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An attempt is made to replace quantum field theory by a statistics of trajectories with
changing direction of time. The general expression for quantum-mechanical probabili-

ties

11 ig supplemented with arguments about the nature of the random motion of particles

on trajectories with changing time direction. The wave properties of microscopic par-
ticles follow almost automatically from the idea of particles capable of moving both for-
ward and backward in time (Section 1). In this connection we discuss the possibility of
constructing a quantum field theory on the basis of a small number of postulates (Section 2).

1. WAVE PROPERTIES OF MICROSCOPIC
PARTICLES

WE shall use the concept of the ‘‘trajectory of a
microscopic particle’’ as we did in 01, 1t is de-
sirable not to ascribe any properties to the par-
ticles beforehand, and in particular not to regard
the trajectory x(t) as a single-valued function of
the time. This means that at each instant of time
there are several particles. The basic idea of the
present paper is to assert the possibility that un-
der these conditions there will be periodic oscilla-
tions of the particle density. These oscillations
are identified with de Broglie waves.

Let us take as an example a case in which the
particle number density does not depend on the
coordinates. A change of the sign of the time along
a path can be regarded as a transition of a particle
with positive (negative) direction of time into a
particle with the opposite direction of time. From
symmetry arguments we introduce two types of
transitions: causal transitions, for which the num-
ber of conversions is proportional to the number
of particles in the initial state, and anticausal tran-
sitions, for which the number of conversions is pro-
portional to the number of particles in the final
state. In order for the transitions to be half of the
causal type and half anticausal, we shall introduce
two types of particles with positive time direction
(densities ny and n,) and two types of particles
with negative time direction (densities m; and
m,). Let the transitions n; = m; and ny, == m,,
say, be causal, and n; == m,y and ny, # m,, anti-
causal. We denote the mean number of kinks per
unit time—the transition probability—by w.

The change of the number of particles of type
n, in the time € because of transitions n; == m;,
(causal) is given by —wnye + wmye, and the

change because of transitions n; = m, by —wmye
+ wnye. Thus

ny ¢+ ¢ =n, () +om () e — om, () e (1)
When we write out the analogous relations for
the other types of particles, for ¢ — 0 we get four

equations:

n =0 (m —my), nm =o (1,—ny),

ny = o (my — my), (2)

my = (1 — ny).

The last two equations are obtained from the
first two by replacing t by —t and nj by mj.
These equations have the solution

n, =1 4 cos 20f, ny, = 1 — cos 2wt,
my =1 —sin 20¢, my, = 1 + sin 2wt.

If we introduce the function ¥ =n; —ny + im,
—im,, we have from Eq. (2):

P = ioyP.

Thus it is convenient to describe the time-
symmetrical system of interconvertible particles
by the function ¥, which has no direct physical
meaning.

Let us now go on to a system in which the par-
ticle number density depends on the coordinates.
In order to include spin effects from here on, we
shall ascribe to a particle, besides its coordinates,
three Euler angles which give the orientation of an
orthogonal frame attached to the particle. Let us
introduce the notations: u =n; —n,, v =m; —my;

a is a set of three Euler angles, and fe(a, ') is
the probability of transition from orientation «a to
orientation o’ in the time e.

When we set up kinetic equations analogous to

Eq. (1) we get

@)
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u(t +ex, 0 =S feu (¢, x — ve, a') da’
+ oe S fo (¢, x, a') da’,

v(t—e, x,0) = K fev (¢, x + ve, a') da’

+ we i feu (¢, x, @') da'. 4)

o

Here the velocity v depends on «, a’: v=v(a, a’).

. We introduce the following notations:
Dfn,n( @, 6, ¥) are generalized spherical functions,
and Fljnm’ are the operators (matrices) for an
infinitesimal rotation, taken in the representation
'j (for j =Y, these are the Pauli matrices). Fur-
thermore, we set

Wi, 8) =4 (x, ¢, @) Dh s (@)ida,

U p (X, 1) = Sv (x, t, @) D 1, (0) da. ®6)
We can obtain the equations which describe par-
ticles with various spins if we set

lim f (@, o') =& (@ — @),
€0

lim ve (@, @') fe(a, @) = Dy Dy (@) U Dhwr, (@'). (6)
£—->0

j.kym,m’

We note that the sum on the right is different from
zero only for o = a’.
Substituting Egs. (5) and (6) in Eq. (4), we get
for € — 0:
W — T Vit o = €0 1,

Ol & 4 Dl VOl g = — Ottly . (7)

For j = Y%, let us introduce the function ¥ = (:)

Using the Dirac matrices py, py, p3 we get from
Eq. (7)

0P/ot — pyeM/IX = iwpyh. (8)

If we replace p; by p; and p, by p3 we get the
usual form of the Dirac equation.

If we use the four densities (instead of the wave
function), then when we go from the kinetic equa-
tions (2) or (4) to the corresponding sums over
paths the (nonrelativistic) ‘‘unified principle’’

formulated in [1] ,

W (a) = Sexp {iS/h} dx(¢) 9)

will in the relativistic case take the form (for de-
tails see below)

W@ = (1w exo.

a

(10)

Here W(a) is the experimentally observed distri-
bution of any quantity a; f 6x(t) is the integral

a
over paths having the property a; S is the clas-
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sical action along the path; s is the number of
anticausal transitions along the path; and W {x ( t)}
is the probability for the path to be x(t).

The idea of trajectories with changing sign of
time enables us to understand certain features of
quantum mechanics. We shall elucidate the mean-
ing of quantum-mechanical operators with the op-
erator D = (h/i) 8/0x as an example. The wave
function is a sum over paths, and differentiation
of the wave function means multiplication by the
corresponding physical quantity under the summa-
tion sign. The result gives automatically the re-
quired averaging of this quantity over all paths
(for details see l:1]).

As can easily be shown, the factor i in the ex-
pression for the operator p means that when we
calculate the mean momentum the only contribu-
tions to the sum are from paths for which the sign
of the time does not change at the instant t (i.e.,
products of the type njmj).

With the example of the operators P and & one
can show the meaning of the noncommutativity of
operators. It means, for example, that in doing the
averaging one must complete the definition of the
function xp, i.e., must specify the order of action
of the operators. The necessity for completing the
definition of xp also arises in the path language,
since each value at an instant of time t is an av-
erage over all particles and antiparticles existing
at the instant t, and it is not clear whether we are
to take, say, Xp or X.p.

In this connection we must explain one more in-
teresting fact, which is important for the under-
standing of the role of trajectories in quantum
mechanics. The many attempts to define in quan-
tum mechanics the probability of observing non-
commuting quantities, for example a path x(t),
have always led to complex or negative probabili-
ties.[2] 1t is clear that if we have to complete the
definition of a quantity, and if the supplementary
definitions are different in different problems, then
the probability W {x(t)} does not exist. If, how-
ever, we take some complex expression for the
probability, then it turns out that the rules of addi-
tion and multiplication of probabilities are satis-
fied for it, and also the observable probabilities
turn out positive. This is due to the property of
the sign factor (—1)% in Eq. (10). The sign factor
of a path is the product of the sign factors along
the sections of the path. When we go over from
Eq. (3) to sums over paths it can be seen that for
individual sections of the path these factors can
also be complex. For any path the probability
multiplied by the sign factor is equal to the prod-
uct of the same quantities for the sections of the
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path. Therefore the probability multiplied by the
sign factor—the complex ‘‘probability’’ or proba-
bility amplitude—has the properties of an ordinary
probability.

Thus in quantum mechanics there remain only
two nonclassical concepts: paths with changing
sign of the time, and the sign factor (—1)% in
Eq. (10).

2. A POSSIBLE PROGRAM FOR CONSTRUCTION
OF A THEORY OF ELEMENTARY PARTICLES

We start from the idea of the existence of a uni-
versal distribution of paths of primitive particles.
To introduce an interaction of the primitive par-
ticles we assume that each section where two paths
come together introduces an additional factor in
the probability.

We introduce these symbols: v is the additional
factor which each point of joining of two paths
brings into the probability; q is the number of
such points for a given path; r is the number of
changes of sign of the time along the path; tj are
the instants of coming together of two paths; and
ti are the instants at which the time direction
changes sign.

Let us divide the time axis into intervals of
magnitude €. Let tyx =tk_4 + € be the succession
of instants of time along a path, xix be the values
of the coordinates at the times ty, and ASi be the
space-time interval for the segment (tg, tx—q).

The universal distribution can be formulated
in the following way:

[ r q
W{x (1)) x (t) =V [] 8 (ASp) d®x [T dt: ] at;.  (11)
—o0 =1 j=1
In this expression the factors which assure invari-
ance and normalization are omitted.
If we suppose that the particle can exist only
at the lattice points of a space-time lattice, then
for transitions with ASig = 0 Eq. (11) takes the
form

W {x ()} =+". (117)

We shall now show how a distribution of the
type (11) allows us to explain in a qualitative way
the basic features of the microscopic world.

a) The sign factor (—1)S in Eq. (10). This fac-
tor connects the quantities in the right member of
Eq. (10), which refer to the microscopic particles,
with the macroscopic distributions appearing in the
left member of Eq. (10). A macroscopic change
occurring at some point in a photographic plate
can be the result of repeated passage of particles
past the plate, and the changes which finally pro-
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duce the blackening can both accumulate and be
dissipated. Causal and anticausal transitions give
contributions of opposite signs to the probability
of a macroscopic change at the point x,t.

b) Spin. The interaction leads to an increase of
the probability of paths of type a (see diagram).
For such paths the probability of detecting a par-
ticle at the point x,t will depend on the behavior
of the thickening in the neighborhood of the point
x,t. The kinetic equations involve probabilities
which depend on additional variables, and in par-
ticular on the orientation of some reference frame.
After an averaging by Eq. (3) or Eq. (10) the square
of the angular velocity of this frame turns out to be
quantized with integral and half-integral eigenval-
ues (for details see [3J).

c) Mass. The interaction leads to the singling
out of paths of the type b of the diagram, in which
a kink in the time is connected with a closed loop.
The sum over these loops gives a constant w which
in general depends on states of intrinsic rotation.
It can be seen from Eqgs. (3) and (8) that this con-
stant plays the role of a mass.

d) Charge. The interaction also singles out
paths of type ¢ (see diagram). In the language
of Feynman graphs this is an interaction of two
particles occurring through the exchange of a third
particle.

Let us suppose that a partial inclusion of the
interaction as described in a) and b) has been car-
ried out and has given instead of Eq. (11) the rule
(notations as explained above)

r q
W (a) = S}}(—l)s vql;[fs (o, ter) doe [ | dte ][ dt;. (12)
as,q i=1 i=1

This rule can be made the basis of a theory of
elementary particles. If we go over from Eq. (12)
to an equation for ¢, the equation is of the type of
Eq. (8), but with a nonlinear term. Therefore we
can say that the content of Eq. (12) is close to that
of Heisenberg’s nonlinear spinor equation. [4]

Let us introduce w, the sum over the loops
(see diagram, b). After the summation over these
loops a factor w' appears in Eq. (12).

We shall now show the equivalence of some of
the consequences of Eq. (12) to the usual apparatus
of quantum field theory.
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We make the following assertion without proof:
The probability calculated from Eq. (12) for the
transition of a system of primitive particles from
a state in which certain quantities L;j (character-
istics of the system) are given at time t; to the
state in which other characteristic quantities M;j
are given at time t is equal to the square of the
absolute value of the quantity (Mijt < Lijty) —the
sum over the paths which begin at the time t;, and
have at that time the property L; (i.e., are com-
patible with the prescription of L;) and break off
at the time t, having at this time the property M;.

This relation is proved in [13] for the nonrela-
tivistic case. In the relativistic case nothing is
changed, and the part of cos (S/h) is played by
the factor (-1)5 in Eq. (12).

We shall now show that the rules for calculating
the quantities (M;jt < Ljty) which follow from Eq.
(12) are identical with the Feynman rules for cal-
culating the S matrix of the second-quantized
theory.

From Eq. (12) we get as the expression for the
quantities (M;jt <—— Lity):

Mt —Lity) = {3 (= D'’
M;i<Lity s,.q.r

X H fs (G.k, ak_l) dakH dt,ﬁdl‘l (13)

i=1 j=1

The first term of the power series in v (q =0)
describes the free motion of the particles. The
second term of the series (q = 1) describes the
various processes in which the paths come together
only once. For example, for a case in which at
time t, there were two particles at the points x4
and X,a,, and at the time t one double particle at
the point x3a3, we get from Eq. (13)

(X405 — 21015 Xp00)

=V S(x3a3 — 4B) (4B — x101) (yB — xp01,) dydlP,

where (xa < x'a’) is the propagation function of
a free particle.

In the j, m, k representation we get (the in-
dices m, k are omitted)

(JaXy «— J1Xg5 JoXo) = VSE (Xai3 — Yia)

m,k
X(Js | j1fa) (Yl < X1i1) (Ylz — Xof) dy,

where (js]jijs) are Clebsch-Gordan coefficients.
For j; =j, =¥, j3=1 the quantities (xY%, ~—x'Y%,)

obey the Dirac equation (see Section 1), and in the

sense of sums over paths they describe the propa-
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gation of a Dirac particle; the quantities (x1 <——x’1)
describe the propagation of a particle with spin 1;
it is easily shown (one must take into account
transitions with change of sign of the time) that
the coefficients (1 | 1/2——1/2) become the matrices
vy —and the result is that we get the usual expres-
sion for the matrix element describing annihilation
of the particles with spin 1/2 and creation of the
particle with spin 1.

Similarly it can be shown that for q = 2 the sum
over paths of type ¢ (see diagram) will give the
matrix element for the scattering of a particle with
spin 1/2 by a particle of spin 1/2 owing to the ex-
change of a particle with spin 1 or 0. One can also
trace in this example (see [13, Section 6) the ap-
pearance of antisymmetry under interchanges of
particles described by an odd number of merged
paths. If the path of a particle is formed from an
even number of paths of primitive particles, this
antisymmetry is replaced by symmetry.

The merging and separation of particles can
also be taken into account in kinetic equations of
the type of Eq. (4). Instead of Eq. (8) we get the
Dirac equation in an external field.

3. SUMMARY

The main idea of this paper is to assert the ex-
istence of a universal distribution—the unified
principle (11). This principle was proposed in
(1] and B3] for nonrelativistic quantum mechanics.
In the present work the concept of a unified prin-
ciple is extended and includes, in addition to the
laws of quantum mechanics, the law of interaction
of elementary particles. When we go over to the
primitive particles the laws of motion and laws of
interaction become universal and therefore indis-
tinguishable.

Unlike [17 and E3], this paper makes an attempt
at an intuitive interpretation of the unified principle
based on the idea of the self-oscillations of the sys-
tem of particles and antiparticles. A consistent in-
clusion of paths reversed in time allows us to trace
what paths make a negative contribution to the
macroscopic distribution; to explain in principle
the possibility of a negative contribution; and also
to explain why it is convenient to describe the
microscopic world by complex quantities (simul-
taneous inclusion of the motions of both particles
and antiparticles).

The relations (2) and (11) are presented as ex-
amples. A wide variety of concrete models fit into
the framework of the scheme described here. In
particular, one can use the idea of branching or
discontinuous paths or can completely replace the
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concept of a path by the idea of a manifold of space-
time events.

The relation (11’) contains only one constant—
the probability for the coming together of paths.
The choice of any ideas about the motion of the
primitive particles means the implicit prescrip-
tion of a number of additional constants of the type
of probabilities for changes of sign of the time and
of spatial reversals or turnings. A rigorous math-
ematical formulation of Egs. (11)—(13) will evi-
dently require the introduction of an elementary
length. Other constants, however—Planck’s con-
stant (h), the mass of the primitive particles (m),
their charge (e) —will not be involved. The theory
contains only ratios of the type of h/mc, e?/hc,
e?/mc?. There is no contradiction with the usual
formulation of quantum mechanics, since in the
last analysis only these ratios, and not h, m, e
themselves, are observed experimentally.

In this work we have used the ideas of many
authors. The Feynman language of paths 5] and of
diagrams (6] is the basis of all the constructions.
Paths reversed in time were first considered in
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(6] and["]. The idea of motion as a succession

of creations and annihilations is due to Frenkel. [8]
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