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We consider the stability of betatron oscillations in an annular axially-symmetrical magnetic 
field with maximum (or minimum) along the radius r. In a linear approximation with respect 
to vertical z-oscillations, it is reasonable to use for the r-oscillations a potential well, inside 
which bands of stability for z exist. The nonlinearity of small z-oscillations does not violate 
the stability. Acceleration without violation of stability is possible with strong focusing at the 
onset of the acceleration. 

1. GENERAL CONSIDERATIONS 

STRONG focusing of small r- and z-deviations 
from an equilibrium orbit, i.e., focusing with a 
wavelength i\ « R, is impossible in an axially­
symmetrical magnetic field. The only possibility 
of simultaneously stabilizing the r- and z-oscil­
lations is used in weak focusing and is connected 
with the dependence of the centrifugal force pv/R 
on r = R - R0• Without account of the centrifugal 
force, the summary potential energy of the trans­
verse oscillations U(r, z) coincides with the vec­
tor potential Aqy ( r, z ) and therefore has no minima, 
being an analytic function of r +iz. 

This theorem does not exclude stability of large 
nonlinear oscillations. Unfortunately, it has been 
impossible to consider so far oscillations that are 
nonlinear in both r and z, but the most interesting 
case, when the z-oscillations remain linear, is not 
only feasible in a magnetic field but is even prac­
tical. If, as usual, the magnetic field Hz is sym­
metric about the plane z = 0: 

Hz (r, z) =Hz (r,- z), Hr (r, z) =- Hr (r,- z), 

then the equation for r contains only even powers 
of z, while the equation for z contains only odd 
powers. Assuming z 2/r2 to be small, we obtain in 
the zeroth approximation in z 2/r2 an equation for 
r which does not contain z, and a linear equation 
for z in which r(t) enters as a parameter. 

If we neglect the terms of type r /R0, z/R0, 

i:2/v2' z2 /v2' which are inessential in this analysis, 
then the equations of motion assume the form 

d"z Ro aHZ - 0 
d<p2 - Ho 7ff 2 - ' 

(1) 

and in the zeroth approximation Hz ( r, z ) = Hz ( r). 
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( Here H0 is the equilibrium field and cp = eH0R0 

~ eH0R). 
Let Hz ( r) have the form shown in Fig. 1. The 

potential energy 

U (r) = :: ~dr (Hz- H 0) (2) 

ensures stable motion along r inside the well. Let 
us show that inside the potential well there are en­
ergy levels JC = U + (dr/dcp) 2/2 (and even an infi­
nite number of such level bands), which corre­
spond to stable z-oscillations. This dynamic sta­
bility is guaranteed by the fact that in the case of 
r-oscillations the particle traverses alternately 
through gradients 8Hz/8r of opposite sign with a 
period <I>, which we represent for JC -.. 0 in the 
form of the sum (see Fig. 2) 
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FIG. 2 

Pz 

<D = 2 \" dr = <D1 + <D2' + <D2" 
.l V2 (J't - U) 
p, 

'• 
~ 2 I" dr --+ ~In ~ . 
~ ~~ V no (r2- ri) V no P1 

(3) 

The fixed point ro is chosen such that in the in­
terval 0 > r > - ro we can assume the field to be a 
linear function of the radius: Hz ~ H0 - g0r; this is 
always possible if JC ~ - n0pr /2 is sufficiently 
small, where n0 = g0R0 /Ho. 

As Pi - 0, the function <P2 tends logarithmic­
ally to infinity, whereas the lengths of the remain­
ing sections and the course of the gradient inside 
them cease to depend on Pi· The stability of the 
z-oscillations is determined by the value of the 
trace of the transition matrix over the length of 
the period of the gradient. This matrix breaks 
up into a product of two matrices, of which one 
(from the point cp i to the point cp 1) is independent 
of JC, while the other (from <Pi to cp 2 ) depends 
logarithmically on JC: 

(4) 

If we denote by J..Lz the number of z-oscillations 
over the length of the period <P, then it follows 
from (4) that 

cos 2:rru = 011 + 022 cos (21n ro ) 
rz 2 P1 

+ 1 ( a~, y-) · ( 2 1 ro ) 2 V no - al2 no Sin n Pt . (5) 

the z-oscillations are stable if I cos 27rJ..Lz I < 1. 
According to (5), as Pi - 0 the trace of the tran­
sition matrix goes through zero an infinite number 

of times, so that the potential well contains an in­
finite number of stability bands. 

2. ACCELERATION OF PARTICLES IN A FIELD 
WITH NONLINEAR FOCUSING 

Let us approximate the field Hz ( r) in Fig. 1 by 
an angle with vertex at the point - r 0, choosing for 
simplicity equal gradients on both slopes of the 
field. In this simple field model, as can be readily 
calculated, we have 

[ ( 
p2 )-'/,] 

cos 21tflz =cos (2 Arch ~:) ch rc + 2 arc sin 2- r~ , 

(6) * 

2 [ 1C • ( Pi )-'/, r0 J <D = ,r 2 + arc Sin 2- - 2- ,+ Ar ch ,1 - • 
r n r 0 r P1 

(7) 

The adiabatic invariant of the radial oscillations 
is 

Pz 

J = 2H0 ~ dr V2 (::JC- U) 
p, 

=HoVnr~[2Vl-x2 -x2 Arch+ 

+ (I - ~2 ) (rc + 2 arc sin (2 - x2)-''·] , 

where x = Pi /r0• At the centers of the stability 
bands, 2 cosh-i (r0 /pi) = (k + %)1r, 1/x 
=cosh ( 2k + 1 )7r/4, and the half-width of the k-th 
band, on the edges of which cos 27rJ..Lz = ± 1, is 

~Ph1 = l:l.::JC/2:1C 

(8) 

= Y 1 - x2/2 ch [rc + 2 arc sin (2 - x2)-'f•J. (9) 

For the main band ( k = 0) we have x = 0. 7 55, 
t:.pi I Pi = 4 x 10-3, and <P = 6.67 !Ill; for k » 1 we 
have t:.pi I Pi = 9 x 10-3 and <P = ( k + i/2 )7r/ll . 

From the relation t:.J = <Pt:.JC and from (9) we 
obtain the phase volume of the radial oscillations, 
corresponding to the stability band 

l:l.r Mt, = l'!.r ~ !!:!_ = 2 ~p, ::;e-! = ~P1 ~ nr2x2 • (10) 
R dq> P1 R Pt R o 

The phase volume of the vertical oscillations is 
determined by the permissible amplitude zper· 
Using the well known theory for linear oscillations 
with periodic coefficients, we can obtain the phase 
volumes 

*Arch =cosh-'; ch =cosh. 
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where x is the Floquet function of the vertical os­
cillations with Wronskian <P ( x*x~- XX~' )/271" = 2i. In 
our example I x lkax = 271" (sinh a +cosh a )/<PVn, 
where a= 1r + 2 sin-i (2 -x2 )-i/2• From (9) and 
(11) we get 

(~S ~Q)k = ~knr~z~e/R2 , ~0 = 3.1·10-4, 

~1 =0.8·10-'. 

Before we estimate the phase volume with these 
formulas, let us consider the acceleration process. 
To maintain stability during the acceleration proc­
ess it is sufficient to keep the ratio Pi/r0 = x con­
stant. In this case it follows from (8) that J 
~ H0Jll r~ and from the constancy of the adiabatic 
invariant we obtain the necessary connection be­
tween the time variation of the field Hmax ( t) and 
the increase in the momentum p ~ H0• Using the 
relation 

r0 + r2 = const, 

(see Fig. 1) and introducing y = H0 /Hmax we 
write this connection in the form 

( Hmax')'j, Hmax-H") 2 

Ho !r;- ( Hmax = const, 

H max (t) = (. ~)'/, ( 1 - Yo) 2 • 

Hmax(U) Y 1-y 
(12) 

It is seen from this formula that the magnetic 
field should decrease at the start of the accelera­
tion ( y « 1 ) , and reach a minimum at y = i/5, 

Hmax/Hmax(O) ~ 25V 5y0 /16. The field then 
increases again and Hmax returns to the initial 
value when y = 1-y614• The quantity 1/y 
= Hmax/H0 is equal to the ratio n/ngeom• where 
ngeom = R/ ( r 0 + r 2 ) is the constant "geometrical" 
index of the falloff of the magnetic field. At the 
end of the acceleration n/ngeom ~ 1. However, 
at the start of the acceleration we have n » ngeom• 
and this greatly increases the capture efficiency. 

The vertical oscillations attenuate with accel­
eration as 1/H0 Vn. The factor 1/Vn is brought 
about by the fact that the spatial frequency of the 

z -oscillations is of the order rn' since 1-Lz 
= const and <P ~ 1/.fll. At the very onset of ac­
celeration, according to (12), Hmax ~ 1/H0 and 
n - 1/Hij, so that the z oscillations do not attenu­
ate. At the end of the acceleration n ~ const and 
z 2 - 1/p. 

Taking these remarks into consideration, let us 
estimate the phase volume encompassed by the 
acceleration mode. Since the acceleration con-

serves the ratio Pi /r0, the radial-oscillation 
volume occupied upon injection does not decrease 
during the acceleration. The initially occupied 
phase volume of the z-oscillation also remains 
constant. Recognizing that 

we obtain 

(~S ~Q)k = ~kz~e/Yongeoml' (13) 

A field of the type shown in Fig. 1 can be ob­
tained in a quadrupole lens with asymmetrical 
right-hand and left-hand poles. The injection en­
ergy is limited only by the scattering on the gas, 
so that the quantity Yo= (H0 /Hmax)inj is very 
small. Taking by way of an example a large ring 
with R = 2.5 x 105 em, roinj = 5.0 em, Zper = 1 em, 
ngeom = 5 x 1014, Einj = 10 MeV, and Yo = 8 x 10-5 

we obtain ( 6.S6.Q ) 0 = 10-14 em 2 sr, whereas in an 
accelerator with hard focusing[iJ, having compa­
rable dimensions, the phase volume is ~ 10-7 

cm2 sr [iJ. 
The period of the radial oscillations, <P - 271"/Vn 

and with it also the number of vertical oscillations 
per revolution, which is equal to ~ ...fll/4, changes 
very strongly during the acceleration, particularly 
during the start of the acceleration, up to y = Y5• 

Therefore the particle passes through a large num­
ber of vertical-oscillations resonances. This 
makes the tolerances one or two orders of magni­
tude more stringent compared with hard focusing. 

We note the interesting fact that in nonlinear 
focusing small deviations from large nonlinear r­
oscillations are unstable. Indeed, if we represent 
r in the form r 1(cp) + u, where r 1(cp) is an arbi­
trary trajectory within the potential well, then we 
obtain for 0 < Pi < ro 

cos 2n(la = ch ( 2 Ar ch ;:-) 

p2 -'/, 

x cos ( n + 2 arc sin ( 2 - ri ) ) . (14) 

It is easy to see that the argument of the cosine on 
the right lies in the range between 371"/2 and 21r, 
I cos 27TJ-Lu I > 1, and u is unstable. This result is 
obvious, for in the region of nonlinear oscillations 
the period <P depends on JC, i.e., on u, and the 
two solutions, with energies JC and JC + 6.JC, oscil­
late relative to each other with an amplitude of the 
order of the well width, independently of the small­
ness of the difference 6.JC. Since u has complex 
frequencies, the sinusoidal perturbations cannot 
produce resonances in the r-oscillations. 
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3. EFFECT OF NONLINEARITY OF z-OSCILLA­
TIONS 

The effect of terms nonlinear in z on the sta­
bility of motion is the principal problem, inasmuch 
as the stability itself is the product of the nonlin­
earity. It is necessary to show that the nonlinearity 
in z does not eliminate the instability (with the ex­
ception, of course, of special cases of nonlinear 
resonances, which arise at certain discrete values 
of the frequency J.Lz ) • 

We demonstrate this with an example of "mini­
mal" nonlinearity, such as a magnetic field quad.,. 
ratic in r and z 

Hz =ar-b (r2 - z2), Hr = az- 2brz (15) 

with equation of motion 

HRr" + ar-br2 =- bz2 , 

HRz" - az + 2brz = 0. 

(16) 

(17) 

For simplicity we consider linear motion along the 
s axis; H0 = 0 and H(r, z) is independent of s. 

In the zeroth approximation we discard the z2 

term on the right. In place of s, r, and z it is 
convenient to introduce the variables 

q = r!J!Jl, 

where JC is the energy of the radial oscillation; the 
potential energy is chosen such that it has a mini­
mum at r = 0. 

The equations assume the form 

q" + q -x2q2 = -x2~2, 

s"- ~ + 2x2qs = o, x2 = b VYC!a, 
(19) 

(20) 

With an integral of motion for q in the zeroth ap­
proximation q = q0 ( V ) : 

(21) 

Inside the well we have 0 ::::; K2 ::::; 1/16. It is 
convenient to investigate the solution near the 
hump, i.e., at K2 ~ 1/-/6. After straightforward 
but cumbersome derivations we obtain in the 
approximation linear in IE = ( 8/3 {6) ( K - 2 - {6) 
and in the approximation z2 = 0: 

-.n ( Y~) -v& 
qo = - Y 6 1 + -2- + 1- (1- 2 V E/3 + 2E /9) sin2 !/1 ' 

(22) 

where the variable cp is connected with v by the 
relation 

v- v0 = 2(1 - Ve/6) F (a,¢), a= Jt/2- ~. 

~ = V2e'l•/3 ; (23) 

F( a, cp) is an elliptic integral of the first kind [2]. 

Substituting (22) in (20) we get 

~"+(1+-.r:· 2Vs )~ -o (24) 
~o ' Y 6 - 1- (1- 2 Y E f3+ 2E 1 9) sin2 q, 0 - · 

For sufficiently small values of IE « 1 we can 
confine ourselves to the simpler equation 

6 = ¢ -'Jt/2. (25) 

The period of variation of o(v) is 4K = 4F(a, 71"/2) "' 
4 ln (4/{3), i.e., it increases logarithmically as ex­
pected with decreasing ..fE, owing to the increase 
in the time spent on the section that focuses in t 
(i.e., when 6 2 » {32 ). The turning point in the q­
oscillations near the hump corresponds to cp = 0, 
o » {3, while reflection from the steep wall corre­
sponds to the point cp = 71"/2, 6 = 0. 

By choosing {3 such that to is stable, we can 
now substitute to in the right half of (19), find the 
addition a = q - q0 resulting from the term t5 in 
(19), and substitute the new q = q0 +a in (20). The 
only effect that could lead here to instability in t 
is that a obviously has a forced oscillation fre­
quency 2J.Lt• and substitution in (20) yields para­
metric resonance that is independent of the value 
of J.l.t· It must be noted, however, that such a sit­
uation with quadratic nonlinearity occurs also in 
ordinary focusing, and were this effect actually to 
exist, no accelerator could operate in practice. In 
fact, in the same approximation, the time average 
u yields in Eq. (20) a frequency shift f::.J.Lt which 
is always much larger than the half-width of the 
parametric resonance. 

Such a result is obvious beforehand for an ac­
celerator with linear focusing, but it should be 
verified here if for no other reason than that the 
equation for a without the right half yields an un­
stable solution. Introducing T = t- to we have 

a"- ( 1 - 1 + ~"/[3" ) a = - : 6 ~g • (26) 

-r" + ( 1 - 1 + ~2/[3" ) 't = - ~6 a~0 • (27) 

We denote by x as before, the Floquet function for 
the t 0-oscillations with Wronskian xx*' - x*x' 
= - 2iw. Assume that we have found a solution a 
which vanishes when t5- 0. Then the width of 
the parametric resonance g for T and the correc­
tion to the frequency f::.J.L are given by the formula 

(28) 

(29) 

where n is a large integer. 
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Let us let {3 approach zero (jumping over from 
one stability band to another ) , making use of the 
previously proved existence of an infinite number 
of stability bands on approaching the hump of the 
potential energy curve. Then the contribution of 
the regions 6 < {3 in (28) and (29) tends to zero like 
(In {3-1 ) - 1• Indeed, the "time" i::;.v of sojourn in 
the region 6 < {3, in accordance with the general 
theory, tends as {3 - 0 to a constant equal to rr, 
since we have from (23) and (25), using the defini­
tion F( 0', cp) [2] 

r.j2 

!J.v = 2 ~ dtp [ 1 - (1 - p2) sin2 \jl]-'1• 
n/2-13 

0 
~· 2 \' dv 

~ .\ Vv'+ ~· 
n 

=:rt. 

When {3 - 0, x2 and t~ remain bounded pre­
cisely because the length and the gradient in (27) 
remain constant in the defocusing region 6 < {3 

as {3 - 0. The forced solution u of Eq. (26) also 
remains bounded, for when {3 - 0 the natural fre­
quencies of u remain complex and no resonance 
occurs in (26). Thus, when {3- 0 the integrals 
over the sections 6 < {3 vanish in (28) and (29) 
owing to the increase in the denominator K 
"' ln ( 1/ {3). 

Let us consider the regions 6 » {3, numbering 
them with the index n with increasing v. Inside 
each such region, according to (26) and (27) and 
according to the general properties of the Floquet 
functions, we have 

Xn(v) = (Aei(v+al + 8e-i(vHl) e2"i~'n. (30) 

For t we can write 

(31) 

From (26) we get 

+ }B2e-2i(v+i3l + 2ABei(aHl) 

+ 2.6-'1'a2 (A 2 + 8 2 + fA8 cos (2v +a+ Pl)· (32) 

In (30)-(32) the quantities A, B, 0', {3, JJ., and a 
(chosen real for convenience ) are independent of 
the number n of the region. 

Substituting (30), (32) in (28) and (29) we get 

g = (2!wJI6)a 2 [}(A 4 + 8 4 ) + 4NB2 J, 

/J.fl = (2/w Vti)a2 (2A 4 + 284 + ~4 NB2 ) >g. 
(33) 

(34) 

The inequality /::;.JJ. > g is satisfied with a large 
margin, and we see further that the ratio /::;.JJ.f g 
would be smaller were u to be stable. Thus, the 
nonlinearity of the z-oscillations does not introduce 
any qualitative changes in the focusing mechanism 
considered above. 
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