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It is shown that electromagnetic waves can be absorbed in an inhomogeneous medium as a
result of variation of the properties of the medium. The relation between this mechanism
of wave absorption and transition radiation from charged particles of the medium is estab-

lished by employing the Kirchhoff theorem.

IT is well known at present that when electromag-
netic waves propagate in a homogeneous plasma,
there exists, along with the damping of the waves
due to collisions of the plasma particles, also a
damping connected with the absorption of energy
by the plasma particles moving in the field of the
normal electromagnetic wave. Thus, in an iso-
tropic plasma, the longitudinal wave is damped
as a result of Cerenkov absorption ( Landau damp-
ing[ﬂ). In a magnetoactive plasma, absorption of
electromagnetic waves is possible also at Doppler
frequencies, corresponding to radiation of normal
waves in the plasma by electrons moving in a con-
stant magnetic field (see, for example [2]). So
far the analysis was essentially limited to absorp-
tion of electromagnetic waves and its connection,
for example on the basis of the Kirchhoff formula,
with radiation of particles with thermal velocities
in a homogeneous medium. Yet, the medium dealt
with is very frequently inhomogeneous, both under
cosmic and laboratory conditions. On the other
hand one should expect in the propagation of waves
in an inhomogeneous medium an additional damp-
ing due to the changes in the properties of the
medium.

To explain the singularities that occur here,
we consider in the present article the propagation
of a wave in a medium made up of an inhomogene-
ous plasma placed in an inhomogeneous dielectric.
It turns out that the contribution to the absorption
made by the electromagnetic wave because of the
presence of the gradient of the dielectric constant
can in many cases be decisive. This occurs, for
example, in the case when no Cerenkov radiation
is possible in the medium. It is shown further that
the absorption in the inhomogeneous medium is
connected in final analysis with the transition ra-
diation of the thermal electrons of the plasma.

Transition radiation is understood here in the
broad sense, i.e., radiation from a charge moving
with constant velocity in an arbitrary inhomoge-
neous medium. The particular case of such a phe-
nomenon, namely the radiation from a charge
passing through a boundary between two media,
was first considered by Ginzburg and Frank (3],

1. We start from Maxwell’s equations in an in-
homogeneous medium C2]*

_4m .  e(r)dE ___1_6H
rOtH—c—J+——c——aT, rotE = T
dive (r) E = 4mnp, divH =0, (1)

where the current and charge density are deter-
mined with the aid of the kinetic equation for the
homogeneous plasma (2]
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Here Vgr = 2T/m is the average thermal velocity
of the plasma electrons and N the plasma electron
density. The addition ¢ to the Maxwellian distri-
bution function £, is assumed small; the motion

of the ions and the collisions are neglected.

We assume that the plasma is placed in a planar
stratified region, the properties of which vary
along the coordinate axis Oz. We consider longi-
tudinal (along Oz) propagation of a transverse
electromagnetic wave in such a medium. If the
electric field of the wave E ~ e 1%t jg oriented
parallel to the Oy axis, we get from (1) and (2)
for longitudinal propagation
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*rot = curl.

1006



ELECTROMAGNETIC WAVES IN AN

Assuming that €(z) is a slowly varying function,
i.e., the condition

\eldz << ¢ (4)

is satisfied (A is the wavelength in the medium ),
we proceed to solve (3) in the following fashion. In
a Maxwellian plasma (vp/c = 7 < 1) the right
half of (3) [see (2)] can be represented in the form
of a sum

jy=j0+js (@ =@y + Pg), (5)

where 1

— (dniw/c?) j, = (wi/c®) E, (03 = 4me®N/m),

and jg is the term that accounts for spatial dis-
persion and vanishes as vp/c—0 (j, > jg).
Taking this circumstance into account, we rewrite
(3) in the form (Ey = E)
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c

(6)

The right half of (6) is now determined by the spa-
tial dispersion and in the case considered of a non-
relativistic plasma it is a small quantity compared
with the terms of the left half of (6).2> The solution
of (6) without the right half under condition (4),3
i.e., in the geometrical-optics approximation, is
known:

E® =~ [¢' (2)]"sexp {:{: %li dez’},

where €'(z) = e(z) - w(z,/wz.

If we use, for example, the method of varying
the constants to find the solution of the equation
with the right half, we obtain from (6) with the aid
of (7)

)

E = giv{exp (tS 7(2) dz)gé (2) exp (~— iS 7(2) dz)dz
— exp (— iS 7 (2) dz)gé (2) exp (lS 7 (2) dz) dz},

a=(E @)% v=0Ve @)/c & =—Aniolcay)]s.

(8)

It is easy to see that (8) is a homogeneous inte-
gral equation [see (2)] with respect to E. To carry

DThe term j, corresponds to complete neglect of spatial
dispersion: ¢, = —(eEi/mw)V,f,.

20f course, the function ¢s itself depends on E via
Eq. (2).

9More accurately, it is assumed that all the conditions for
the applicability of geometrical optics to the solution of the
equation d’E/dz* + w’c™e'(2)E =0 are fulfilled (see [2]).
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out further analysis of (8) it is necessary to specify
the function €(z). It is of interest to examine in
detail the case when a wave propagates in a peri-
odic medium, for which we put

(9)

where €, and A are parameters that do not depend
on the coordinates. Then

e — ey - Acos Ez, A< g, cV goblo << 1,

Y2 Yo - Acos Bz, A = Ao, 1o

=0 Vele, 15> Ao?/2c? (10)

and consequently E® [see (7)] has the form

o - \ . [0} ~ e
EY ~ s;%oo Js (n) exp {‘Z (T Ve, - SS>} , (11)
where k = wA/2¢cV €yt and Jg is the Bessel func-
tion.
To obtain (11) it is necessary to use

[e5]

>_‘ Js (n) ef32s,
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If we substitute (11) and (8) and take the definitions
(2) and (5) into account, Eq. (8) assumes the form

[ zo}o oo Js() exp {iz <—(:_ Vgo + S§>} T dv

S, §'==—
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Since the right half of (6) is small and vanishes
as BT — 0, it is sensible to seek a solution of (12)
in the same form as the solution of (6) without the
right half, i.e.,

E = i Js (%) exp{z‘z(‘;’—Ve_‘ + {E,s)}.

§=—00

(13)

Here, generally speaking, e* is different from e¢,.
For simplicity we shall neglect henceforth the cor-
rection to the real part of ¢* and assume?® that
€*x~ € +1iIm e* (Im €* < €;). We thus are con-
sidering a wave damped in space.

We could solve analogously the initial-value
problem, i.e., seek an imaginary correction to the
frequency w, corresponding to the damping of the
waves in time. Substituting (13) in (2) and (12),

“The inclusion of the correction to the real part of €* is
of course trivial, but for a transverse wave (E 1 k) this cor-
rection is not essential in the case under consideration.
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and using (5), we obtain, discarding the small

terms for Im -Zix/e* < ¢,

[ee)
2 Js (%) ei?5s
§=—00
21162 O T () T2 (x) €75

- _ Sy s v
me VYV eo ) (Ve — Ve Sd M vyfo

TS e
©  o—u(0 Vel + Es') (14)
where, as usual, the integration with respect to
dvydvy = dv) is carried out over real values, while
integration with respect to v, = u is carried out in
the complex plane along the path —« < u< « with
the pole ug = w/(wc‘l\/e—o + £s) circuited from
above. Thus, unlike the case of wave propagation
in a homogeneous region, we obtain here an enu-
merable set of resonant points (s =0, £1, £2...).

The damping of the normal wave (13) is given
by the imaginary part wVex/c. Equating the co-
efficients of equal powers of elZ&S in both halves
of (14) we get

2

e
cVeor 2 o Voot '

wgn’/’

do=2Im 2" = ¢ =03,

(15)

where sy, is determined from the requirement ug
< c. As indicated above, Im Vex =0 owing to the
presence of poles in the integrand of (14) when u
=ug. The term s =0 in (15) corresponds to ab-
sorption of waves of the Cerenkov type. It differs
from zero only when €, > 1, whereas the next
terms with s > 0 can, generally speaking, differ
from zero also when ¢;< 1. In this case the ab-
sorption of the electromagnetic wave is due en-

tirely to the change in the properties of the medium.

The Cerenkov absorption predominates, for exam-
ple, in the case when €;>1 and k < 1. We note
that the quantity k = A/2€yéA is a ratio of two
small parameters [see (9)], so that generally
speaking it can assume arbitrary values. The role
of this mechanism of absorption of electromagnetic
waves under astrophysical conditions, particularly
in the earth’s atmosphere, will be discussed in
greater detail in another paper.

2. In order to indicate the connection between
the resultant damping of an electromagnetic wave
in the medium under consideration [see (15)] with
radiation from the plasma electrons, we can use
the Kirchhoff theorem :

5The applicability of the Kirchhoff theorem when the geo-
metrical optics approximation is valid is not subject to any
doubt (see []).
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No = Gula, (16)

where 7, is the radiating ability of the medium,
a the absorption ceofficient of the wave, and I,
~ (w?T/m%c?)e is the equilibrium radiation inten-
sity. We note that a connection of this form be-
tween the damping of the waves and the Cerenkov
radiation in a homogeneous medium was discussed,
for example, by Shafranov (%],

To calculate the radiating ability of the medium
Ny in the case (9) of interest to us, we use the pre-
viously obtained formula (6], 1t was shown in [6]
that the energy radiated by a charge moving in a
periodic medium [see formula (9) in (6] at an
angle ¢ to the direction of change of the properties

of the medium is ®
4w o = S o) dk | do(1—1/e8%) ®
av o ___°eu c.c.,
dt 272 cos & o [8/v cos & — Es]2— 12 (17)

where v is the particle velocity, g8 =v/c; k| is
the transverse wave number, k| = {ky, ky, 0};

K = Aw?/2c%y; v =V wl€y/c2—kZ, 6 = w - Vky sin ¢
v% > Aw?/c?. For the energy radiated in a solid
angle element d2 by the wave propagating in a
direction parallel to the z axis we have

dw e2vi
dt ~— 2m2c?cos ¥

< 3§

s=—00

o (1 — 1/e08?) J2 (%) w22 do
(w/v cos & — sE)? — wic%ep

dQ +ec.c. (18)
If we average dW, /dt [see (18)] over the Max-
wellian distribution, we obtain for the radiating
ability of the medium

“ 2crvd o
S (2 (%) © (1 — 1/80B?) w206 %% dQ
8 S=Z-oo S (o/vx — sE)? — @%c%eo v?dx d® dd,
(19)

where v is given in spherical coordinates: v
= {v, ¢, &}, x =cos 4.

Of course, formula (19) gives the correct radi-
ating ability of a medium consisting of a plasma
placed in a dielectric only when the electron den-
sity is small, i.e., when the addition to the dielec-
tric constant €’, due to the presence of plasma,
can be neglected. This is obviously valid if the
condition w}/w? < €, is satisfied (%],

9The corresponding formula (9) of [*] has a somewhat dif-
ferent form. The difference lies in the fact that the integration
with respect to dk; has already been carried out in (9) of (],
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In (19) it is convenient to integrate first with
respect to dx with the aid of the pole of the inte-
grand

/v
o Veolc+ sk
after which the integration with respect to dv is
elementary. As a result we have

x=xs= 1]xs]<]» (20)

oo

020? V emuy Z J2 (%) exp {— Lo/ (0 V eo/c + Es)%
8ncd/s o Veoc+ sk

» (21)

s——~sm\.
where sy, is the number of the lowest harmonic,
which is still radiated at a given frequency w, i.e.,
expression (20) has real values for the radiation
angle. Comparing now the value of 7, with
aywlydQ/4r [see (15), (16), and (21)] we find that
these quantities coincide.

We can thus conclude that the mechanism con-
sidered above for the damping of electromagnetic
waves in an inhomogeneous medium is due to tran-
sition radiation. The plasma electrons, moving in
the field of the normal wave, are accelerated by

1009

the latter, as a result of which the energy of the
normal wave decreases.

The author is grateful to V. L. Ginzburg for
several remarks.
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