2-‘§-Slﬂ 9[ —Sll’lQe:At-»—<,—n—ﬁ-)

s L s 4 ot

=2 (A + A (22)

Solving the system (22) with respect to A, we
obtain
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A Zycos?20; + Z;sin?20, +Y — Z 3
Ay T T Zjcos? 20, Z; sin?20, Y + Z (23)
where
po\s B [ A Bt ooa
= — <n%> o {Zx sin 6; sin 20,7 - Ty sin 6, sin 26; [,
k, ¢, cos 26, c?
L., — 91t ¢in2 (2]
duy ¢,  cosb (1 2 c% sin 6[> h
ky cos20, - R ]
I__ AR _I_ 3
T %y 056, (fy sin® 6; 4~ f5cos O,)J.

It is now easy to determine the transmission
coefficient w:

4B
0© =1 —| 4| = romeeewrerr e @
where
B 1Yo
pc
1 R
H = . _ g2
Vi=F & {(1 4sV (s — 1) (s s)}

Thus, in the case I > A, the transmission coeffi-
cient w is found to be independent of the sound fre-
quency. Since B ~ 1 for the case of liquid helium,
the maximum is w(sy) ~ 1.

5. Knowing w, we can readily find the additional
heat flux from the liquid to the metal

We (T) = Sv (i;)—)c cos 0 hiow véi%; , (25)
where T is the temperature of the liquid, v(x)
=(eX-1)"1L

In the case I < A, substituting w from (7) and
going over from integration with respect to 6 to
integration with respect to s, we obtain

We1 (T) = 24n? (26)

5
n
@nhc,? Dehi [ @)
Analogously, when I > A, we obtain on the basis
of (24)
o T B

5 @mar BrnTH @7
t

We (T) =5 %

If the temperature of the liquid is equal to the tem-
perature of the metal, then the flux Wq] is offset
by a flux of the same magnitude from the metal to
the liquid. If there is a small difference in tem-
peratures AT, then the resultant heat flux is

ow
Qet = 6;‘ AT.

Differentiating (26) and (27) we obtain

T4AT

T(@hc)E Dcﬁ f(§) (28)

Qet = 120n°

when I < A and
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(29)

when I > A,

Comparing (28) with (1), we see that when
1l < A the electrons barely influence the size of
the temperature jump.

To the contrary, when I > A the flux Qg] has
the same order of magnitude as (1), and the tem-
perature dependences of both fluxes coincide. We
note that Qg] as given by (29) depends rather
weakly on the density of the liquid. Consequently,
the temperature jump depends on the helium den-
sity less than predicted by formula (1). This is in
qualitative agreement with the experimental data
of Dransfeld and Wilks[%].

Finally, let us dwell briefly on the case of a
superconducting metal. At temperatures much
below critical, the number of electronic excita-
tions is exponentially small. Therefore the con-
tribution of the electrons to the heat flow will also
be small. Near the critical temperature, Qg will
obviously be of the same order in the superconduc-
tor as in the normal metal. It is therefore clear
that in the case of a superconductor the tempera-
ture jump AT is larger than in the case of a nor-
mal metal at the same value of heat flux, and its
temperature dependence is stronger. This agrees

A. F. ANDREEV

qualitatively with the experimental results of
Challis (],

In conclusion, I am grateful to A. A. Abrikosov,
L. P. Gor’kov, I. E. Dzyaloshinskii, and I. M.
Khalatnikov for a discussion and for valuable re-
marks.
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